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Abstract: In this paper, common strong coupled fixed points in Bipolar parametric metric space are established
and S-coupled cyclic contraction is presented. Many pertinent findings from the current literature are expanded
upon and generalised by our findings. We also provided one example to bolster our main conclusions. Lastly, we
apply the findings to homotopy and integral equations.
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1. INTRODUCTION

The study of coupled fixed points has rapidly advanced within metric fixed point theory. The
concept was first introduced by Guo et al. in 1987 [1]. In 2003, Kirk et al. [2] introduced cyclic
contractions, proving that such contractions possess fixed points. Following this, Bhaskar et al.
[3] established the coupled contraction mapping theorem.
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In 2017, S. Binayak Choudhury et al. [4] introduced the concept of coupling between two
non-empty subsets in a metric space. They demonstrated that these couplings possess strong
unique fixed points, provided they satisfy Banach-type or Chatterjea-type contractive inequali-
ties. This concept was later generalized by G. V. R. Babu et al. [6] and S. Mary Anushia et al.
[7], who derived strong coupled fixed points in the complete S-metric space.

The study of fixed points and associated properties for couplings meeting different kinds
of inequalities was presented as an open problem by Choudhury er al. [4, 5]. For (¢,y)-
contraction type coupling in complete partial metric spaces, Aydi et al. [8] demonstrated
the existence and uniqueness of a strong coupled fixed point. By introducing SCC-Map and
¢-contraction type T-coupling, as well as generalising the @-contraction type coupling pro-
vided by Aydi et al. [8] to ¢-contraction type T-coupling, Rashid et al.[9] and D. Eshi et al.[10]
attempted to address this open problem and demonstrated the existence theorem of coupled
coincidence point for metric spaces. Subsequently, Fuad Abdulkerim et al. [11] established
coupled fixed point results by using (¢, y)-contraction type T-coupling mappings.

N. Hussain et al. recently introduced and researched the idea that parametric metric spaces
are a natural generalization of metric spaces ([12, 13]). As a generalization of parametric metric
space, Kumar et al. [14] established fixed point theorems and introduced the idea of binary
operation at the place non-negative parameter t. The concept of BPPMS, or bipolar parametric
metric space, was introduced and some FPT were proved on this space in 2024 by M. 1. Pasha
et.al.[15].

In this paper, we use S-coupled cyclic contraction to provide various strong coupled fixed
point theorems in the context of complete bipolar parametric metric space. Additionally, we are
able to give appropriate instances that are pertinent to homotopy and integral equations.

What follows is in our subsequent conversations, we compile a few suitable definitions.

2. PRELIMINARIES

Definition 2.1: ([15]) Suppose p. : £ X 3 X (0,00) — R™ is a function defined on two non empty

sets £ and Q such that.

(a) If pc(x,n,c) =0 for all ¢ > 0 then pr =y, for all (r,n) € £x S.
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(b) If r =1, then p.(x,n,c) =0, forall c > 0 and (r,n) € £x 3
(c) Ifr,y € £N 3 then p.(r,v,¢) = pc(y,z,c), forall ¢ > 0
(d) pe(r,9,¢) < pe(r,3,¢) +pe(0,3,¢) +pe(0,9,¢), forall ¢ > 0,r,0 € £and y,3 € 3.

The triplet (£,3, p.) is called a BPPMSs.

Example 2.2: ([15]) Forally € £,9 € 3,and ¢ > 0, let £ =[—1,0] and 3 = [0, 1] be equipped
with p.(r,9,c) = c|t — y|. Consequently, (£,3,p.) is a complete BPPMS.

Definition 2.3: ([15]) Let (£1,31,pc;) and (£2,32,pc,) be BPPMSsand Q: £;U3 | — £,US,
be a function. If Q(£]) C £ and Q(3;) C 3», then Q is called a covariant map, or a
map from (£1,31,p;) to (£2,32,pc,) and this is written as Q : (£1,31,p¢1) = (£2,32,Pcn)-
If Q: (£1,31,pc1) = (32,£2,Pc,) is a map, then Q is called a contravariant map from
(£1,31,Pc1) to (£2,32,Pc,) and this is denoted as Q : (£1,31,0c1) = (£2,32,Pcr)-

Definition 2.4: ([15]) In a BPPMS (£,3,p.) for any & € £US is left point if § € £, is right
point if £ € S and is central point if § € £N 3. Also, {r,} in £ and {3,} in 3 are left and
right sequence respectively. In a BPPMS, we call a sequence, a left or a right one. A sequence
{n,} is said to be convergent to & iff either {y,} is a left sequence, & is a right point and
ali_r;gopc(\ja,ﬁ,c) =0, or {n,} is a right sequence, & is a left point and ;i_r&pc(ﬁ,t)a,c) =0. The
bisequence ({r.},{34}) C (£,3) is a sequence on (£,3,p.). In the case where {z,} and {34}
are both convergent, then ({r,},{34}) is convergent.

The bi-sequence ({r,},{34}) is a Cauchy bisequence if a};,iglm Pc(ta,3p,¢) = 0.

Note that every convergent Cauchy bisequence is biconvergent.The BPPMS is complete, if each

Cauchy bisequence is convergent (and so it is biconvergent).

3. MAIN RESULTS

Let % denote the class of all functions ¢ : [0,00) — [0, o) such that ¢ is increasing, continu-
ous, ¥(3) < forall 3>0and 4(0) =0.
Definition 3.1: Let (£,3,p.) be a BPPMS, &/, % and &7, 2 be a nonempty subsets of £ and 3

respectively. Then

(i) a covariant map Q : (£2,32) = (£,3) is said to be a cyclic with respect to (<7, &) and
(B,2)IfQAUA,ZUL2)C XUZ2and Q( P UL, dUAB) C o UZAB.
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(ii) a covariant map A : (£,3) = (£,3) is said to be a cyclic with respect to (<7, %) and
(B, 2)if N FUAB)C PULZ2and A(PUL2) C o/ UZAB.

Definition 3.2: Let o/, % and &2, 2 be any nonempty subsets of a BPPMS (£,3,p.) and
S:(£,3) = (£,3) be a self-covariant map. Then S is said to be SCC-covariant map with
respect to (<7, &) and (A, 2), if

(i) S(UAB) C A UABand S(XULZ) C LU L2,
(ii) S(«Z UAB) and S(L U 2) are closed in £USJ.

Definition 3.3: Let (£,3,p.) be a BPPMS and a pair (o, ®) is called

(a) a coupled fixed point of covariant mapping Q : (£2,3%) = (£,3) if Q(p,®) = @,
Q(@,p) = o for (p,®) € £2U3?;

(a;) a strong coupled fixed point of covariant mapping Q : (£2,3%) = (£,3) if (p,®) is
coupled fixed point and = @ i.e Q (0, L) = 0,

(b) a coupled coincident point of Q : (£2,3%) = (£,3) and A : (£,3) = (£,3) if
Q(p,0) =Ap, Q(B,P) = AD;

(bi) a strong coupled coincident point of Q : (£2,3%) = (£,3) and A : (£,3) = (£,9) if
P=0.1e Q(p,P) =A@,

(c) a coupled common fixed point of Q : (£2,3%) = (£,3) and A : (£,3) = (£,3) if
Q(p,0)=Ap=p, Q0,p)=A0=0;

(¢;) astrong coupled common fixed point of Q: (£2,3%) = (£,3) and A : (£,3) = (£,3)
ifp=0.ie Q(p,0) =Ap= @,

(d) the pair (Q,A) is weakly compatible if A(Q(2,®)) = Q(Ap, AD) and
AQ(D,0)) = QAD,Ap) whenever Q (0,0) = A, Q(O,0) = AD

Definition 3.4: Let &/, % and &2, 2 be a nonempty subsets of a BPPMS (£,3,p.) and
S:(£,3) =2 (£,3) is a SCC-covariant map on £ U3 with respect to (<7, %) and (A, 2). The
contravariant map Q : (£2,32) = (£,3) which is cyclic with respect to (<7, &) and (%, 2) is

said to be S-coupled cyclic mapping if it satisfies the following inequality.

NSRS

(1) pC (9(37 2),9(;,0),0) S g (pC (SLSZ%C) +pC (SU,SQ,C))
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forallY € 7,0 € (0,1),reof,3€ P andyc B,e € 2.
Theorem 3.5: Let o/, % and &7, 2 be a nonempty closed subsets of a complete BPPMS
(£,3,pc), suppose S : (£,3) = (£,3) be a SCC-covariant map on £USJ with respect to (<7, &)
and (#,2) and Q: (£2,3?) = (£,3) be a S-coupled cyclic mapping with respect to (&7, &)
and (#,2) ), then
(i) S(FUB)NS(L U 2) # 0,
(i) © and S have a coupled coincidence point in (27 U %)?>U (2 U 2)?,
(iii) If Q and S are weakly compatible, then  and S have a unique strong coupled common

fixed point in (& U%)>N (2 U 2)2.

Proof Since <7, % and &2, 2 are non-empty subsets of (£,3) and Q is S-coupled cyclic map-
ping with respect to (<7, %) and (%4, 2), then for ay € &7 ,by € A and ¢y € Z,0 € 2. For
each ¥ € N, define

Q(ax, bx) =Sex =5,  Q(ck,0x) =Sxs1 =Tr+1

Q(by,ax) =S0x =ex, Q(0k,cx) =Sbxi1 =41
Then ({rx},{3«}), {v«},{ex}) are bisequences in (<7, &) and (4, 2).

For all x,1 € Z* and from (1), we get

pc’(?KaéKac) = pc‘(Q(CK—laoK—l)7Q(aK7bK)7c)

< gg(pc(SaK,ScK1,C)+pc(be,SUK170))
@ < G (peler e 1,0+ P (i e 1,0))
Similarly, we can prove
G pelestns) € < 39 (PelEnian 1:6)+ Pl ex1,0))

Combining (2) and (3), we have

D = Pe(lrrdn:€) +Pe(Visex,¢) < G (pe(Trr3x-1,¢) + Pe Dk, ex—1,C))
< g(pc(xk'?ﬁk'—lvc)+pC(0K‘7eK—17C))

< 62 (pc (PK—IaﬁK—l;C) + Pc (UK—laeK‘—bc))
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2K
< 07 (pe (x0,30,€) + Pe (90, €0,C))

< PEDy — 0 as K — oo

Moreover,
Pe(Trr1,3x:¢) = Pe(Q(cx,0¢),Q(ax, bx),c)
<SG (Peler0:0) + e (e 0,0))
@ < 5 e (B0, Pe s 00,0)),
Similarly, we can prove
® (i 1:86:€) < & (P (b 30:€) P (6. ).

Combining (4) and (5), we have

Pe(Tk+1,31,€) + Pe(Dir15ex,¢) < L(pe(Xxy3x,¢) + Pe (Dicy ex,C))

< PRHD. 5 0as Kk — oo

Let k,1 € N with 1 > k. By Axiom (d) of definition (2), we have

Pe(Tict1:3%,€) + Pe(Dicr1, ex,€)

AN

pc(;K’-ﬁ-laﬁK-l—l;c) +pc(?K+173K+17C) +pC(;K+173K’7C)

+0c(Vict1s eiet1,€) + Pe(Dict15x41,€) + Pe(Dict 1, e, €)

IN

(Pe(Trt153x+1,€) + Pe(Dicr1, exr1,C))
+ (Pc(ZCKH 73K+176) +pC(UK+1 5 2K+17c))

+ (pC(;K+173K7C) +pc(t);(+1,ek,c>)

IN

(pC(xK'-H?ﬁK+27C) +pC(UK+laeK+27C))
+ (pc(?rc+2,51<+2a C) +pC(UK+27 2K+27c))

+ (Pe(Tx4253%+1,€) + Pe(Dict2, ext1,€)) + (£2K+2 +€2K+1)©O

IN

(Pe(Xrct1:3142:€) + Pe (Dt €ie42,C))

_’_(€2K+4 +£2K+3 +€2K+2_’_€2K+])©O
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< (Pc(?rﬂ—nﬁx—ﬂ—lac)+Pc(UK+l7eK+l—laC))
+(€2K+2l—2+‘”+£2k‘+1)®0

< (€2K+21—1 _|_€2K+2l—2 +€2K‘+21—3 4. +€2K+1)©0

IN

2L Zﬁ’@o —0asi— oo,
=0

1=

On the other hand,

Pe(Txs3x41,¢) + Pe(Dics ey, C)

IN

(pC(IKWZ?KvC) +pc(UK7 QK,C)) + (pC(IK-HaﬁK?C) +pC(UK+laeK‘7€))

+ (P (Xict1,3k+1,€) + Pe(Dict1,€x41,C))

IA

(62’( +£2K+1)©0 + (pc(?K—O—l?ﬁK—l—va) +pC(UK+17eK+17C))
+ (pC(xK-i-ZaﬁK'-H 7C) +p€(0K+27 €K+1,C))

+ (Pc(IK+2;3K+uC) +pC(UK‘+27 91<+uc))

IA

(£2K+£2K+1 _’_£2K+2+£2K+3)©0

+ (pc(x1<+2351(+lac) +pC(UK‘+27 eK‘-Q—l?C))

IA

(£2K+£2K+l+'.._{_£2K+2171)®0

+ (Pe(Xrt1:3x415€) + Pec(Vict1, exet1,C))

IN

(EZK +£2K+1 4. _{_£2K+21—1 +€2K+21)©0
€2KZ£i©0 —0asi— oo,
i=0

IA

since 0 < £ < 1. Thus, ({xx},{3x}) and ({v«},{ex}) are Cauchy bisequence in (<7, Z) and
(A, 2) respectively. Since S(.7 UZA) and S(Z U 2) are closed subset of a complete BPPMS
(£,3,pc). Then the sequences {rx}, {0k} CS(&/UZ) and {3« }, {ex} CS(LUL) are conver-
gence in complete BPPMS (S(«7 U %),S(Z U 2),p.). Therefore, there exist a,b € S(.o/ UA)
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and [,m € S(Z U 2) such that

lim r = lim Sax = [, lim y,, = lim Sb, =m,
K—oo K—oo K—so0 K—>oo

(6) lim 3, = lim Sc, = a, lim ¢, = lim S0, = b.
K—yo0 K—yo0 K—yoo0 K—yoo

Then there exists k1 € N with p. (1, [,¢) < %, Pe (D, myc) < %, Pe(a,3¢,¢) < %
and p, (b, ex,c) < 5 for all ¥ > k; and every ¢ > 0. Since ({rx},{3x}) and ({ni},{ex}) are

Cauchy bisequence, we get p¢ (T, 3x,¢) < % and p. (9, ex,c) < % Now consider,

(7) pC (a7 [7C) S pC (u731€76) +pC (;KH}K’;C.) +pC (;Ka [7C) < g
and
(8) pC (b,m,c) S pC (b7eK7c) +p€ (UK'a eKaC) +p€ (UK‘vm?c) < g

Therefore, from (7) and (8), we have
9 a=landb=m

it follows that a,b € S(&Z UAB)NS(L U L) # 0.

Now, since a,b € S(&7 UA) and [,m € (P U2), there exist f,g € /' UA and p,q € P U2
such that Sf = a,Sg = b and Sp = [,Sq = m.
From (6) and (9), we get

Sa, — Sp, Sbx — Sq,Scx — S, S0 — Sg

(10) Sp = Sf and Sq = Sg

Claim that Q(f, g) = a,Q(g,f) = b and Q(p, q) = ,Q(q,p) = m.
By using (1), (10), (d), and the properties of ¢4, we have

Pe (a,2(f,9),¢) < pe(a,Sck,¢) + pe (Sax, Sex, ¢) + pe (Sax, Q(F, 9).¢) .

Letting Kk — oo, we get

p(0.0().c) < lim p(Sax,2(f.9).0)

IA

%E&Pc (Q (CK—laaK—l) ,Q(f,g),C)
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IN

./
Kl,grolo Eg (pC (Sf,SCK_l,C) + Pe (Sg7SDK—176))

IN

39 (pe(S1,0,¢) + e (50,b,)).
Similarly, we have
p(6.0(6.1).c) < 59 (pe(SF0.) +pe(Sp.b,0).
Therefore,
pe(a,Q(f,9),¢) +pc (b,Q2(g,f),c) < €9 (pe (Sf,a,¢)+pe(Sg,b,c)).
< 14(0)=0.

Consequently, Q(f,g) = a and Q(g,f) = b.
Similarly, we can prove Q(p,q) = [,Q(q,p) = m. Hence, from (9), we get

Q(f,g) =Sf=a=1=5p=2Q(p,q) and Q(g,f) =Sg = b =m = Sq = Q(q,p).

Therefore, (f,g) € (&7 U%)>N (2 U 2)? is the coupled coincidence point and (S(f),S(g)) is

the coupled point of coincidence of Q and S. Let (f*, g*) be another coupled coincidence point

of Q and S. So, we will prove that S(f) = S(f*) and S(g) = S(g*). From (1), we have
Pc(S(f),S(F).c) = pe(Q(f9),Q(,87),c)

14
Eg (pc (Sf7 Sf*7 C) +Pc (Sg7 Sg*? C)) :

IN

Therefore,
Pe (Sf,Sf*,¢) +pc (Sg,Sg",c) < €4 (pe (Sf,Sf*,¢) + pc (S, Sg", ).
Using the property of ¢ and ¢ € (0,1), we get S(f) = S(f*) and S(g) = S(g*). Hence, the
coupled point of coincidence of Q and S is unique. Finally, we prove S(f) = S(g).
Pc (S(7),5(g),c) = pe(Q(f,9),Q(g.f),c)

%g (Pc (ST,S9,¢) + pe (Sg, S ¢))

IN

by the property of ¢, we have

Pe (S(F),S(g),¢) < €pc (S(f),S(g),c)
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Since, ¢ € (0,1). Thus, (S(f),S(f)) is the unique coupled point of coincidence of the mappings
Q and S with respect to & U % and & U 2. Now, we show that Q and S have unique strong
coupled common fixed point. For this let S(f) = b, then, we have h = S(f) = Q(f,f) by the

weakly compatibility of Q and S, we have

Sh =S (S(f)) = SQ(f,f) = Q(Sf,Sf) = Q(b, h)

Thus, (Sh,Sh) is coupled point of coincidence of Q and S. By the uniqueness of coupled point
of coincidence of Q and S, we have Sh = Sf. Thus, we obtain h = Sh = Q(h,h). Therefore,
(b,b) is the unique strong coupled common fixed point of Q and S.

Corollary 3.6: Let o/, % and &, 2 be a nonempty closed subsets of a complete BPPMS
(£,3,pPc), a contravariant map Q : (£2,32) = (£,3) be satisfying coupled cyclic type contrac-
tion with respect to (<7, #) and (A, 2), then Q has a unique strong coupled fixed point in
(A UB)?N(PU2).

Proof Following the lines of Theorem (3.5), by taking as a S = I 3.

Example 3.7: Let £ = {(0,0),(0,1),(1,0),(1,1)} and 3 = {(0,0),(0,2),(2,0),(2,2)} be
equipped with p.(o,n,¢) =c([t—3|+|p—c¢|) forall o = (r,n) € £, 1 = (3,¢) €S and ¢ > 0.
Then, (£,3, X) is a complete BPPMS.

Let o/ = {(0,0),(0,1)},% = {(0,0),(1,0)}, & = {(0,0),(0,2)} and 2 = {(0,0),(2,0)}.
Then <7, % and &2, 2 are closed subsets of £ and 3 respectively.

Define Q : £2U3% = £US given by

0,0) if (a,b), (x.y) € £2N32,
(@) (ry) = 1 00 @bk m)
(0,1) Otherwise,

/

(0,0) ifr=3€£US,

Let S: £US = £US asS((1,3)) = § (0,1) if (r,3) € £ x £,

\(0,2) if (r,3) €S x 3.
Observer that S(.«7 U %) = {(0,0),(0,1)} C o/ UAB and S(ZXU L) ={(0,0),(0,2)} C L2UL2

are closed in £U 3. Hence S is a SCC-map. For all (x,3),(®@,0) € (Z/ UB)>N (P U 2)?,



FIXED POINT APPLICATIONS OF S-COUPLED CYCLIC MAPPINGS 11

we have Q(r,3) = (0,0) € U2 and Q (@, ©) = (0,0) € &/ UZ. Which show that Q is S-
coupled cyclic with respect to (<7, &) and (£, 2).

Obviously, £((0,0),(0,0)) = (0,0) = S((0,0)) implies that ((0,0),(0,0)) is a strong coupled
coincidence point of Q and S

also ©((0,0),(0,0)) = Q(S((0,0)),S((0,0))) = S ((0,0),(0,0)) = S((0,0)) = (0,0) then
(Q,S) is w-compt. After that, ¢ : [0,0) — [0,00) as ¥(t) = Flog(¥ +1), c=2>0 and
(= 3. Since (Q((a,0), (x,5)),2((p.9),(1,5)), (S((p,9)).S((a.b))). (S((r5)),S((x,))) €
(7 UB)?U(PU2) then p. (Q((a,b),(x,)),2((p,9), (1;5)) ), pe (S (P, 9)) »S ((a, b)) ),
pc(S((r,5)),S((x,y)),c) € {(0,0),(0,1),(0,2)}. Hence, one can easily check that the contrac-
tive condition Eq. (1) is satisfied for every r € &7,3 € &2 and y € H,e € 2. Thus, all the
conditions of Theorem 3.5 are fulfilled and Q and S have a strong unique common fixed point

in (&7 UB)N (P2 U.2). Here Q((0,0),(0,0)) = S((0,0)) = (0,0).

3.1. Application to Integral Equations.
In this section, we investigate the existence of a unique solution to a Differential Equation as an
application of Corollary 3.6.

Think about the Differential Equation.

)

(1n 3

+7(8,9(8),9(5)) =0, 6 € 51U &

QL

The associated Green’s function ¥ : 512 U 522 — R to Eq. 11, can be defined as follows:

s(l—t) if s<te&fHus
t(1—s) if t<se&HUEH

G (s,t) =

We have the following properties of the Green’s function ¥¢:
(a) 9(s,t) > 0forall s,z € & U&;
<b> SuptGéﬁU&z f g(s7f)dr S 1.
AUSE
Let £ =C(Z>(61)),3 =C(L>(&,)) be the set of essential bounded measurable continuous
functions on Lebesgue measurable sets & and &> with m(&1 U &) < oo,
Define p. : £ X 3 x (0,00) = R™ as p.(£,0,¢) = c.5upyc s [€(0) —o(v)| forall L € £,6 € 3,

¢ € (0,0). Therefore, (£,3,p,) is a complete bipolar parametric metric space.
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Let ¢ : [0,00) — [0,00) as ¢ (x) = ¢ be a continuous function. The associated integral operator

I': (£2,3%) = (£,3) to Eq. 11 is defined by

['(3,t0)(b) = / G (0,u)F (u,3(u),0(u))du, ue & US.
EUE

It is noted that the operator I" has a coupled fixed point that solves Eq.11. The condition under
which the Differential Equation has a solution is given by the following theorem.

Theorem 3.1.1: Let the function .Z : (£ U&) x R? — R is continuous and satisfies the fol-
lowing condition:

|7 (u,3(w), w (1)) — F (u,1(w), 0 (w)| < 5 (e (8,5.€) +pe (9,10, ¢)) where £ € (0,1), ¢ > 0 for
alre o ye B3 P, e 2 where o, % and &, 2 are closed subsets of £ and 3 respec-

tively. Then the Differential Equation 11 has a solution.

Proof To accomplish this proof, Corollary 3.6 will be used. The operator
I': (£2,3%) = (£,3) defined above is continuous since the function .% is continuous. We
continue as follows to demonstrate that the mapping I" forms a coupled cyclic contraction:

Using the inequalities, (@), (b) and for every v € &1 U &>, we have

TG, 0)(0) = TEn)©)] = | [ 90,00 (5 (3000, 10(0)) = ), 90))
EUE
< /sﬂWMﬁmﬂwmww—ﬁwﬂwmwmw
§US
< [ G (e (6.3.0) +pe(0.10,0))d
EUE
< o Pese) o) [ Do
EUE
Therefore,

¢
c. sup |[(3,10)(v) —I(z,n)(v)| < E(Pc(zc,z,C)erc(U,m,c)) sup /%(U,u)du-
VESIUS, UGgIU(g’zglUéaz

which implies that

N~

Pe(T'(3,10)(0),T'(x,n)(0),c) < -9 (pc (t,3,¢) +pe (9,10,¢)) .
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Hence, all the conditions of Corollary (3.6) hold, we conclude that I" has a unique coupled

solution in (o7 U %)% N (2 U 2)? to the integral equation (11).

3.2. Applications to Homotopy.

In this section, we study the existence of an unique solution to Homotopy theory.

Theorem 3.2.1: Let (£,3,p.) be a complete BPPMS, ((.,¥),(.#,%)) and
((#,9),(4,%)) be an open and closed subsets of (£,3) such that ((.,%),(#,.%)) C
((,9),(,Z)). Suppose H#, : (L UG)? U (I UL)?x[0,1] — £US be an operator with
following conditions are satisfying,

*1) t £ H(x,e,5), ¢ £ H(e,r,s), foreachp € (L UY),e € (S UL) and s € [0, 1] (Here
(L UY)UI(F UL) is boundary of (Y UY)U (L UL) in £U3J);

xy)forallye ., ecbG,1€ .7, 2 ¥, s€[0,1]and ¢ € (0,1) such that

¢
pC (jiﬂC(xa Q,S),Jaﬁ(l,%,S),C) S Eg (Pc (;,Z,C) +Pc (2,%, C))

*3) IM > 03 pe (A (x,e,s), (1, 52,1),c) < Mc|s —t|

foreveryr€ ./, ec 9, 1€ .7, L ands,t €[0,1].

Then #Z,(.,0) has a coupled fixed point <= (., 1) has a coupled fixed point.

Proof Let the set

0= { s €[0,1]: H(x,e,5) =1, (e,x,5) = e for some (r,¢) € (L UY)?U(SFUL)? }

T ={ 1€ [0,1): Holt,301) = 1, #e(32,1,1) = 5 for some (1, ) € (FUFPU(S UL) .
Suppose that .7%(.,0) has a coupled fixed point in (¥ U¥4)? U (.# U.Z)?, we have that

(0,0) € @ N Y2 Now we show that ® N Y? is both closed and open in [0,1] and hence by

the connectedness ® = Y = [0,1]. As a result, .%(.,1) has a coupled fixed point in @ N Y.

First we show that ®” N Y? closed in [0, 1]. To see this, Let ({ap}:;l , {xp}::1) C (O©,Y) with

(ap,xp) — (a,@) € [0,1] as p — oo. We must show that (o, &) € @ N Y2,

Since (ap,xp) € (©,Y) for p = 0,1,2,3,---, there exists sequences ({;p} , {lp}) and

({ep} s {oo}) with 1y = H(xpep,ap), ¢p = Hiep,tp,ap) and 1, = H(1p, 5p,xp), 2p =

%(%vapvxl?)'
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Consider

pc(?palerl»C)

= Pc (%(?p, epvap)ajiﬂC(lpqua%p+17xp+1)7c)

IN

Pc (%”C(ch,ep,ap),ji”c(lpH,%I,H,ap),c)

+Pe («yfc(?pH»eerl yapi1), He(tpr1, %41 7“17)»0)

e (A (Xpr1,pr1sapi1)s H(1ps1s %pi1,Xps1),C)

< pe (%(;p, ep,ap),%(lp+1,%pﬂ,ap),c) +Mclapy1 —ap| +Mclap1 —Xpi].

Letting p — oo, we get

;E}l}opc(zz[); lp+l7c) S I}g{}opc (%(;[% epvap)ﬂ%é‘(lpﬁ»la%p+laap)ac)

4
< I}E}‘}"Eg (pc (?p7lp+lac)+pc (ep7%p+lvc))'

Similarly, we can prove

. 4
;E}}Opc(ep7%p+l7c) < ;E}rolo Eg (pC (xpalerl:C) + Pe (ep7%p+lac)) .

Therefore,

l}g{}o (pc(?pylerlaC) +pc(epa%p+1ac) < I}grologg (Pc (?palpqu;C) + Pc (ep7%p+l7c)) .

By the definition of ¢, it follows that (1 —¢) lim (p¢(tp,1p+1,¢) + Pe(ep, 3p+1,¢) =0.
p—e
So that l}ggopc (ch,lp+1,c) =0and I}glgopc (ep,%pH,C) =0.
We will prove ({;p} , {zp}) and ({ep} , {%p}) are a Cauchy bisequence. Assume there are
€ > 0and {qi},{pk} so that for p; > g >k,

(12) Pe(Xpirtgpr€) = € Pe(Epp 151g>C) < EPc(Cpys #g,€) > €, PelCp s HgsC) < E
and

(13) Pe(Tgstper€) > € Peltqstpe i>€) < & Pc(Cgp, %p,C) > €, PelCqs 2p, ,5C) <E
By view of (12) and triangle inequality, we get

€ < pe(?pw gy c)
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S Pc (;Pk’ Ipr_1> C) + pC(FPkfl yipe_1s C) + Pe (;Pkfl 2 Lgpes C>
< pC(z:Pk’ Upk1> C> + Pe (‘%ﬂc(xpkq o apkq)? ‘%ﬂc(lpkq » Xpr-i 7ka71)7 C) +€
< Pe(Tppstpeyrc) +Mclap,_, —xp | +E.

Letting kK — oo in the above inequality, we obtain

(14) klij?opc(?pkalqkac) =&

Using (13), one can prove

(15) klglolopc(qualpwc) =&

Similarly, we can prove

]}1_?1 Pe(epy, q:€) = €, ]}E?opc(eqka%l?mc) =€

For all k € N, by (%) we have

klgrolo (Pe(Epprtger€) + Pe (e #2g45¢)) < K%gr;% (Pe(Epes gy €) + Pe (epys #445€))
< ¢lim (Pe(¥pys1gi:€) +Pe (epy #,5€) ) -

By the definition of ¢, it follows that (1 — /) klim (pc(chk?lqk,c) + P (epk,%qk,c)) = 0 implies
—»00

that lim pc(;pk,lqk,c) =0 and lim pc(epk,%qk,c) = 0 then € = 0 which is contradictory, by

applymg (14) and (15). Therefore ({;p} {lp}) (.«7,.#) and ({ep} {%p}) (¢,%) are

Cauchy bi-sequences. By completeness, there exist (a,x) € . x . and (y,b) € ¢4 x £ with

lim =x lim: =a lime =b lim =
p_)ooxp—i-l Patbiay oo Eptl oo Pt y

we have

Pc (%(ad’a OC),)C,C) < Pc (%(aayv OC),lp,C) +Pc(2€p;lp,€) +pc(?p7xa C)

< pe(H(ay, ), He(1p, s2p,xp), ) +Mclap —xp| + pe(p,x, ¢).

Letting p — oo in the above inequality, we have

Pc (%(d,y, a),x,c) S lim Pc (%(CZ?)]? a)a%(lpa %pa a),C)

k—>o0

14
< lim g(pc(a 1p,¢) +Pe (¥, 7p,¢))

k—o0 2
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14

it follows that p. (% (a,y,a),x,c) = 0 implies that % (a,y,a) = x. Similarly, we can prove
that J,(y,a, ) = b and S (x,b, o) = a, H.(b,x,0) = y.
On the other hand,

Pc (Cl,x, C) Pc (hm lp-i—la 111’1'1 ;p—i—la ) = I}i_I}(}opC(pp-i—lalp-f—l?C) =0

p—eo

and

Pc (y,b,C) = Pc (l}g{}o%PJrl?I}gl}oePJrlvc) = I}E}}QPC(QPJFD%P‘FI’C) =0

Therefore, x = a, y = b and hence (&, ) € ®> NY2.Clearly ® N Y? is closed in [0,1]. Let
(0, Bo) € ®> N Y2, there exists bisequences (xo, 1) and (eq, ») with 1o = S (xo, ¢0, Qo).

eo = H(e0,%0, Qo) and 19 = (10, 50, Bo), 20 = He (50,10, Po)- Since (S UZ)? U (S U.ZL)?
is open, then there exist § > 0 such that By, (ro,6), Bp.(¢0,90), Bp,(10,6)

and Bp, (5,8) C (ﬂug)z U(F UZL)?. Choose o € (o9 —&,0t0+€), B € (Bo—&,Bo+¢€)

such that o — o] < 717 < &,

oo —Pol < 3 < 5.

Then for, 1 € Bg3(x0,8) = {1,210 € 3/pc(x0,1,¢) < Pe(r0,10,¢) + g}
5 € Byug(e0,8) = {52,520 € 3/Lpe(e0, 7€) < pe(eo, 0,¢) + 5}

r € Bes(8,10) = {5,170 € £/0pc(x,10,¢) < pe(xo,10,¢) + 3}

¢ € Bg(8,50) = {e,e0 € £/0pc(e,300,¢) < pe(eo, 0,¢) + g}

pe (i (xe,0),10,¢) = pe(H(x, e, o), (10, 70, Po),c)
Pc (%(Fa ¢, a),%@(z, >, OC()),C) +Pc (%(?07 €0, (X()),%(l, >, OC()),C)
Pc (%(?0; €0, %)a%(l(ﬁ %07[30)70)

< Mc|O£— (X0| + Pe (%(;(ﬁe(ﬁa()),%(l?%,aﬂ)vc) —|—MC|a() _[50|
2¢
Mr=T

IN

S +Pc (%(;()7207&0)7%(17%7&0)76‘)

Letting p — oo, then we have

Pe (H(x,e,),10,¢) < pe(F2(ro,¢0,00), 7(1,5¢,00),¢)

IA

14
zg (pC (X(), l,C) +Pc (eO; x, C))
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Similarly we can prove

14
Pe (%(%?7 a)v%()vc) < Eg (pC (IO,Z,C) +Pc (e()a , C))

Therefore,

pC (%(;ae7a>71076‘)+p0 (%(e>x7a)7%()ac) S fg (Pc (;07l7c)+pc‘ (607%7C>)
< g(pc(?07l7c)+p6(607%7c))
(16) < Pc (;0,[0,0)—|—pc (60,%0,C)+5

Similarly, we have

(17) Pc (%(la%7ﬁ)7x07c> +pC (%<%7laﬁ)v QO,C) S Pc (IO)Z()?C) +pc (807%076‘) + 6

On the other hand,

Pe(ro,10,¢) = pe (4 (xo, 00, ), 72 (10, 220, o)) < Mc|ow — Po| < —0as p — oo,

Mpl

and

Pe(eo, 20,¢) = pe (2 (0,10, 00), 7 (520,10, Po)) < Mc|o — Pol < —0as p— oo,

Mp-1
So ro = 1p and 3¢y = ¢p and hence o = 3. Thus for each fixed o € (o — €, 00 + €),

(., a) : Beuy(r0,0) — Beur(ro,d) and (., a) : Beuy(19,8) — Beur(10,6). Thus, we
conclude that (., ) has a coupled fixed point in (¥ U%)? U (£ U.Z)? . But this must
be in (S UX)?U (S UL)% Therefore, (o, ) € @>NY? for o0 € (0 — €, o9 + €).Hence,
(og — €, 00 +€) C @ NY2. Clearly, ® NY? is open in [0, 1]. For the reverse implication, we

use the same strategy.

4. CONCLUSIONS

This paper uses contractive mappings of the S-coupled cyclic contraction functions to demon-
strate certain CFPT in the context of complete BPPMS, along with appropriate examples that

highlight the main findings. Applications for integral equations and homotopy are also given.
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