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1. INTRODUCTION

The study of fixed point and optimization theory is becoming a more significant field in non-
linear analysis. Its successful applications in practically every field and mathematical research
are the reason for this. It is well known that fixed point or optimization problems are extremely
difficult or practically impossible to solve analytically, hence approximation methods of reso-
lution must be taken into consideration. Because of this, scholars in this area have put forth
a number of methods for solving optimization and fixed point problems. Proximal-like tech-
niques, fixed point techniques, auxiliary principles, decomposition techniques, extra-gradient
techniques, sub-gradient techniques, projection contraction techniques, and normal map equa-
tions are a few examples; refer to [15, 16, 17, 18] and the references therein. Finding a solution

to an equation of the type
(1) x=Tx,

where T is a single-valued nonlinear operator defined on a nonempty set X, is the focus of fixed
point problems. To approximate the answer (1) for various operators and spaces, scholars have
developed a number of iterative approaches throughout the years; for instance, see ([8, 10, 11,
12, 13, 21]). Research is still ongoing to create iterative algorithms that solve (1) more quickly
and effectively. At the very least, a good and dependable fixed point iteration must have the
following qualities: (1) it must converge to an operator’s fixed point; (2) it must be T-stable; (3)
it must be quick in comparison to other iterations already in the literature; (4) it must display
data dependent results; and (5) it must be used to approximate some real-life problems. One of
the prominent iterative scheme over the years is the Picard [19] iterative process is defined by

the sequence {a,};_ as follows:

ap € C,
(1.1)
ant1 =Tay,, VneN.

It is well-known that the Picard iterative process only converges to the fixed point if and only
if the initial guess is close to the fixed point. In addition, if it does converges, it does that at a

linear rate. In light of this, we have Ullah and Arshad [20] introduced the iterative process
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coeC

an=(1—ay)cn+ 0Ty
(1.3)

b, =Tb,

cpr1 =Tbh,, VYneN
\

where {@,} are real sequences in (0, 1). Also, Karakaya [10] introduced the iterative sequence

{x,} defined by
(

wo eC

u, = Twy,

(1.4)
v = (1 —04)uy + 06, Tup

Wpr1 =Tv,, VneN
\

where {a,} are real sequences in (0,1). More so, Abass eta al., [1] introduced the iterative

sequence {x,} defined by

po€C
pn="Try,
(1.5) qn =T pn,

T'n+1 = (1 - an)‘]n + anTQn

VneN

where {a,} are real sequences in (0,1). It was established by the authors that the iterative
processes (1.3), (1.4), and (1.5) have the same convergence rate.
Recently, Okeke et.al [21] introduced an iterative scheme named AG-iterative scheme defined

by the sequence {u,};_ as follows:



4 OLUYEMI, AKUTSAH, MAHRAJ, MEBAWONDU, NARAIN
(
up=xeC
Xn = (1 - '}/n)un + Y Tuy,
(1.10) wp = (1= By)Tu,+ B.Tx,

v = T[(1 — o) wp + ,Twy|

[ Unt1 = Tv,, VneN.

where {a, }, {B,} and {y, } are real sequences in (0, 1). They established that the above iterative
process converges faster than existing iterative schemes in the literature. Furthermore, In the
light of this, Hussain et al., [8] introduced a new iterative method called the D-iteration. The

D-iterative method is defined as follows

.
xo=xeC

w=T\(1—o04)x,+ 0, Tx,
i y [( )X Xn]

v = T[(1 = Bu)Txn + BTy

K)c,hq =Tv,, VneN.

They established that the D-iterative process is faster than M* iterative process in [20] and
some other existing iterative process in the literature. Furthermore, Hussain et al. [8] presented
the stability, data dependency and errors estimation results for D-iteration method. More so,
they establish that the error in D-iterative process is controllable. However, the convergence,
stability, and data dependence results were obtained under some strong assumptions imposed
on the sequences {a,} and {B,}. The authors in [2] provide and affirmative answer to the
setback of the D-iterative scheme. They also applied the iterative scheme to a delay differential
equations and two point second order-boundary value problem.

Inspired and motivated by the above works and the ongoing research interest in this direction,
our purpose of this work is to introduce a new five steps iteration process 3.1 for approximating
the solution of a delay differential equation and an oxygen diffusion problem. In addition, using
our proposed iteration process, we state and prove some convergence results for approximating

the fixed points of generalized (¢, B)-nonexpansive type I mapping. In addition, we show that
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our proposed iterative scheme converges faster than some existing iterative schemes in the lit-
erature, data dependency ,and stability results for our proposed iterative scheme are established

with an analytical and numerical example given to justify our claim.

2. PRELIMINARIES

Let X be a Banach space and Sy = {x € X : ||x|| < 1} be a unit ball in X. For all & € (0, 1) and
x,y € Sx such that x # y, if ||(1 — &)x+ ay|| < 1, then we say X is strictly convex. If X is a

strictly convex Banach space and ||x|| = ||y|| = ||(1 = A)y+ Ax|| Vx,y € X and A € (0, 1), then

x=y.

Definition 2.1 (2.1). A Banach space X is said to be smooth if

N ey ]
t—0 t

2)

exists for all x,y € Sy.

In the above definition, the norm of X is called Gateaux differentiable. For all y € Sy, if the limit
(2) 1s attained uniformly for x € Sy, then the norm is said to be uniformly Gateaux differentiable

or Fréchet differentiable.

Definition 2.2. A Banach space X satisfies Opial’s condition [14], if for any sequence {x,} € X,
X, — x implies that

limsup ||x, — x|| < limsup ||x, —y||,
n—soo n—roo

for all y € X such that x # y.

Definition 2.3 (2.3). Let C be a subset of a normed space X. A mapping 7 : C — C is said
to satisfy condition (A) if there exists a nondecreasing function f : [0,00) — [0, ) such that
f(0) =0 and f(¢) > 0 Vr € (0,00) and that ||x — Tx|| > f(d(x,F(T))) for all x € C where
d(x,F(T)) denotes the distance from x to F(T).

Berinde [5] proposed a method to compare the fastness of two sequences.

Lemma 2.4. [5] Let {a,} and {b,} be two sequences of real numbers converging to a and b

lan—al

respectively. If lim,_. Bp = 0, then {a,} converges faster than {b,}.
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Lemma 2.5. [5] Suppose that for two fixed point iteration processes {u,} and {v,} both con-

verging to the same fixed point x*, the error estimates

|ty —x*|| <a, n>1,

lvp —x"|| < b, n>1,

are available where {a,} and {b,} are two sequences of positive numbers converging to zero.

If {a,} converges faster than {b,}, then {u,} converges faster than {v,} to x*.

Definition 2.6. [7] Let {#, } be any arbitrary sequence in C. Then, an iteration procedure x| =
f(T,xy,), converging to fixed point p, is said to be T-stable or stable with respect to T, if for

& = ||tar1 — f(T,1,)||, Vn € N, we have lim,, .. &, = 0 if and only if lim,_,.t, = p.

Lemma 2.7. [25] Let {0,} and {6,} be nonnegative real sequence satisfying the following

inequality:
5n+1 < (1 - ¢n)6n + 9,,,

where ¢, € (0,1) foralln € N, Y ¢, = o0 and lim,_,. % =0, then lim,,_s0. 6, = 0.

Lemma 2.8. [23] Let {0,} and {6,} be nonnegative real sequence satisfying the following
inequality:
5n+1 S (1 - ¢n)5n + (pnena

where ¢, € (0,1) foralln e N, Y ¢, = oo and 6, > 0 for all n € N then 0 < limsup,,_,,, &, <

limsup,_,., 6.

Lemma 2.9. [6] Let X be a uniformly convex Banach space and 0 < p <t, <g<1VneN.
Let {x,} and {y,} be two sequences of X such that limsup,_.. ||x,|| < ¢, limsup,_,., ||yn]| < ¢

and imy, e, ||t X, + (1 — ty)yn|| = ¢ hold for some ¢ > 0. Then lim,,_;e || X, — yu|| = 0.

Definition 2.10 (2.5). Let C be a nonempty subset of a Banach space X and {x, } be a sequence

in X. Then {x, } is called a Fejér monotone sequence with respect to C if forallx € Candn > 1,

et = x[| < [l = x]].
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Proposition 2.11 (2.1). Let {x, } be a sequence in X and C be a nonempty subset of X. Suppose
that 7 : C — C is any nonlinear mapping and the sequence {x,} is Fejér monotone with respect

to C, then we have the following:
(i) {x,} is bounded;

(ii) The sequence {||x, —x*||} is decreasing and converges for all x* € F(T).

Lemma 2.12. [3] Let C be a nonempty subset of a Banach space X and T : C — C be a gener-
alized (., B)-nonexpansive type 1 mapping with F(T) # 0. Then T is quasi-nonexpansive.

Theorem 2.13 (2.1, [3]). Let C be a nonempty subset of a Banach space X and T : C — C be
a generalized (o, B)-nonexpansive type 1 mapping. Then F(T) is closed. Furthermore, if X is

strictly convex and C is convex, then F(T) is convex.

Theorem 2.14. [3] Let C be a nonempty closed subset of a Banach space X with Opial property
and T : C — C be a generalized (o, )-nonexpansive type 1 mapping with A =y/2, y€ [0,1). If
{xn} converges weakly to x and lim,,_,e || Tx,, — x| =0, then Tx = x. That is I —T is demiclosed

at zero, where I is the identity mapping on X.

Definition 2.15. [7] Let 7,7 : C — C be two operators. We say that 7 is an approximate

operator for 7 if for some € > 0, we have
|7~ Tx| <,
forallx € C.

Lemma 2.16. [24] Let {x, } be a sequence of positive real numbers including zero satisfying
9n+1 S (1 - nn)en
such that {n,} C (0,1) and Y7 oMy = oo, then

lim 6, =0.

n—oo
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3. PROPOSED ALGORITHM

In this section, we present our proposed method for approximating the solution of a Delay dif-
ferential equation and oxygen diffusion problem. We present the following iterative algorithm

defined by the sequence:

Algorithm 3.1.
xp €C
up, = (1 —oty)xy + 04, Txy
v, = Tuy,
Yn = T[(L = Bu)va+ BT va]
wn =T[(1=%)yn+ VT ]
Xnt1 = Twy

for all n € N, where {a, },{B,} and {7,} are real sequences in (0, 1).

4. RATE OF CONVERGENCE, STABILITY, AND DATA DEPENDENCE

In this section, we establish the rate of convergence, stability and data dependency results for
the iterative process 3.1. In addition, we show that the proposed iterative scheme perform faster

than some existing iterative schemes in literature.

Theorem 4.1. Let C be a nonempty closed and convex subset of a uniformly convex Banach
space X. Let T be a contraction mapping with constant k such that F(T) # 0. Let {x,} be the

iterative process defined in (3.1) with real sequences {o,},{Bn}, {1} C (0,1) satisfying
Z anﬁn’)/n = ©°.
n=0

Then, {x,} converges strongly to a fixed point of T.

Proof. Suppose that F(T) # 0, let x* € F(T), it follows that x* = Tx*. Using (3.1), we have

that
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[[un = x*[| = [|(1 = @ )xn + 0n Txp — x|
< (1= aw)lxn —x"[| + 04 [| Toxw — Tx7|
< (1= 04 [Jxn — ™[] + Qtuk] |20 — x|
3) = (1= o (1 =k)) [l —x7]].

Also, using (3.1) and (3), we have

v = °| = Ty — 7|
< Ky —°|
) < k(1= o (1= )by — .

Furthermore, using (3.1) and (4), we have

[yn =" = [IT[(1 = Bu)vn + BaTva] — Tx"||
< k||(1 = Ba)vn+ BT vn — x|
< k(1= Ba) llvn — x| + Bkl vn — x"]
= k(1= Ba(1—k))[[va —x"|
<I(1=Bu(1 =) (1= au(1 =) [ln — x|
) < K1 = 0B (1 —K)) ln — x|

In addition, using (3.1) and (5), we have

[wn = x| = [IT1(1 = Ya)yn+ % Tyn] = Tx"||
< K[(1 =) [lyn =27 [[ + Yakl[yn — x"]
= k(1= %(1 = k) [lyn —x"||
(©) <K (1= 0uutn(1 = k) v — 7]
Lastly, using (3.1) and (6), we have

1 =X = [[Twn = T
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< kffwn — x|
(7) <K (1= 0By (1= K)) [lxn — "]
From (7), we have the inequality
[P 1= < KH(1 = 0But(1 = k)l — 7

||x,, _X*H < k4(1 - an—lﬁn—lyn—l(l _k))Hxn—l _X*H

® e — x| < k(1 = a0 Boo (1 — k) o — x|
From (8), we have that
) P =2 < KV g — [T (1 — 0B ¥on (1 — ).

Since { &y },{¥m} and {B,,} are sequences in (0, 1) for all m € N. We have that (1 — B Ym (1 —
k)) € (0,1). Using the inequality that I —x < e~ for all x € [0, 1], hence from (9), we have

k4(n+l) on _X*H

*
— ¥l < .
(10) [ =27 < (1K) Xt Con VB

Taking the limit of both sides of the above inequalities, we have lim,_,. ||x, —x*|| = 0. Hence,

{x,} converges strongly to the fixed point of 7. O

Theorem 4.2. Let C be a nonempty closed and convex subset of a uniformly convex Ba-
nach space X. Let T be a contraction mapping with constant k such that F(T) # 0. Let
{xn}s{vnt, {rn}{wn} and {n,} be the iterative process defined in (1.11), (1.10), (1.5), (1.4),
and (1.3) with sequence {0, },{Bn},{wm} C (0,1) satisfying

(o]

Z(Xn:‘x’a

n=0

Z 0By = o and
n=0

Z anﬁn'}/n = ©o.
n=0
Then, {x,} converges strongly to a fixed point of T.

Proof. Using a similar approach as in Theorem 4.1, we obtain the desired result. U
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Theorem 4.3. Let C be a nonempty closed and convex subset of a uniformly convex Banach
space X. Let T be a contraction mapping with constant k such that F(T) # 0. Suppose that
each of the iterative schemes (3.1), (1.11), (1.10), (1.5), (1.4), and (1.3) converge to same fixed
point x* of T, where {a,}, {Bn} and {y,} are three sequences in (0,1) satisfying a0 < o, < 1,
By < Buyn < land afy < o,B.Yn < 1. Then, the (3.1) scheme converges faster than all other

iterative schemes above.

Proof. From Theorem 3, we have that

(1) et = x| < KD g — [T o (1 = 0B (1 = ).
Using affy < o, By, < 1, we have

(12) et = x| < KD g — (1 — afy(1 = k)",

Let
0 = K* ) |xo —x*|| (1 — aeBy(1 — k)"

Using a similar approach as in Theorem 3, we obtain that the iterative process (1.5) takes the

form
(13) 7t — %[ < D [rg — 2% [ (1 — e (1 — k)"

Let
0 = K2 || rg — x*|| (1 — a1 — k)"

Similarly, we obtain that iterative process (1.4) takes the form
(14) W1 — x| < KO wo — x| (1 — (1 — k)"

Let

o = KU wo — x| (1 — o1 — k)"
Similarly, we obtain that iterative process (1.3) takes the form
(15) et =l < & o — (1 - ax(1 = k)",

Let

@ = K2 co — x| (1 — (1 — k)"
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Similarly, we obtain that iterative process (1.10) takes the form

(16) ity 1 — x| < KO po— x*(|(1 = Bary(1 — k)™

Let
=k pg —x*|| (1 — Bary(1— k)"

Similarly, we obtain that iterative process (1.11) takes the form
(17) Pn 1 = x| < D [lxg — x| (1= (B + k) (1 — k)",

Let
=20 g — x| (1 — (B +koxy) (1 — k)",
Using Lemma 4, we establish the rate of convergence
:k”“Hm X I(1 = apy(1 - k)"
ROy = (1= a1 k)"

k2 (n+1) Hx *H(l—aﬁY(l—k))”H
" - 7o — x*[|(1 — a(1 —k))nt! —0asn— oo,

9
0

Also,
0 _ KOy (1 - aBy(1 — k)"
© K20 |y — x| (1 — e (1 — k)]
K2 xg — 2 (1 = ay(1 — k)"
(19) = . Tousn e
Iwo —x*[[(1 = ar(1— k)=
Also,
0 _ K0 x—|(1 - aBy(1—k)"!
@ R —x[(1-a(l— k)
R0 g — x| (1 — aBy(1 — k)
(20) = " —0asn — oo,
[co —x*|[(1 — (1 — k)T
Also,
0 _ KO xo —x*(1 - afy(1 — k)"
w3 pg — x| (1= aBy(1 — k)"
(1) % _ _ \\n+l1
o K |lxo — x| (1 — afy(1 —k)) 5 0asn — oo,

lpo—x*|(1 —aBy(1 —k))r+1



ITERATIVE SCHEME FOR DELAY DIFFERENTIAL AND DIFFUSION PROBLEMS 13

Lastly, we have Also,
6 KD — x| (1—afy(l — k)"

I k300 g —x#[[ (1= (B + kery) (1 — k)t
KD |xg —x*[| (1 — B y(1 — k)t

~ [lpo—x[[(1 = (B +kay)(1—k))+1

(22) — 0 asn — oo,

O

Remark 4.4. In the light of the above results, we claim that the iterative schemes (1.3), (1.4)
and (1.5) have the same rate of convergence. In addition, the iterative process (1.10) and (1.11)

have the same rate of convergence.

Remark 4.5. Clearly, this shows that the iterative scheme (3.1) converges faster than (1.3)-
(1.11). We are going to complement our analytical method with numerical examples. See

Section 6.

Theorem 4.6. Let C be a nonempty closed and convex subset of a uniformly convex Banach
space X. Let T be a contraction mapping with constant k such that F(T) # 0. Suppose that the

iterative schemes 3.1 satisfies

Z 0ufnyn =c0 and 0By, < afye(0,1) foreachn e N,
n=0
for {x,}_, converges to x*. Hence, the iterative scheme (3.1) is T-stable.

Proof. Suppose that {z,} is an arbitrary sequence. Let €, = ||t,, — Tx,+1||, where x,, 1| = Tw,.

Now using Definition 2.6 and (3.1), observe that
1t = x| < lltw = Txpgr || + | T 41 — X7
= &+ || Txp1 — T
< &+ kl[xp g1 — X7
= &, +k|Tw, — Tx"||
< &, + K2 ||wy —x*|
< &+ K[ (1= oY (1K) w — "]

(23) = &+ (1 — Bt (1 — k)|, — x|
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Note that o, 8,7, < oy € (0,1) for all n € N. If follows form Lemma 2.7 that
tim 1y~ 0.
Conversely, suppose that lim,,_ ||, —x*|| = 0. We have that
&n = |/ta — Txp1

< ltw ="+ 1" = T |

= lltn ="+ [T = Tx7|

< ltw =2l Klegr — 27|
(24) < Ml =" |+ (1 = 0B (1 = &) [ — "]
Taking limit of both sides, we have that

lim g, =
n—yoo

O

Theorem 4.7. Let T be an approximate operator of a mapping T which is a contraction. Let

{x,} be an iterative sequence generated by (3.1) for T and define an iterative scheme {x,} as

follows:
xp€C
i, = (1—0o,)%, + o, TX,
Vp = Tﬁn

(25) Y = T[(1 = Bu)Vn+ BuTVn]

Wy = T[(l - Yn)yn + ’VnTyn]
Xn+1 = Twn

foralln € N, where {o,}, {Bn} and {y,} are sequences in (0,1) and } < ¥,04,B, for alln € N
such that Yo 0, Yy = oo. If TX* = x* and Tx* = x* such that lim,_,.x, = x*, then we have

_ 14¢’
|| <« 2
e =) < o
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where € > 0 is a fixed number.

Proof. Using Algorithm 3.1, Algorithm 25 and the definition of contraction, we have
st — || = ||(1 = 04) % + 0, Txp, — [(1 — Q)% + 04, T %] |
< (1= o) |20 — %l + 0| Txn — T
< (1= 0w) |20 = Tl + 0| Txn — T || + 0| Ty — T |
< (1= on(1 = k)) [2t0 — X | + cta€
(26) < (1= 04 (1=K))[[xn — X[ +&.
In addition, we have
[V = Vul| = [|Tutn — Tty |
< T = Tty || + |7 — Tt |
< kl[up —Tin|| + &5
< (1= oty (1 —k))||xn —%n|| + €+ &
27) = (1=, (1 —k))||xn —Xn|| +2¢

More so, we have

[n = Full = IT[(1 = Ba)va+ BaTva] = T[(1 = Ba)Vn + BuTVs]
< NIT((1 = Ba)vn+ BaTva] = T[(1 = Bu)Vn + BuT V|
+ T [(1 = Bu)Vn + BaT V] — T[(1 = Bu)Vn + BT V)
< (1= Bu(1 = k) ve = Vull + Bu&n +&n
(28) < (1= (1 =&)X + 4

Furthermore, we have

[Wa = Wall = [|T[(1 = %) yn + ¥ TVn] = T[(1 = %), + 1T 5] |
< HT[(l - Yn)yn + YnTyn] - T[(l - '}’n)yn +7nTyn]”

+IT[(1 = 1)V, + 1T, = T[(1 = %)V, + T3, |
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S (=% =k)llyn=ull + 1€ +€
(29) < (1= 0 Pu¥n(1 = k)10 — Xu| + 6€.
Lastly, we have that
X1 = X1 || = (| Twn — T |
< || Twn = TWn | + || T, — Tw, |
< k|wy,—wy|| +¢€
< |lwn =l +e
(30) < (1= (1 = k) len — Xl + 7e.

Using our assumption that % < o, B, 7, we have that

I— aan'}/n S anﬁn}/n
=1=1- anﬁnYn + anﬁnYn < anﬁn'}/n + anﬁn'}/n - 2anﬁn}/n

It then follows that

X011 = Xng1 || < (1= 0B (1 — k) || — X || + 1400 %2 Br€

14¢
(1—k)

(31) :(1_O‘nﬁn'}/n(l_k))|’xn_)_cn‘|+an7nﬁn(1_k)

Let
Uy =[x —x"||, ®n=(1—k)auBun,

and
l4e
Y,=——-.
1k
From Theorem 4.1, we have that lim,,_;. ||x, —x*|| = 0. Also, using Lemma 2.8, we have that
14e
(26) 0 < limsup ||x, —x*|| < limsup .

Using our hypothesis that lim,,_,.x,, = x*, (26) and from Theorem 4.1, we conclude that

— l4e
*_ * <—'
o~ <
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5. CONVERGENCE

In this section, we establish some convergence results for Suzuki generalized nonexpansive
mapping. We recall from [3] that, a mapping 7 : C — C is said to be generalized (o, 3)-

nonexpansive type I mapping if for all x,y € C; we have
Allx=Tx|| < llx=yll = [ITx=Ty[| < ally = Tx] + Bllx = Tyl[ + (1 = (ot + ) x =y

Let C be a nonempty closed and convex subset of a uniformly convex Banach space X and
T : C — C be ageneralized (a,8)-nonexpansive type I mapping. Let {x,} be the sequence
defined in Algorithm 3.1. We first state and prove the following lemmas which will be needed

in the proof of our main theorems. Now, observe that for all x* € F(T); we have
Allx® =Tx7|| = %Hx* — x| < " = zall;
Allx® =Tx"|| = %IIX* —x'|| <[}x"—x,|| and
Allx® =Tx"|| = %HX* — x| < [lx" = yall;
which implies that
ITx" = Tzn|| < @tllzn = Tx7 ||+ Bllx™ = Tzall 4+ (1 = (a4 B))[|x" — 2|
1Tx" = Tx|| < atflxy = Tx*|| + Bll¥" = Tx[[ + (1 — (@ + B)) [[x" — x| and
ITx" = Tyn|| < 0tflyn = To"[| 4 Bllx" = Tyl 4 (1 = (ot + B))[|x" = ynll
Lemma 5.1. Let C be a nonempty closed and convex subset of a uniformly convex Banach space

X. Let T : C — C be a (a, B)-nonexpansive type I mapping with F(T) # 0. Suppose that {x,}
is defined by (3.1), where {B,,}, {v.} and {a,,} are sequences in (0,1). Then the following hold:

(1) {xn} is bounded.

(2) 1imy—se0 || Xy — x*|| exists for all x* € F(T).
Proof. Using (3.1) and and Lemma 2.12, we have

n =[] < (1= %) loen = [ + Wl [ T20 — 27|

(32) < (1= )l =27+ Yol — X7
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= [loen =7

Using (32) and Lemma 2.12, we obtain

Vi = x| = [ITun — 7|
< un — 7|
(33) <l =7

In addition, using (3.1) and (33), we have

|y _X*H = IT[(1 = Bn)va+ BuT v, _X*”
<= [[(1 = Bu)vn+ BaT v — 7|
< (1= Ba)llvi = x| + Bul| Tvi — x|

<1 _ﬁn)”"n_X*H +ﬁn||vn _X*“

= [lva =]
< un — 7|
(34) < e =27

Also, using (34), we obtain

[wn —x"|| = [IT[(1 = Bu)yn + BaTyn] — x|
<= H(l - Bn)yn + BuTyn _X*H
< (1 _ﬁn)HYn _X*H +ﬁn||Tyn _X*H

< (L= Ba)llyn = X[+ Ballyn — x|

= llyn ="l
< [vn ="l
< Jun =27

(35) < o =27
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Lastly, using (35), we have

el
< lwn =27
(36) < e =271

This shows that {||x, —x*||} is bounded and non-increasing for all x* € F(T). Thus,

limy, o0 || X, — x* || exists. O

Theorem 5.2. Let C be a nonempty closed and convex subset of a uniformly convex Banach
space X. Let T : C — C be a (&, B)-nonexpansive type I mapping with F(T) # 0. Suppose that
{xn} is defined by (3.1), where { B}, {n} and {0, } are sequences in (0, 1), then lim,_o || Tx, —

Xn|| = 0.

Proof. Since F(T) # 0, then we can find x* € F(T). We have established in Lemma 5.1 that
{x,} is bounded and lim,,_;c ||x, —x*|| exists. Suppose that lim,_,. ||x, —x*|| = c¢. If we take
¢ =0, then we are done. Thus, we consider the case where ¢ > 0. From (32), we have ||u, —

x*|| < ||xn — x*||; it then follows that
limsup ||u, —x*|| < c.
n—soo
Also, using Lemma 2.12, we have ||Tx, —x*|| < ||x, —x*||; it then follows that
limsup || Tx, —x*|| < c.
n—soo
Using (36) and (35), we have
1 = x| < [Jwn — x|
< luan — 7]
Taking the liminf,_,. of both sides and rearranging the inequalities, we have
¢ < liminf ||u, — x*||.
n—yoo

Clearly, we obtain that lim,, . ||u, —x*|| = ¢. That is,

lim ||(1 — ot;)xn + 0, Tx, — x| = c.
n—yoo
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Thus, by Lemma 2.9, we have

lim ||x,, — Tx,|| = 0.

n—oo

0

Theorem 5.3. Let X be a uniformly convex Banach space which satisfies the Opial’s condition
and C a nonempty closed convex subset of X. Let T : C — C be a (&, B)-nonexpansive type I
mapping with F(T) # 0 and {x, } be a sequence defined by iteration (3.1). Then {x,} converges
weakly to a fixed point of T.

Proof. In Lemma 5.1, we established that lim,_ ||x, —x*|| exists and that {x,} is bounded.
Now, since X is uniformly convex, we can find a subsequence say {x,, } of {x,} that converges
weakly in C. We now establish that {x,} has a unique weak subsequential limit in F(7'). Let u
and v be weak limits of the subsequences {x,, } and {x,, } of {x, } respectively. By Theorem 5.2,
we have that lim,_ ||x, — Tx,|| = 0 and I — T is demiclosed with respect to zero by Theorem
2.14, we therefore have that 7u = u. Using similar approach, we can show that v = T'v. In what
follows, we establish uniqueness. From Lemma 5.1, we have that lim,,_,. ||x, — v|| exists. Now,

suppose that u# # v; then by Opial’s condition,
lim ||x, — u|| = lim ||x,, —u|| < lim ||x,, —v||
n—yoo k—roo k—ro0
= tim [}, —v|| = lim [}x,; —v]
n—oo J—roo
< lim ||x,; — ul| = lim [[x,, — ul|.
] e n—oo0

This is a contradiction, so u = v. Hence, {x,} converges weakly to a fixed point of F(T) and

this completes the proof. U

Theorem 5.4. Let C be a nonempty closed convex subset of a uniformly convex Banach space
X. Let T be a (&, B)-nonexpansive type I mapping on C; {x,} defined by (3.1) and F(T) # 0.
Then {x, } converges strongly to a point of F (T ) if and only if liminfy,_ e d(x,, F(T)) = 0 where
d(x,F(T)) =inf|x —x*|| : x* € F(T).

Proof. Suppose that {x,} converges to a fixed point, say x* of 7. Then lim,_,cd(x,,x*) =

0, and since 0 < d(x,,F(T)) < d(x,,x"); it follows that lim,_,..d(x,,F(T)) = 0. Therefore,
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liminf, . d(x,,F(T))=0. Conversely, suppose that liminf,, .. d(x,,F(T)) =0. From Lemma
5.1, we have that lim,, e ||x, — x*|| exists and that lim,,_,..d(x,,, F(T)) exists for all x* € F(T).
By our hypothesis, liminf, .. d(x,, F(T)) = 0; so for any given € > 0; there exists ng € N; such
that for all n > ng; we have d(x,, F(T)) < €. We now show that {x, } is a Cauchy sequence in C.
Since, lim,, ;e d(x,,, F(T)) = 0; for any given € > 0; there exist ng € N such that for n,m > ny;

we have d(x,,, F(T)) < §; and d(x,,F(T)) < . Therefore, we have
[ — X || < || — 7| 4 [0, — X7

< d(Xp, F(T)) +d(xn, F(T))
E £

<Z1Z
_2+2

Hence, {x,} is a Cauchy sequence in C. Since C is closed, then there exists a point x; € C such
that lim, X, = x1. Since lim,_,ed(x,,F(T)) = 0; it follows that lim, . d(x1,F(T)) = 0.
Since, F(T) is closed, x; € F(T). O

Theorem 5.5. Let C be a nonempty closed convex subset of a uniformly convex Banach space
X. Let T be a (o, 3)-nonexpansive type I mapping, {x,} defined by (13) and F(T) # 0. Let T

satisfy condition (A), then {x,} converges strongly to a fixed point of T.

Proof. From Lemma 5.1, we have lim,_, ||x, — F(T)|| exists and by Theorem 5.2, we have
lim,_ye0 ||X — Txn || = 0. Using the fact that

0< ,}i_r&f(d(x,F(T))) < Y}E;I;Hxn —Txy|| =0 VxeC;
we have that lim, . f(d(x,,F(T))) = 0. Since f is nondecreasing with f(0) =0 and f(¢) >
0 for ¢ € (0,0); it then follows that lim,_.d(x,,F(T)) = 0. Hence, by Theorem 5.4 {x,}

converges strongly to x* € F(T). O
6. NUMERICAL EXAMPLE AND APPLICATION
6.1. Numerical Example.

Example 6.1. Let X =R and C = [0,50]. Let T : C — C be a mapping defined by

N@:§+L
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It is clear that the fixed point of 7 is 2. Choose o, = 3, = 7, = %, with an initial value of

x1 = 10. The comparison of the proposed iterative scheme with existing methods is summarized

in Table 1.

TABLE 1. Comparison of Iteration Values for Different Schemes
Algl3 Algld Algls5 Algl10 Algl.11 Alg3.1
10.0000 10.000 10.0000 10.0000 10.0000 10.0000
3.3333  3.3333 3.3333 25185 25556  2.1481
2.2222  2.2222 22222 20336 2.0386 2.0027
2.0370 2.0370 2.0370 2.0022  2.0027 2.0001
2.0061 2.0061 2.0061 2.0001 2.0002 2.0000
2.0010 2.0010 2.0010 2.0000  2.0000  2.0000
2.0001 2.0001 2.0001 2.0000  2.0000 2.0000
2.0000 2.0000 2.0000  2.0000  2.0000  2.0000
2.0000 2.0000 2.0000  2.0000  2.0000  2.0000
2.0000 2.0000 2.0000 2.0000  2.0000 2.0000

Con\gergence Behavior of Iterative Schemes 1(ionvergen(:e Behavior (Linear Scale)
10 = Ullah-Arshad (1.3) ’ | = Ullah-Arshad (1.3)
= = = Karakaya (1.4) 12 1 = = = Karakaya (1.4)

@ Mebawondu (1.5) R Mebawondu (1.5)
T 100 N ] e Okeke AG (1.10) 1 ’J ---------- Okeke AG (1.10)
L4 Hussain D (1.11) — 1 Hussain D (1.11)
o) X 1

o New Scheme " ogl ! New Scheme

= A |
X % ‘

! \ S 06 |

c = 1

kS " w 11

5 N 04t

£ N

@ 1

02 \“
1071 0=
0 5 10 15 0 5 10 15 20
Iteration Number (n) Iteration Number (n)

First 10 Iterations (Zoomed)

10°
—6— Ullah-Arshad (1.3)
= B = Karakaya (1.4)
N Mebawondu (1.5)
T 100 e Okeke AG (1.10)
« Hussain D (1.11)
_8’ == New Scheme
Z 10°
' )
c 3
x
5
2 10-10
w
10-15
0 2 4 6 8 10

Iteration Number (n)

FIGURE 1. The comparison graphs of the rate of convergence
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Example 6.2. It is well known that finding the roots of a cubic equation
P+l —1=0
is equivalent to finding the fixed point of the function
T(x) = V1-x3,
since the equation can be rewritten as
Vi-¥ =x

The fixed point of T is
X" =0.7548777.

For the numerical experiment, we choose the control parameters
o = ﬁn =h= 0-57

and take the initial guess xo = 0.8. The comparison of the proposed iterative scheme with

existing methods is summarized in Table 2.

Alg (1.3)

Alg (1.4)

Alg (1.5)

Alg (1.10)

Alg (1.11)

Alg (3.1)

0.800000

0.7476963

0.7554101

0.7548321

0.7548815

0.7548777

0.7548777

0.7548777

0.7548777

0.800000

0.7545020

0.7549097

0.7548749

0.7548779

0.7548777

0.7548777

0.7548777

0.7548777

0.800000

0.7468466

0.7554375

0.7548296

0.7548817

0.7548777

0.7548777

0.7548777

0.7548777

0.800000

0.7560966

0.7549318

0.7548801

0.7548777

0.7548777

0.7548777

0.7548777

0.7548777

0.800000

0.7138734

0.7828061

0.7539425

0.7548777

0.7548777

0.75487717

0.7548777

0.75487717

0.800000

0.7548330

0.7548777

0.7548777

0.7548777

0.7548777

0.7548777

0.7548777

0.7548777

TABLE 2. Comparison of Iteration Values for Different Schemes
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Error Convergence (Log Scale)

10°
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FIGURE 2. The comparison graphs of the rate of convergence

The above numerical result justify our claim that the iterative schemes (1.3), (1.4) and (1.5)
have the same rate of convergence. In addition, the iterative process (1.10) and (1.11) have the

same rate of conver gence.
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6.2. Application.

Oxygen Diffusion Problem. Sarivastava and Rai in [22] introduced a model for oxygen diffu-
sion. They proposed that,the general equation for conveying oxygen from the capillary to the
surrounding tissue is

0°C  dBc
gy — . — <
9) Pl e V(d-VC)—k, 0<B<a<l

where C(r,z,t) is the concentration of oxygen, k(r,z,7) is the rate of consumption per volume of
tissue and d is the diffusion coefficient of oxygen, and this d may be a function of C. No flux
on the boundary yields a boundary condition:

aC

r=R

(10)

Consider att =0, C(r,z,0) = g(r,z), and according to the condition z — e, C — 0.

Equation (9) above is equivalent to the integral equation

ap
CXnLO::gﬁg)(l—uffa%jglij)—%uD;a[D:W_ RV@%VKﬂﬂ-—D;“k

So as to apply our iterative algorithm, we define

(37) Clrz,t) = n(Co)+ ﬁ [ #s.€05). 00,
whaere

@38) (€)= ¢(r2) —uw’f—ﬁil)) Dok
and

(39) H(s,C(s),k) = D | D, *P(v(a-vey)].

Thus, we have that
1
0) TC(k2.0) = (G + g [ H6.Cl0).k)ds,
(o) Jo
Theorem 6.3. Let the space X = ([0,T],R), with a supremum norm be defined as
ICl[ = sup {|C(x)]: C e X}

t€[0,T]

and {a,}, {Bn} and {y,} be real sequences in (0,1) of the iterative process (3.1) such that
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(1)
(- 1) <

(2) There exists a constant By > 0 such that |H(t,C,(t),k) — H(t,C(t),k)| < By|C) —

foreachC € X andt € [0,T].
(3) Ty <
Then, the diffusion model (9) has a solution x* and the iterative process (3.1) converges to

the solution x*

Proof. Note that the term |x,(s) — x*(s)| is always less than or equal to the supremum norm of

the difference, which is defined as [[x, —x*[| = sup,c(o 77 [xn(s) —x"(s)].

t t
| ) =5 @lds < [ v~ s
0 0

Using Algorithm (3.1), we have
([t — x| = [[(1 = 04)x0 + T — X" |
< (1= oty)|Jxn —x*|| + || Txy, — TX"||

< (1 —ay)|jxn—x"|| + 0 sup |Tx,(r) —Tx*(t)]
t€[0,T]

< (1—ay)l|jxn —x*|| + o, sup
t€[0,T]

1 ! 1 4 N
1)+ Fe /0 H (s, x0(s),k)ds — [n(co)Jrr(a) /0 H(s,x (s),k)ds}

1 L "
F((x)/o H(s,)cn(s),k)ds—F(OC)/0 H(s,x"(s),k)ds

/H 8, % (s k)ds—/otH(s,x*(s) k)ds

G su H(s,x,(s),k) —H(s,x"(s),k)|ds
F(O‘)ze[o.,pr]0| (5,20 (s), k) — H (5,x"(s) k)|

< (1 —04)||xn —x*|| + 04, sup
t€[0,T]

< (L= a)lbon =27 + &

sup
tE [0,T]

< (1= a) oo = x7[| +

o, 4
< (1= o)t x|+ sup | Bilxa(s) —x*(s)\ds
I'(a) 1€[0,7]/0

o, ByT

-
1) < [1_% <1_1§2’O£T)>] s — 7]

Il

< (1= a) oo —x7[| +
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Also, using (3.1) and (41), we obtain
[V = x*|| = [|Tun — X7
< sup |Tu,(t) —Tx*(1)|
1€[0,T]
(o) i [ H(s.a(s).R)ds — [(Co) + s [ H (s, (), K)d
<supn0+—/Hsun s—[no —/sts s}
t€[0,T] I(a) Jo I'(a) Jo
[ s ans)0ds — s [ H(sx ()0
< sup |=—— [ H(s,u s,kds——/Hs,x*s,kds
t€[0,T] I'(a) Jo " I'(a) Jo
1 t t
< sup H(s,un(s),K)ds— [ H(s,x"(s),k)ds
I'(a) t€lo,7]1/0 0
1 t
< sup [ |H(s,uu(s),k) —H(s,x*(s),k)|ds
I'(a) t€[0,7]7/0
ByT
< _ k
< 2l =
ByT ByT
< ——1 1———
< Fag |~ (1= )| 1
BuT .
@ <[ia (1= 20 -

Let &, = (1 — By)vn+ BuT vy, (3.1) and (42), we obtain

18 =[] = [|(1 = Bu)va+ BT vn — x7||
< (1= Ba)|[vi = x"|| + Bul| Tve — Tx||

< (1= Bl ="+ B max. [Toe) 7" (0)

< (1= Ba)llvn = "]l +ﬁnt§g7]{}

_ [n (Co) + ﬁ /O tH(s7x*(s),k)ds}

n(Co) + Tl /OtH(s,vn(s),k)ds

/Hsvn ds——/st
/Hsvn ds—/st
0

<(1=B)va—x H+—” max/ IH (s, va(s),K) — H(5,x" (s), K)|ds

< (U= Ba)llvn =" +Bu. max

ﬁn
< 1— n n— + ==

27
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- Vp—x* PuBuT Vp —

g}— (1= g ) 1=
B -2

i ByT .

Il

Using (43), we obtain

[y =[] = 178 — x|

< sup [TG, (1) —Tx*(2)|
t€[0,T]

1 1 !
< su C +—/ n ds—[ C +—/Hs,x*s,kds}
@ﬁﬁu@ ey b #0601 Rds = (o) + g [ G590
|Fa /H (5,8u(s) /st
< ! sup /H( &u(s),K)d /H
a( s — 5, x"
~ (o) t€[0,7]1/0
1 t
< —— sup H(s,Cu(s),k) —H(s,x*(s),k)|ds
NCI 0| (s,Cn(s),k) —H(s,x*(s), k)|
ByT .
< 47 _
< [JGn ="
ByT N
<|1-— — —x*.
(44) < [1 B0ty (1 F(oc))] ||, — x|
Similarly, let p,, = (1 — %,)yn + ¥ Ty, and using similar approach as in (43), we hav
* BuT *
_ < 1= _ a7 _
@) o =11 < |1 Breas (1= poat ) | s

Furthermore, we have

[wn = x| = [[Tpn —x"||

< sup [Tpu(t) —Tx"(1)|
t€[0,7]
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< s [n(@)+ e L H R0 | nco) + ﬁ [ #s7(9) 0as
Stes[lé,pn %OC)/O[H(SPn( S——/st
< @ s [ #.puts). K = [ His.2°(5) s
< r1¢>,:g;,%} 115, pafs). K) — Hs.'(5), ) s
< 1’3%||pn—x*||
a < |1-Buown (1-220) b,

Lastly, using (46), we obtain
%1 = x*[| = [ Tw,, — x|

< sup |[Twy(t) — Tx* ()|

t€[0,T]
l t

< su /stn ds—{ C —I——/Hs,x*s,kds}

s [nc 1)+ g7 ) Hx6).0

1 / i,
sup |—— S, wy(s ds—— H(s,x*
te[OPT] I O‘) ( (
1 t

< H(s,w, — | H
<+ a) IIEIESD; / (s,wn(s),k)ds /0 (5,x%(s),k)ds

—— max / |H (s,wn(s),k) — H(s,x*(s),k)|ds

) t€[0,T]
< ﬁ’” o — |
ByT N

Hence, taking 6, = [ — B0t Y, < BE” T)ﬂ < 1 and p, = ||x, — x*||, then the conditions of

Lemma 2.16 are satisfied. Hence lim,,_,e ||x, —x*|| = 0. Therefore the iterative process (3.1)

converges to the solution x* of the Oxygen diffusion model. 0
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Application to a Delay Differential Equation and Oxygen Diffusion Problem. The applica-
tion to delay differential equation presented in our earlier work [2] provides a clear illustration
of a similar problem, and we apply our new method to it here for comparison.

Let Cla,b] denote the space of all continuous real valued functions on a closed interval [a,b]

with the norm

[ = ¥lleo = max [x(r) — ().
t€la,b]

It is well-known that (C[a,b], || - ||~) is a Banach space. In what follows, we apply our result to

the following delay differential equation

47) xX(t) = f(t,x(1),x(t =p)), 1 € [to,n],

with initial condition

(48) xX(t) =y(t) 1€lto—pstol
We suppose that the following conditions hold:
(1) tp,t; € Rand p > 0;

() f € C([to,t1] x R?,R) such that

(49) |f(t,x1,x2) — f(t,31,92) | < k(ler = yi| + |x2 —2l),
for all x1,xp,y1,y2 € Rand t € [tg,#;] and 2k(t; —19) < 1;

(3) y€C([to—p,1],R).

It is well-known that problems (47) and (48) can be formulated as follows;

(50) x(t) = v(t), t€lto—p,to]

v (1) +ftgf(s,x(s),x(s—p))ds, t € [to,11].

Theorem 6.4. Suppose that the assumptions (1) — (3) hold. Then the iterative process (3.1)

converges strongly to the solution of problem (47) — (48) if Y77 Y 0By = oo.
Proof. Let {x,} be an iterative sequence (3.1) for an operator T defined by

Tx(t) = w(t), t € [to—p, 1o

v(n) +ftgf(s,x(s),x(s—p))ds, t € [to, 1]
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Let {x,} be an iterative sequence (3.1) for an operator T defined by

(o), t € [to—p;to)
Tx(t) =
WOO) +ftgf(sax(s)7x(S—P)>dSa re [t()?tl]'

Let x* be the fixed point of 7. That is Tx* = x*. Using (3.1), we have

||”n _X*Hoo = H(l - O‘n)xn + o, Txp _X*”w
< (1= 04)[Jxn = X7 [|oo + 0| Txn — Tx7 o

=(1—o0p)||xn—x"||+ 0ty max |Tx,(t)—Tx"(t)]
t€lto—p 1]

= (1—ay)||xn — x| + 04, max
1€[to,11]

- (v + [ 75 6)x (5= pis)

Io

() + [ oons)ns—p)as)

To

< (1= )l =" o 0 max [ £, 5,(5). (5 — ) — £, (5)." (s— p))lds

t€(to,1] J1g

< (1= 0) b = x" oo + @t /t1 k(lxa(s) = x* ()| + [xn(s — p) —x"(s — p)[)ds

fo
< (1= )byt 0 [ (=t =)
= (1= 0tn) [l = X [[oo + 200K || 20 — X" (| oo (11 — 10)
1) = (1= 0p(1 =2kt —10)))[Jxn — x"[|oo
Also, using (3.1) and (51), we obtain
Vi = x"[oo = [Tty = Tx" |0

= max
t€lto—p,ti]

(o) + [ stsas)nts = pas) = (i) + [ 765661 (s s )

< max [ 1F(s.t0n(s) ten(s — p)) — Fls.0"(5),* (s — p))ds

T tefto—p ] Jr
131

gk/ (1t — 5 [|ow =+ [[ttn — X" [|oc)ds
]

:2k||un—x*||°<,(l‘1—t0)

(52) < (1—ou(1—2k(t; —19)))||%n — x| co-
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In addition, let §, = (1 — B,)v, + B, Tv,. Then using a similar argument as in ||u, — x* ||, We

have
18— X" [|oo < (1= Bu(1 = 2k(t1 —10))) [V — X" [|oo
< |[vn = xle
(53) < (1= 0B (1 = 2k(t1 —10))) [[xn — X" o

It then follows that

[y =x e = 1T G = Tx"|ox

(o) + [ 6,098 p)ts) = (i) + [ 7557905 pjas

< max [ 1f(s.uls)unls — ) — F(s.2° (), 5" (s — p))ds

T teln—p.l i

1
< k/t (180 = x"[leo +[[Gn — x" [0 )ds
()

= max
t€fto—p 1]

= 2k[| G = X" [|ea (11 = 10)

4 < (1= 0ufa(1 = 2k(11 = 10)))lotn — x| o-

Furthermore, let ¢, = (1 — ¥,)yn + ¥»Tyn. Then using a similar argument as in ||u,;, — x*||c, We

have
[[@n — x*[loo < (1= Bu(1 —2k(t1 —120))) [Iyn — x|
< lyn = x|
(55) < (1= (1 = 2k(t1 —10))) [[xn — x" |co-

Using (55), we have

1Wn =%l = 1T ¢n = Tx"|ox
< 2k(tr —10)[|9n — x"|oo
<9n = x|

(56) < (1= 0Buta(1 =24 (11 —10))) X0 — %" |-
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Finally, using similar approach and (56), we obtain
1 =X oo = [|TWn = T
< 2A(t1 —10) [[wn — x|
< lvn —=x"l1
< (1= 0 Bu¥a (1 = 2k(t1 —10))) [0 — X7 [oo-
Having
1 =" loo < (1 = 0B ¥ (1 = 2k (11 —10))) lxn — 57 |oo,
we suppose that 6, = o, B, (1 —2k(t; —1p)) < 1, thus, 6, € [0, 1] such that Y7 | 06, B, % = oo

and &, = ||x, —x*||;. Hence, we have

CnJrl S (1 - en)Cn

It is easy to see that the conditions in Lemma 1.3 are satisfied. Hence, applying Lemma 2.16,

we have that lim,, . ||x; —X*||c = 0. O
Example 3.2. Consider the following first order delay differential equation
) 1
57) £(1) = S (0~ x(r= 1)), 1€[0,2],
with initial condition
(58) x(t)=y(t)=€", te[-1—-p,0].

It is easy to see that the conditions (1) — (3) above are satisfied. We have
(1) to=0,/y=2and p =1;
(2) f:10,2] x R? — R is continuous and

1

flt,x(t),x(t—9)) = g(x(t) —x(r—1)), r€]0,2]

and for any x1,x,y1,y2 € R, 7 € [0,2], we have

1
|f(t,x1,x2) — f(t,y1,)2)| = g(\xl —y1|+ 2 = y2).
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It is clear that k = %, thus, we have 2A (1] —1p) = 2 % % X 2= % < 1. The problems (3.14) and

(3.15) can be reformulated as the following integral equation

O(to) + ¢ Jy (x(s) —x(s—1))ds, t€0,2].

(59) x(t) =

Thus, the exact solution of the problems (3.14) and (3.15) is

©0) (1) = e, t€lto—p,th)

1+ & —1-e¥2+e72), t€]0,2).
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