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Abstract: The primary goal of this research is to derive generalized 4-class functions and prove that a common
coupled fixed point exists for F (@, £, ®)-cyclic rational contraction in partial b-metric spaces(PbMS). In our
study, we use some properties of different control functions. Our findings broaden and unify a number of previous
results in the literature. The conclusions are supported by examples. In addition, we provide applications for
integral equations and homotopy as well as an explanation of the significance of the obtained results.
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1. INTRODUCTION

The renowned Banach’s contraction principle is a foundational result in fixed point theory,
serving as a widely-utilized tool in addressing numerous problems across various branches of
mathematics. Over time, numerous extensions of this principle have been documented in dif-
ferent literature. The study of coupled fixed points has seen rapid advancements within metric

*Corresponding author
E-mail address: anuprathigadapa@gmail.com

Received July 25, 2025



2 P. ANURADHA, V. SRINIVAS CHARY

fixed point theory. The concept was first introduced by Guo et al. in 1987 [1]. In 2003, Kirk
et al. [2] introduced cyclic contractions, demonstrating that such contractions possess fixed
points. In 2014, Choudhury et al. [3] introduced the concept of strong coupled fixed points
and proved some cyclic coupled fixed point results using Kannan-type contractions. In 2017,
S. Binayak Choudhury et al. [4] introduced the notion of coupling between two non-empty
subsets in a metric space. They showed that these couplings possess strong unique fixed points,
provided they satisfy Banach-type or Chatterjea-type contractive inequalities. This concept was
later generalized by G. V. R. Babu et al. [5], S. Mary Anushia et al. [6], and Youssef El Bekri
et al. [7].

Shukla [11] employed the concepts of b-metric [8, 9] and partial metric spaces [10] to define
partial b-metric spaces (PbMS) as a generalization. In PbMS, he demonstrated Kannan-type
fixed point theorems and the Banach contraction principle. Subsequently, Mustafa et al. [12]
established several common fixed point theorems within this framework. Recently, several
authors have obtained fixed point results in PbMS (see [13]-[17]).

In 2014, Ansari [18] introduced the concept of C-class functions and provided proofs for
unique fixed point theorems for certain contractive mappings. This initiated significant research
in this area (see [19, 25]). In 2022, Leta Bekere Kumssa [26] established fixed point theorems
for Suzuki contractions of rational type within the b, (s)-metric space and introduced a new
class of functions known as generalized Cg-class functions.

This paper establishes a common coupled fixed point (CCFP) theorem for two mappings that
conform to .Z¢( @, £, ®)-cyclic rational type contractive constraints using generalized % -class
functions within PbMS. Furthermore, it delves into a system of non-linear integral equations and
examines their applications to homotopy, illustrated with pertinent examples.

What follows is in our subsequent conversations, we compile a few suitable definitions.

2. PRELIMINARIES

Definition 2.1:([11]) Let £ be a nonempty set and v > 1 be a given real number. If the following
conditions are satisfied for each @&, ®;,®3 € £, then a partial b- metric is defined as a function

Gp 1 £x £ —10,00):
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(6p;) @1 =22 if and only if ¢y (1, 21) = Gp (@1, 22) = Gp (@2, 22);
(Sp,) Gp(@1,21) < Gp(e@1,22);

(Sps) Gp(@1,22) = Gp(a@2,21);

(6ps) Sp (@1, 2) <0 (Gp(@1,@3)+ Gp(3,22) — Gp(3,23)).

A partial b-metric space is the pair (£,6p).

Remark: Since a partial metric space is a particular case of a PbMS (£,5,) when v = I, the
class of PbMS (£, ¢p) is more general than the class of partial metric spaces. Furthermore, since
a b-metric space is a particular instance of a PbMS (£,,) where the self-distance P(®1;®)
equals 0, the class of PbMS, represented as (£,¢p), is larger than the class of b-metric spaces.
Both a h-metric on £ and a PbMS on £ do not necessarily need to meet the requirements listed
in ([11],[12]), as the examples illustrate.

Example 2.2:([11]) Assume that £ = [0,1). ¢p(31:32) = [max (1.323% + 31 — 32/% is the for-
mula to create a function ¢p. For every 31,32 € £. The pair (£,¢p) is called a partial b-metric
space when v =2 > 1. However, ¢, is neither a b-metric nor a partial metric on £.

Definition 2.3:([12]) Every PbMS ¢, defines a b-metric d,, where

dg, (31,32) =26p(31,52) — Gp(31,31) — Gp(52,32), forall 31,30 € £
Definition 2.4:([12]) In a PbMS (£,6,), a sequence {2, } is defined as follows:

(i) The gp-convergent toward a target if 1i_r>n Gp(®,@)p) = gp(@, @) then ® € £.
p (o=}
ii) In gy if lim &), ®,) exists and is finite, then ¢,-Cauchy sequence
i) Ingp if Iim_cp(p,@q) exists and is finite, then ¢p-Cauchy seq
(iii) A (£,6p) PbMS ¢, is said to be gy-complete if and only if, for each ¢,-Cauchy sequence

{ze p} in £, there is a convergence to a point & € £ such that

lim &,,&8,) = lim ¢y (®,&,) = (&, @
pg_mGp(p q) p_MGp( p) = Gp(=,®)

Lemma 2.5:([12]) A PbMS (£,¢,) has a g,-Cauchy sequence {,} solely in the event that it is
a gp-Cauchy sequence in b-metric space (£,d,).

Lemma 2.6:([12]) If and only if the b-metric space (£,d,) is gp-complete, a PbMS (£,¢p)
qualifies as gp-complete. Additionally,

lim_dg, (1, ,) = 0 <= lim (i) = lim Gy (e @) = G, @)
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Definition 2.7:[18] A continuous mapping .% : [0,e0) x [0,00) — R is called a ©-class function

if for all e,n € [0,0)

(1) F(e,p) <e;
(2) Z(e,n) =e= eithere=0o0ry=0.

¢ represents the family of all ¢’-class functions.
Definition 2.8:[26] A mapping .%¢ : [0,00) X [0,0) x [0,00) — R is called a generalized €-class

function if for all ¢, 1,3 € [0, )

(i) % is continuous;
(ll) yG(%U?Z’) < maX{e,U}Q
(iii) Fg(e,n,3) =eory= either of e,y or 3 is zero.
¢ represents the family of all ¥;-class functions.
Example 2.9:[26] In the following, we give some members of 6 where
F6 1 [0,00) X [0,00) x [0,00) — R is a mapping:
(1) ZG(e,6,p) = g —e—p where >52 > e. This implies ¢ < ¢ and F(e, 6, p) = ¢ implies
=0=p.

(2) Zg(e,6,p) =6 — 1+ whenever ¢ < sU4p)

Tip S5ta Fale,6.p) = ¢ implies ¢ = 0.

(3) F(e,6,p) =6 —E(g)—E(e) forall e,g,p € [0,00) where & : R™ — R is continuous
function such that ¢ — E(g) > e+ E(e), E(¢) =0 and E(e) = 0 only when ¢ = ¢ = 0.

—

Fc(e,6,p) =¢implies E(¢)+E(¢) =0 <= ¢g=e¢=0.
A new category of contractive fixed point results was addressed by Khan et al. [27] and A. H
Ansari et al.[18, 19]. In their study they introduced the notion of an altering distance function
and ultra altering distance functions which are control functions that alters distance between
two points in a metric space.
Definition 2.10:[27] The mapping ¢ : [0,00) — [0,00) is called the altering distance function if

the following properties are met:

(1) @ is non-decreasing and continuous;

(2) ¢(e) =0 <= ¢=0;

2 represents the family of all altering distance functions.



%¢5-CLASS MAPPINGS WITH %;(¢, ,®)-CYCLIC COUPLED RATIONAL CONTRACTIONS 5

Definition 2.11:[18, 19] The mapping @ : [0,00) — [0,00) is called the ultra altering distance

function if the following properties are met:

(1) @ is continuous;

(2) @(e) >0V e>0;
R represents the class of all ultra-altering distance functions.
Definition 2.12:[2] Let . and .7 be nonempty subsets of a metric space (£,d) and 7 : £ — £.
Then o/ is called a cyclic map (w.r.t.. and .7) if &/ (.) C .7 and /(T ) C .¥.
Definition 2.13:[3, 7] Let . and .7 be nonempty subsets of a metric space (£,d). We call any
function o7 : £ x £ — £ such that &7 (,;¢) € T ife € S, e € T and o (2, ) € L ife € T,
e € . acyclic mapping with respect to . and 7.

Now we prove our main result.

3. MAIN RESULTS

For convenience, we set: A = {2/ :[0,00) — [0,°0)} be a family of functions that satisfy the

following properties;

(i) g is a non-decreasing, upper semi-continuous from the right;
(ii) go(e) =0 if and only if e = 0;
Definition 3.1: Let (£,¢,) be a PbMS and a pair (&,ce) € £ x £ is called

(a) acoupled fixed point (CFP) of mapping <7 : £ x £ — £ if & = &/ (&, ) and ce = &7 (ce, )

(a;) astrong coupled fixed point (SCFP) of mapping .« : £ x £ — £ if (&, ce) is coupled fixed
pointand & = i.e & = of (2, %)

(b) a coupled coincident point (CCIP) of o7 : £2 — £ and | : £ — £ if & (=, ce) = fz,
o (e, &) = fee.

(b;) a strong coupled coincident point (SCCIP) of .27 : £2 — £and f: £ — £ if & = ce.
e o (e,&) =fe

(¢) a coupled common fixed point (CCFP) of & : £2 — £ and | : £ — £ if
o (&,@) =fe=a, o (e,&)=Ffe=cw

(c;) a strong coupled common fixed point (SCCFP) of &7 : £2 — £ and  : £ — £ if & = ce.

e o (e,&e)=fe==e
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(d) the pair (7, ) is weakly compatible if f(.o7 (&, ce)) = o7 (fa,foe) and
f(o (e, ®)) = o (fee,fee) whenever o7 (&, ) = fee, o7 (ce, &) = fee for all &, € £.
Definition 3.2:Let . and .7 be nonempty subsets of a PbMS (£,¢,) with coefficient v > 1.
We call a mappings <7 : £2 — £ and § : £ — £ are .Z(@, £, ®)-cyclic coupled rational type
contraction with respect to . and .7 if 7 and f are cyclic with respect to .’ and .7 satistying,

for all ny, @, € .7, 1,2 € .7, the inequality

¢ (Gp (0‘27(01,02)7@7(3517332)))

ey <Zc ( O(M(y1,92,21,22)), P(M(01,92,21,22)), B(M(h1,92,21,22)) )

Sp (o1, F1), 6p (F02, f2)

Sp (01,97 (92,91))-6p (1,97 (®2,21))  Gp (192, (91,92))-6p (fe2, o (21,22)) ’
202146 (fou fee )| ’ 202146 (o fees) |

where M(t)l , Uz,&],iﬁz) = max

peA, PEN D E R, Fg € 66

Theorem 3.3: . and .7 be two nonempty closed subsets of a complete PbMS (£,¢,) with
coefficient v > 1. Let o7 : £2 — £ and § : £ — £ are .Z(9, @, ®)-cyclic coupled rational type
contraction with respect to . and .7 and . N7 # 0 and with regard to a ¢;-class functions

F with @(e) > g(e) for all ¢ > 0. Assume

(3.3.1) &/ (£%) C§(£) and §(£) is complete subspace of £ w.r.t .# and .7
(3.3.2) (,f) is weakly compatible pair.

Then 7 and f have a USCCFP in £.

Proof Let g € ., &) € 7 be any two elements and from (3.3.1) the sequences
{n:},{B;} €. and {z.},{ce;} C .7 be defined as

=4 (Uz,mz) =941 = 0, d(&zmz) =fe 1 =B8,Vz>0.
Case(i): If for some z, we have ¢, = B, and B; = ¢, then we have

¢ (gp (Bz,(ﬁz» = 0 (gp (CEH—I,BZ—H)) =0 (gp (*52{(024—17a3z+1)a427(2ez+17‘)z+1)))

(P(M(Um—laafz%—l7afz%—l7Uz+l)>aW(M(Um—la&z%—laa?z%—lvUz+l))a

w(M(UH—Ia332—0—173324—17024—1))

< Zg

< max{ ¢(M(UZ+17$Z+17?EZ+17UZ+1))7(@(M(UZ+17$Z+17$Z+17UZ+1)) }
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where

Sp (F9z+1,F2z41), Sp (Fz41,T0241)

M( - . ) = ax GP(fUerl7<Q{($z+17‘)z+1))~§p(faferle{(Uerha?erl))
Doty ®et s Bat 1 Det1) = 202 LG (Focr 1 s )] ’

p (F&et 1, (924 1,%2+1))-6p (191,77 (®z41,9241))
202 [1 +6p (feer1.fhz+1 )]

Sp ((132782)7 Sp (BZa (ﬁz)

Gploeg,Boy1)-6p(Br,ezr1) Gp(Bzyoern)-Gploez,Bor1)
202[14gp (e B)] 7 202 [146p (B ce)]

= GP((EZ7BZ)'

= max

Accordingly, we conclude that
¢ (Qp ((EZ’BZ)) <JG ( P (p (e, B;)), 2(p (cez,B:)), B (Gp (cer, B,)) > < @(6p(cez,B;)).

Therefore’ gZG < (p(GP (mmﬁz))u@(gp ((EZ,BZ)), w(gp ((Emﬁz)) ) = (P (gp (mZ’BZ))'
By the condition (iii) of Definition (2.8), it can be deduced that either

¢(gp(cez,B;)) =0or g(gp(ces,B;)) =0implies gy (ce;,B;) = 0. Thus ce; =B, so that ' N.T #0
and (ce;, ce;) is SCCFP of .« and §.

Case (ii): Suppose that ce, # B,, 1 and B, # ce, for all z > 0.

Then forall z >0, 8, € % and e, € .7. By (1), we have

¢ (gp (Bmmz—i-l)) =0 (gp (’Q{(&mnz)a%(nz—i-la&z—l—l)))
< ﬂG( (p(M(ZBZ?UZ?UZ+17&Z+1))7<¢(M(EEZ’UZ?UZ+17332+1>)?(D.(M<2EZ’UZ7UZ+17332+1)) )

(2)§ max{ (P(M(EBDUZ;UZ—H,Zez-i-l))u@(M(&:ZvUZ?UZ-H)EEZ-H)) }

where

Sp (Fz, f9241), Gp (702 ez v1)

Sp (fwz»d(‘)z@z))-gp (79241, (R241,9241))
M(&Z,UZ7UZ+I7&Z+1) - max 2"2[1+€p(f$z,f‘)z+1)] ’
(

Sp (102, (®2,92)) - Sp (Fz+ 1,7 (Dz41,%241))
207 [1 +6p (0211 )]

Sp (Bzfl ) (Ez)v Sp (mzfl ) BZ)

gp(Bthmz)-gp((ﬁmBerl) GP((ﬁZ*l?BZ)'GP(BmmZJrI)
202[1+gp(ﬁz717@z)] ’ 202[1+gp(m17173z)]

= max
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{ 6o (B, 1,0e2), G (b1, B2) }
< max

Sp (Bm(xz—i-l), Sp ((ﬁmBz—O—l)

¢ | max Gp(Bo—1,08;),Gp(ce,—1,8;)
(3) (2 (Q (B € +1)) < max gp(BZ’(EZ‘H)’Qp((EZ,BZ_H)
Y 7y W2 < |
o (max{ Gp(B,—1,08;),Gp(ce,—1,8;) })

Sp (BZ7(EZ+1)7 Sp ((fmﬁz—#l)

Hence, from Eq.(2) we have

Suppose, Sp (Bz—lvmz) < ¢ (Bmoem—l) and Sp (wz—lyﬁz) < ¢ ((EmBz—i-l)' Hence, from Eq. (3),

we have
@ (6p (B ez11)) <max{ (P<max{ Sp (B2, z11), Gp ez, Boin) }>’ }
a z@(max{ Qp(Bz;(ﬁH—l)agp(mmBz—H) })
4) <o (max{ Gp (B, 0e.41),6p (e, B.41) })

Similarly, we can prove

) (2 (gp ((BmBerl)) <o <max{ Qp(ﬁza(ﬁz+l),gp(0‘3zvﬁz+l) })

Using property of ¢ and combining (4), (5), we get

( { Gp (B, z11), }) B { ¢ (Gp (Bz,0ez41)) }
¢ | max = max
Sp (cez,B.41) ¢ (gp ((BZ7BZ+1))
< o (max{ g (Boi) gpl@nBirr) })-

From non-decreasing property of @, this implies that

{ Sp (B, 0ez41), } GP(BzamZ+1)7
ax < max

Sp (mDBZ-i-l) Sp (mDBZ-H)

B , € ) B, , &7 ),
Accordingly, we conclude that max S (Bz, @:1) < max Sp (B—1, 0e:) .
Gp (2, B11) Gp(ce,—1,8;)

} which is a contradiction.

e Sp (B2 0ez41)
For simplification we denote A, = max PR , then we have

gp (mb BZ+1)

©6) A <A 1Vz>1
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Therefore, {A,} is a decreasing sequence and converges to 0 > 0. Now we claim that § = 0 and

letting 7 — oo in (2), we have that

Therefore, % < 0(8),0(8),m(5) ) = ¢ (0). By the condition (iii) of Definition (2.8), it can
be deduced that either ¢(6) =0 or (0) = 0. Hence, 8 = 0. Suppose § > 0 and letting 7 — o

in (6), we have that § < 8, is a contradiction . Hence 6 = 0. Thus lgm A; = 0. It follows that
Z oo

(7 lim g, (B;,00,11) = }E‘; Gp (e, B,41) =0.

e

From (7) and (¢p,), we have that

(8) llm gp (BZ7mZ) = 211—)1110 gp (m27BZ) = O'

o0

From (g, ), (7) and (8), we have

1

ggp (BZ7BZ+1) +Sp (0327@1) <& (527(132) + S ((Ez>Bz+1) —0asz— oo
and

1
Egp (oez,0e11) + Sp (B;,B;) < Sp (cez,B;) + Sp (B,0ez41) — 0asz— oo

It follows that

) Zh_g}o Sp (Bz,B.41) = Zli_{EIOGP (e ce;) = zh_g}o Sp (ez,08741) = Zh_g}o Sp (B;,B;) =0.

From definition of d,, (9), we have that

(10) lim dg, (B, 0e;+1) = lim d, (cez, Bz11) = 0.

To demonstrate the Cauchy nature of {ce;} and {B;} in (£,¢p). If, in b-metric space (£,d, ),
it is sufficient to demonstrate that {ce,} and {,} are Cauchy sequences, then let’s assume that
either {ce;} or {B.} is not. This gives that d¢, (ce;,ce,) + 0 and d¢, (B, B,,) - 0 as z,w — o.
Consequently, max {dc, (ce;, @), dc, (B;,B,) } - 0 as z,w — eo.

Then, there are sequences of natural numbers that increase monotonically and have a € > 0.

V22> 0 (z) > @(2) >z, {#(2) },50, {#(2) } ;500
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(1 1) max {dgp ((E%(z) ’ (B[O(z) ) s dgp (B%(Z) ’ BJO(Z))} > €
and
(12) max {dg, (®,,(;)—1,®p(z)),dg, Bor)—1,B ) } < E-

From (11) and (12), we have that

e < max{dg, (@) ®po)sde, (Bre) Ba)) }
< vomax {dg, (), 0@()—1)s dg, (Brr() Bo(r)—1) }
+o.max {dg, () -1, ® () gy (Boie) 1. Bpp)) |
< b.max {a’gp (®5e(2)s ®se(2) 1) dgy (Bre(z) Bioz)—1 )} +ve

Using z — oo as the upper limit and (9), we obtain that

(13) €< Zli_>r£10supmax {de, (1), @ o(2))> dey (Bu(r) Byopz)) } < ..

Also

£ < max{dg, (e, (), ® () dg, Bric) B |
< v.max {dgp (®5e(z)> ®se(2)—1) dgy (Bi(z), Boc(r) -1 )}
+o.max {dg, (e8,.()1,®p(2)), dey (Bie(z)—1:By()) }

Assuming z — oo as the upper limit, we can infer from (9) that

£ .
(14) E < lim supmax {dgp ((E%(z)—l 1 o(z) ) ) de (B%(z)—l ) BW(Z)) } .

k—roo

On other hand

max {dg, (0€..(2) 1, @ () ) dg, (Bo(z)1:Bp())

< vmax {dg, () 1,0,(2))s dg, (Bo(z) 1. Bor(z)) } +omax {dg, (e, (o), (). dg, (Br(o), Bo(o)) } -

With z — o as the upper limit, and from (13) and (14), we obtain

€ .
(15) E < lim supmax{dgp ((E%(Z)717w[0(2))’dgp (B%(Z)fl’BJO(Z))} < 802.

k—yo0
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also, from (11), we have that

e < max{d (®e(2)> ®o(2) ) gy (B%(Z)ﬁ(@(Z))}
S v max {dgp ((B%(Z) 5 (Bp(z)+1);dgp (B%(Z) ) B(@(Z)‘i‘l)}
—+b max {dgp <(E[0(Z)+1 s (Ep(z))7d€p (BJO(Z)—H ’ BJO(Z)) }

Using z — oo as the upper limit and (9), we obtain

€
(16) — < lim supmax {dg, (,.(2), ® p(z)+1): dgy Be(r) Bp(o)+1) }

o} 7—
On other hand
max {dg, (02 ®pz) +1)sdgy (Brc(c)s Bz +1)
< vmax {dg, (0e,.(;), ®p(r)), dgy (Brz), Bo())
0. max {dg, (0 (), @ ey 11), ey (Boge) Bty 1) §

Using z — oo as the upper limit, we can obtain from (9), (13),

£
17) s < Zhﬁnolesupmax {dgp #(2) ® p(z)+1)s g, (B%(z)’ﬁp(z)ﬂ)} < ev’.

Using the Eq. (1), we have

? (Sp (o), ®p()11) = @ (6p(F (9520):®sc() » 7 (D0 11: @ o(2)11)))

(p(M(U%(z)v&%(z)aUﬁ)(z)—i—laeeg)(z)—i—l))v
TG | MO0, @), D) 41 B () +1))s
W(M(U%(z) sy &50(2)s Dgo(z)+15 E%(z)ﬂ))

max{ ¢(M(U%(z)a&%(z)70p(z)+laEEJO(Z)Jrl))a }

IN

IN

JO(MOJ%(Z) 1 L3(2) U[O(Z)+1 1 & o(2)+1 ))
< ¢(M(U%(z)7ge%(z)aU@(z)+17€ep(z)+l>)

Qp( (z)— 1>03p(z))7 ( (z)— I,Bp(z))

Gp (ce,, )gp( () Bz )+1)
2"2[1+€p( ® (5 1‘%))]

o (Bo(z)—1:®5(2))-Sp (Bo) s ® o2) 1)
2U2[1+€p(3m 1 B;o )]

— (p max 9

11
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Because of

Sp (1052(2)s I o2)41)5 Gp (F® () T 2 1)
(f‘)%~ (&) 950(2)))-5p (M) 117 (@ o) 119 () 1))
2n2[1+gp<fn% ) +1)] '
S (F5e(0) 7 (D50(0) 1 5e(2)))- Gp(faep )17 (D) 11 & p()+1))
202[14Gp (fe(2) e (o) 1)

M(Uz(z)a&:%(z) Do) +15 EeJo(z)-&-l) = max

6p (@32~ 1> @ () 6p (Bre() -1, B (o))
p (@) - 1:Be(2))-6p (@ p(2) Bo(z) 1)
202[1+gp(0e,{ (2)— 10%())]
o (Boe()—1:%50(2)) - Gp (Byoz) @ i) 11)
2“2[1+€p( () 178,{,())]

= max

Similarly,
Sp () la%@) 6p(Boe(r)—1:B ()
Sp(ce,, @) (® () Bp)+1)
¢ (6 (Boe) B 1)) < ¢ | max nz[l+gp )]
Sp (Booz)—1:%5.(2))-Sp (Bo(z) ® o)1)
202[1+gp(13% (- 17%())]
Therefore,

o[ mad & (00(2)s ® () +1): =) € (Sp (o), ® o)1) »
Sp (Boez), By +1) ® (6p(B.o(2):B)1))
Sp (@ ()1, 0%@ )60 (Bocz)-1,Bo(2))
o (e (2))-5p (® ) Bpz)+1)
202[1+gp(® —1,%p(z ))]

6p (Bor(e) 1,0 <>)€p(f3;o<>%< )+1)
202146y (Boe(o)1,Bp(z))]

< @ | max

Using z — oo as the upper limit and (9), (15), (17), we obtain that

p(en?) < 3’0( @ (£.0%), p(e.0?),m(£.0?) ) < ¢(ev?)

Therefore, % ( go(e.uz),p(e.nz),af(s,nz) ) =0 (8.02). By the condition (iii) of Definition
(2.8), it can be deduced that either @(£.v?) = 0 or @(€.v?) = 0. Hence, £.0> = 0 implies € = 0
and v = 0 is contradiction.

Thus, in (£,dc, ), {ce;} and {B;} are Cauchy sequences.Assume that the complete subspace of
£ is §(£) w.r.t closed subsets . and .7. Then {cee;} C.¥ and {B;} C .7 converge to O € .7,
U € 7 in (f(£),dg,), so there exist 1, & € f(£) such that Zli_>r£1ooeZ =0 =fpand }i_{?oﬁz =0 =fe.
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That is ggngodgp (f9z41,0) = 0,Z1L113°d€p (fee,+1,0) = 0 for some © = fy, U = fe,
we have that
Sp(0,0) = lim g (fuz,fow) = lim & (fyz,0) = lim 6 (fy:+1,9) =0.

and

(0,0) = lim gp(fee;, fey) = lim gy (fee:, ) = lim Gy (feez41,U) =0

Z,W—ro0

also we have

(18) Sp (D,U) = le_>r£1° Sp (f‘)z-ﬁ-l 7faez+1) = Zh_{?o Sp ((BDBZ) =0.

Therefore, © = U, Since . N7 # 0 then from the above it follows that © € . N.7. We now
assert that o7 (y,&) = 0. From (1), we have

o (6 (A (n,&), @) = F(c( A (9;,2:)))
< (P 1),33 UZ?mZ)) W(M(U7$a01733z))7
- M(y, 1, 2.))
< X{ My, 2,9;,2,)), 2(M(y, 2, s, 2)) }

< MU&UZ73€Z

gp (fUa fUZ)? GP (faa f&Z)
Sp (7.7 (&,9))-6p (T2, (22,92))
202146y (. fo.) | ’
Sp (fee, o (n,@)).6p (&, 7 (v2,®;))
202 (14 (fe fee.) |

= ¢ | max

Because of

GP (f‘)v fUZ)a Qp (fEE, fmz)

o (10,47 (®,9))-6p (192, (22,2))
M(Ua%y‘)z,a?z) = max : 202[1+€pp(f1),f‘)z)] ’

op (&=, (9,2))-6p (j&r, o (97,22))
202[1+6p (e f,) |

In the above inequality, if we let z — oo, we obtain that ¢ (g, (7 (9,2),0)) = 0 implies that
Gp (47 (9,2),0) = 0 and hence <7 (y,&) = O = fy. Since, (<7, f) as a weakly compatible pair,

we obtain

o=y =F§((y,&) = (f,je) =« (0,0)
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We now establish that fo = ©. We can see from (1) that

¢ (gp (fa7 (ﬁz))

IN

IN

(2 (Qp (d(a76)=d(027&2)))
P(M(D,U, 1, :)), 9(M(D,5,0:, ), B(M(D, U, v, :)) )

(
max{ o(M(D,0U,n,,;)), £(M(0,U,y,,2,)) }

GP (fa7 fUZ)u gP (fU7 fxz)
6o (10,97 (6,0))-6p (0, (22.12))
202[ 146, (O, f0:) | ’
6p (JU,7 (9,0)).6p (feez, 9 (v2,2))
202 [146 (U fee: )|

¢ | max

If we let z — oo in the inequality above, we get that

0 (5 (2:0) < Fo( 9(g(10.0)). 016 (12.9)),8(5 (19,0)) ) < (5 (72,0)).

Therefore, 76 (*g(g, (12.0)). (g (19.9)). 85 (12,2)) ) = ¢ (4 (12,9)- By the condi-
tion (iii) of Definition (2.8), it can be deduced that ¢ (g, (f0,0)) = 0 implies ¢, (fO,0) = 0. It
follows that <7 (0,0) = © = fo. Again, in view of (18), we conclude that <7 (0,0) =0 = fo;

that is, we have a strong common coupled fixed point of .2/ and f.

For uniqueness let us suppose (0*,0*) be another SCCFP of </ and f. Then from (1), we

have

¢ (6p(2,0)

IN

IN

7 (g (/(9,0),4 (97,0))
76 ( p(M(2,9,0%,0%), p(M(2,,0",0%)), B(M(2,0,0",0%)) )

max{ ¢(M(9,0,0%,0%)), p(M(9,0,0%,0%)) }

o(M(9,0,0%,0"))

gp (fav fa*)7 gp (fa7 fa*)
% (2,9 (9,9))-6p (fO*, 7 (9*,07))
¢ | max 202146, (70,507 ’
& (0,47 (9,0)).6p (fO . (9*,0%))
202 (146, (72,f0%)]

Accordingly, we conclude that

(p(gp(D,D*)) < yG( (p(GP(Dva*))aW(QP(O7D*))76(GP(D>D*>) ) < (P(QP(D,D*))
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Therefore, 75 ( ¢(gp (2.9%)). (5 (9.9).@(gp (2.9%)) ) = (6 (9,2")). By the condi-
tion (iii) of Definition (2.8), it can be deduced that ¢ (gp (,0%)) = 0 implies ¢, (9,0%) =0
and hence the USCCFP of &7 and f is (0,0). This completes the proof of the theorem.
Corollary 3.4: . and .7 be two nonempty closed subsets of a complete PbMS (£, ¢,) with
coefficient b > 1. Let o7 : £2 — £ be a .Z5(@, £, ®)-cyclic coupled contraction with respect to
& and .7 and . N.J # 0 and with regard to a ¥;-class functions .Z with @(¢) > o(e) for
alle > 0,n),& € .7, hp, & € .7, the inequality

(P<max{ S (o). }) ,p(max{ Sp(h1,®1), })7
¢ (6o (A (91,m2), 4 (21,2,))) < Fg S (02,2) Sp (02, 22)
w(max{ G (01, 1), })

Sp (1)2,262)

where p €2, € A, @ € R, %G € 6. Thenin .’ N .7, there is a USCFP for 7.

Proof Using the identity map on . U .7, §f = [, 7, we can determine from Theorem (3.3)

that o7 has a USCFP.
Example 3.5: Let £ =[—1,2] together with PbMS ¢, : £2 — [0,0) as G, (n; &) = [max {n,=}]*
for all y, & € £ with coefficientv =4 > 1. Let ¥ = [0, 1] and .7 = [—1,0]. Then . and .7 are

nonempty closed subset of £ and ¢, (.;.7) = 0.

5 if nec.sSNT
Let o7 : £ — £ as & (&) =

1 otherwise

0 if e SNT
andf: £ > £fasf(e)=¢ 1 if 2.
2 if €T
Obviously, <7 (0,0) = 0 = fO implies that (0,0) is a CCIP of ./ and §. Moreover, f(£) = {0,1,2}
and o7 (£2) = {0, 1}. Hence, &7 (£*) C f(£) and other hand
27 (0,0) = 7 (§0,§0) = §27(0,0) = fO = 0, then (<7, ) is w-compatible.
After that, Z : [0,00) x [0,00) x [0,00) — R as F(e,,p) = ¢ — 715 and ¢, 0,0 : R" - R"

3¢ e for e<1 .
as @(e) = 5, @(e) = and @ (e) = 5. From above we conclude that the

5 +% for e>1,
inequality (1) is satisfied for all §1,1,, 21, @, € £, it follows that
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Case (i): for all ny, &, € .7, 1y,@ € 7, then

¢ (gp (%(01702%%(&1,&2))) =@ (gp(l, 1)) =¢(1) = %

M M
gG ( (P( (017027&172‘32))7(@( (Ulanzaeel,an)), ) :(@(M(UI,UQ,ZEI,EEz))

@ (M(n1,92,21,22))
o(M(y1,92,21,22))

1+ o(M(yy,n,@1,2)))
< p(M(n1,92,21,22))

where
QP(LZ)?GP(zv 1)
M(n1, 92,21, %2) = max { op(1,1)6p(2,1)  6p(2,1).p(1,1) =4.
2.42[146p(1,2)]7 2.42[146,(2,1)]

Therefore,

3 o

5=00) < 76 9(4),p(4),@(4) ) < P(4) < 0(4) =6
Hence, Eq.(1) holds.

Case (ii): for all ny,&, € 7, 9y, &) € .7, then

® (o (A (1,92), 7 (21,22))) = ¢ (6p(1,1)) = 9(1) = %
and

Z, ( ¢<M(Ul7‘)27&17262))7(@(M(Ula027&17332))7
G

= P(M(v1,92,21,22))
& (M (01,0, ) )

e(M(y1,92,21,22))

B 1+@(M(y1,02,21,22))

< p(M(n1,92,21,22))
where

Qp(2,1),§p
M(Ula‘)z,&l,%z)—max{ 2.1 g
242(146p(2,1)] " 2.4

1,2),
1,1).65(2,1) =4

(
(
2[146(1,2)]
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Therefore,

Hence, Eq.(1) holds.
Case (iii): for all ny,a;,92,2 € N7, then

0 (6o (A (91,92), 4 (=1,22))) = ¢ (55(0,0)) = 9(0) =0
and

e(M(y1,92,21,22)), P(M(n1, 92,21, 22)),
Zc : : : : = p(M(y1,92,21,%2))

@(M(y1,92,21,22))

oMy, n2, 21, 22))
1+ @ (M(y1,92,21,22))

=0
where
GP (07 0)7 gp (Oa 0)7
M(n1, 02,21, %2) = max 6p(0,0).6p(0,0)  ¢(0,0).65(0,0) =0.
2.42[146(0,0)] 7 2.42[14+65(0,0)]
Therefore,

0=0(0) < 76 9(0),(0).(0) ) =0.

Hence, Eq.(1) holds. Thus, Eq.(1) holds and all the requirements of Theorem 3.3 are satisfied.

According to Theorem 3.3, .2 and f have a unique strong coupled fixed point, which is (0,0).

3.1. Application to Integral Equations.
In this part, we demonstrate how to prove the existence and uniqueness of a solution to a sys-
tem of non-linear Fredholm integral equations using the coupled fixed point results that were
obtained in our Corollary (3.4).
Let the set of all continuous functions defined on [a,b] be £ = (Cla,b],R).
Let the mapping

dg, 1 £ x £ — [0,0) be defined as d,, (,9) = 1F—0)%|| = sup [§(s)—g(s)|>V§,g¢€£.

s€la,b]
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Then obviously, the pair (£,d,) is a complete b-metric space with b = 2.
The system of non-linear Fredholm integral equations that follows is now examined:

+ 525 [ (0,8(w),9(w))du, 0, u € [a, b]
(19)
+ 5 [ (v

(0,9(w), £ (u))du, v, u € [a,b]

where % : [a,b] x R? = R and f : [a,b] — R are continuous.

Define the operator .«7 : £2 — £ by

b
A (60)(0) = (o) + 5 [ A (0,6w),n(w))d

Note that Eq.(19) has a coupled solution iff <7 has a CFP.

Theorem 3.1.1: The following condition is satisfied if % : [a,b] x R? — R is continuous:

[ (0,5(u),v0(u)) = (0,2 (u),n(w))] < \/3M(3,10,2,9)

where M(3,10,1,9) = max{ 3(1) —r(w)]?, |ro(u) — y(u)? }, for all 3,p € . and w,r € T
with ¢t # ) # 3 # 1o and v,u € [a,b] . Then the system of integral equations (19) has a unique

solution.

Proof This proof will be carried out using Corollary 3.4. Because the function %" is continuous,
so is the operator &7 : £2 — £ defined above. Let ¢, o, @ : RT — R* as ¢(a) = a, p(a) =2
and @(a) = ¢ and .7 : [0,00) X [0,00) x [0,00) = R as .F(e,G,p) = ¢ — ¢ — p where = > p.
To show that the mapping <7 creates a .Z (@, £, ®)-cyclic coupled contraction with respect to

& and 7 and . N .7 # 0 and with regard to a G-class functions .7, we proceed as follows:

7 (310)(0) /() 0)] = 5] /b (9 (0.3(0) wo(u)) = (0,2(a), ()
o
< o [ 1 (0509, m0() = (v,5(u), p(w)
1 ab
Sb_a/ M(3,1,x,9)
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By squaring spermium on both sides of the aforementioned discrepancy, we get

b
sup 1/(3,0)(0) = S E0)OF < 5o sup MG mw,)([ 10w

velab] 3(b—a)? vejap)
2
< %max SUPyela,b] [3(u) —x(u)]*,

SUPyefq ) 10 (1) = (u)[?,

yields that

dey (o (5,00), /() < xmax{ i, (3,0),ds, (10,9) )

Now for any PbMS ¢, on £, we can have a b-metric d, on £ by

¢p(3,0) if 3#mw
dgp (37 m) = .
0 if 3=rm.

Then the last inequality can be written as:

o (o). () < gmax{ G (5.6).6p (o) |-

( { gp(ﬁv?)v }) ( { gp(37g)7 })
¢ | max , 2 | max ,
9 (6 (7 (3.10), 2 (1,9) < Fg Sp (10, 9) 5o (10, 1)
( { 5 (1), })
O | max
Gp (0,1)

This shows that &7 is a Zg(@, £, ®)-cyclic coupled contraction . We thus infer that 27 has a

unique coupled solution in .’ N .7 to the integral equation (19) since all the requirements of the

Corollary (3.4) are met.

3.2. Applications to Homotopy.
In this section, we study the existence of an unique solution to Homotopy theory.
Theorem 3.2.1: Let . and .7 be nonempty subsets of complete PbMS (£, ¢,) with the coef-

ficientv > 1,5, C .4, 5, C T and £, C .¥, 5y C 7 be an open and closed subsets such that

(=]

| C &, By C E,. Assume that the operator
L1 (E1 xE)U(E, x Ey) x [0,1] — £ satisfies the following requirements:
7)) ® # A (@, e, 1), @ # Lc(ce,2,A), foreach & € Ey, e € Ey and A € [0, 1] (here 9(E; UE))

is boundary of £; UE; in .U .7);



20 P. ANURADHA, V. SRINIVAS CHARY
T)VereE,eBeciAec|0l],peA, @A B c R Fg e bs with ¢(e) > g(e) for all

e > 0, satisfying

GP($78)7
¢ | max
Qp(},(ﬁ)
S (®,8),
0 (ve ( Lolm,n).8cBrA) )) S Fo| p|maxd 7 ,
QP(LOC)
7B 9
@ | max gp(ze )
Qp(}i,(ﬁ)

) IM >0 ¢y (Lc(@, e, 1), Lc(e,2,8)) < M|A— | forevery ® € &y, e € E; and
A, ¢ el0,1].
Then £.(.,s) has a CFP for some s € [0,1] <= £.(.,t) has a CFP for some ¢ € [0, 1].

Proof Consider the set
o ={A€[0,1]: 2= L (®,e,A1),0e =L (ce,®,A)for some ® € i, € Er}.

Since £¢(.,0) has a CFP in (E; x E,) N (Z2 x E), we know that (0,0) € o2, demonstrating
that <7 is not an empty set. In [0, 1], we will show that <7 is both open and closed. As a
result, the connectedness may provide 7 = [0,1]. As aresult, £.(.,1) in (E; x E2) N (E2 x Ey)
has a CFP. First, we show that o7 is closed in [0,1]. Let {A;};; C </, where z — oo and
A; — A € ]0,1]. Showing that A € 7 is necessary. Considering that A, € &7 forz=1,2,3,---,

J®, € E,0; € By, and that &, = £ (&, e, A;), e, = £ (e, 2, A;). Think about

gp(aem(ﬁz—kl) :gp(sg(aemmzvlz%gg((ﬁz—i-lazez—f—lalz—f—l))
Sp (’QG(EZamza/ﬂLz)vgg(mz—i-laa3z+la/lz))
<0 +§p(£€((ﬁz+lagez—l—lalz)vgg((ﬁz—i-laeez—i-lalz—i-l))

—Cp (£g(03z+17€Ez+17/1z)7£g(03z+1aﬁez+1,/1z)>

< ng(sg(eemmzalz)agg((ﬁz+l,a3z+17lz)) +UM|A'Z - A‘Z—H ’

Letting z — oo, we get

zh—>r£1° Sp (Eeme-H) < Zlglolobgl) (SQ(&Za(BZa)LZ)agg((Ez-i-l ) Eez—i-lalz)) +0.
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From (77) , we obtain

21

lim ¢ (gp (@7, 08741 ))

7—>0
® (max{ Sp (@2, 0z41), }) N7 (max{ Gp (@, 41), |
| gP((B17a3z+1) Qp((f:zaa?zﬂ)
<
< Zh_{?ofc ]
O | max
Gp(oez, ®11)
( { gp(&z,(ﬁz+l)7 })
¢ | max
< lim max Sp <O‘3Za332+1
7—r00
( }
i gP(33Za(Bz+1),
< lim ¢ | max ‘
o gp ((EZ7 &z+1)

Similarly

&,, .1 1),
lim ¢ (gp(oess i) < lim ¢ | max Sz, 1)
) ’ QP(Oez=3ez+1)
Therefore, we have
lim ¢ | max Sp @z @z1), —  lim max (P(Qp(aez,oezﬂ)),
o S (0 @211) o ¢ (op (022, z41))
)
< lim % | | max Sp (2, ®211), :
- Gp(0es, @1 1)

S lim QD max GP(EED(ﬁZ-Fl)J .
o Gploez, @ (1)
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gp(zez,(ﬁz—i-l),

Sp ((ﬁm X741 )
tion (iii) of Definition (2.8), it can be deduced that either ¢(d) =0 or £(6) = 0. Hence, 6 = 0.

Put 6 = lim max
700

then % ( 0(8),0(8),m(5) ) = ¢ (). By the condi-

It follows that

(20) Zh_{{}o Qp(33z>(ﬁz+1) = Zlgf}o Sp (cez,@,41) =0.

From (20) and (g, ), we have that

(21) zh—>r£1° Sp (@, 0e;) = zh_g}o Sp (ce, ;) =0.

From (gp, ), (20) and (21), we have

1
Egp (@, ®,41)+ Sp (s, ce;) < Sp (@, 0e;) + Sp (s, @;41) —0asz—oo

and

1
Egp (03170314—1) + & (3327331) <& ((EZ7EEZ) + & (EEDCEZ-FI) — 0 as z — oo.

It follows that

Zh_glo Sp (%Z,ZBZ+1) = ;gggp (mmmz) = zlgg Sp ((Bza(BZ-H) = Zh%n;lo Sp (EBDEBZ) =0.

(22)

The Cauchy sequences in (£,6,) are {;} and {ce.}, as we now show. If, on the other hand,
{#_} and {ce;} are not Cauchy, then. z; > wy > k is a monotonic increasing sequence of natural

integers {wy} and {z; } with € > 0,

(23) Qp ($Wk7$Zk) Z € GP ((Ewk,(ﬁzk) Z €
and
(24) gp (aaWkH?aaZk) <€ gp ((BWk+17(EZk> <E&

From (23) and (24), we obtain

€ < Qp (mwk’ EBZk)

S Y (Qp (&Wk7mwk+l) + gp (wwk—i-l ) mZk) - gp (&Wk-i-l 9 Zewk—b—l ))
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Using k — oo as the limit, we obtain that

(p(g) S ]}E;Igo(p (ng ($Wk+l7$zk)> = klgl;lo(p (ng (Sg(a?wkﬂ7(Ewk+177ka+1)a£g(a3zk7(13zka7tzk))>

¢ | max Sp <&Wk+1 ) "Ezk)’ @ | max Sp ("eWkH?aszk)? :
< lim st Sp (OeWk+1 ) Oezk) Sp ((BWkH ’ (Ezk)
7—ro0
@ | max gp ($Wk+17aazk)7
GP ((BWkH ) (sz)
X x x x
< ILm max ¢ | max gP( Wit1 Zk)’ . | max gp( Wit1 Zk)’
¢ Sp ((EWkH ) (EZk) Sp (kaJrl ) (P“Zk)

& ®
< lim ¢ | max Qp( Wheet? Zk)’
—o0
: Sp ((Ewk-o—l ’ Oezk)

< o(e).

Therefore, % ( o(e), p(e),m(¢) ) = ¢ (&). By the condition (iii) of Definition (2.8), it can
be deduced that either ¢(€) = 0 or (g) = 0. Hence, € = 0 is contradiction. Consequently,
{@.} is a Cauchy sequence in (£,¢,), and Z}ggm p (=, @) = 0. Likewise, we have {ce;} is a
Cauchy sequence in (£,¢p) and Zvlvggw Gp(ces,ce) = 0. (£,6p) is complete, so B € &y, r € E
exist.

Sp (Bvﬁ) = Zh_>n;lo Sp (&Za8> = Zh—>n°l° Sp (€BZ+1,B) = z,lvivrgoo Sp (%Z,EEW) =0.

Sp(8,1) = lim cp(ee;,x) = lim cp(oe1p,0) = 1lim_cp(ce;,0en) =0

also we have

6p(B,x) = gp(lim &, lim ce;) = lim g (@, ce;) = 0.

z—o0 700 Z—o0
Therefore, B =, Since E; N E; # @ then from the above it follows that B € £; N E;. From
Lemma 2.6, we get Zlgg Gp(@, £c(B,r,4)) = 6p(B,Lc(B,x,1)).

Now,

Gp(@s, Lo(B,1,4)) = gp (Lo, e, A:), £5(B,x,4))
. { 6o (L (e, 1), £ (e 1)) + 6oL e, 1), £5(B.1,0)) }
—6p(Le(@,005,4), L, 022, 1))
< oM, — A+ 06, (L (;,08,,4), L (B,x,1)).
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Letting z — o and using property of ¢, we obtain

¢ (5p(8,L5(8,1,4))) < lim ¢ (0 (Lq(ez, 002, 1), £ (B,1,4)))
e
< lim 7 Sp (e, x) Sp (e, x)
IR b))
6p(cez,1)

<@0)=0
consequently, we conclude that ¢, (8, £.(B,x,4)) =0 and ¢ (r, £ (x,8,4)) = 0. In order for
£c(B,r,A) =B and £.(r,B8,4) = r to be equal.Therefore, A € A. Thus, in [0, 1], &7 is closed.
Let o7 contain 9. When &y = £ (0,00, Ao), then I &y € E1,080 N E, as well as
g = L¢(cep, 20, o). ng(eeo,r) C Eand Bg, (e, r) C &, since E; UE, is open.
Choose A € (A — €, +€) such that |A — A| < 71 < €.

Then for & € BGp (&0,}’) = {& € £/gp(&7$0) <r+ Sp (&0,&0)} and
e € B, (oo, 1) = {& € £/6p(ce,ce0) < 7+ Gp(ceo,ceo)}. Now we have

Sp(Lg(z,e,A),20) = Gp(Lg(,0e,4), Le(0,®0,20))
n{ 6 (Lo, ,1), Lo (@, @, A)) + 6 (Lg (@, 08, A0), £¢ (20, 00, A0)) }
—6p(L¢ (@, 00, 0), £ (&, 08, 20))
< OM|A — Aol + 06, (Lc (2,0, A0), £c (0, 20, A0))
<ozt + 06 (L4 (=, @, Ao), £¢ (0,00, 4)).-

Letting z — oo and using the property of ¢, we obtain

(p(gp(Sg(ae,oe,it),aeo)) S (Y (ng (Sg(ai’mvao)v'gg(a%v(ﬁo?}-o)))

( { o (=, 20), }) ( { G (=, 20), })
¢ | max , | max 7
< lim Zg Sp (ce, o) Sp (ce, o)

o ® | max gp(ae,zeo), )
gp(oe,oeo)
<(p<max{ Qp(EE,EEo), })
gp(mv(ﬁo)

? (gp (’QG(G??EE’%)»(EO)) <o (max{ Gp (=, ®0),6p (e, ) }) .

Similarly
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Thus
max{¢p (Lg(@,0e,4),20),6p(Ls (e, 2,4),00)} < max{¢p (@, o), Gp(ce,e0)}
< max{r+ Go (0, @)+ G (0, 0)}
Hence, for every constant A € (A9 — €, 49 + €), this means that

L£c(,A) 1 Bg,(®0,7) — B, (20,7) and  £c(.,A) : Bg, (ceo,7) — Bg,(ceo,r). Theorem 3.2.1 is

satisfied in all of its conditions since (71) likewise holds. This leads us to conclude that £.(.,A)
in (£ x £2) N (Z, x &) has a CFP. But this CFP must be in (£; x Z5) N (E, x &) since ()
holds. A € & forany A € (g — €, 9+ €). (Ao — €, +€) C o, thus. As a result, <7 is open

in [0, 1]. We use the same technique for the opposite inference.

4. CONCLUSIONS

This work utilizes several CFP results and relevant examples to elucidate the main conclu-
sions within the framework of PbMS. It employs .Z (@, £, ®)-cyclic rational contraction via
a generalized %;-class function. Additionally, it demonstrates applications to homotopy and

nonlinear integral equations.
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