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Abstract. This paper investigates the existence of coincident points and common fixed points for two self-
mappings in a fuzzy b-metric space. We establish that under the conditions of weak compatibility and suitable
contractive criteria, these mappings possess a unique common fixed point. Illustrative examples are provided to
demonstrate the validity of our results, along with an application to determine the unique solution of an integral
equation. The application underscores the practical relevance of our findings, particularly in addressing conditions
for dynamic market equilibrium in economics.
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1. INTRODUCTION

The theory of coincident and fixed points is one of the most active and developing areas in
pure mathematics. Their issues can be used to explain a wide variety of nonlinear problems that
occurs in many scientific domains. One useful technique for handling issues of this nature is the
Banach contraction principle [4]. Generally speaking, coincident point and fixed point theory
has been effective in posing and addressing a wide range of issues and has significantly aided in
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the solution of numerous real-world issues. Nonetheless, numerous strong fixed point theorems
have been established using a few strong assumptions. Understanding their fundamentals issues
and reducing the constraints on them by using lessor condition of these initial, strong assump-
tions are the main areas of research in recent years.

In 1965, Zadeh [18] introduced a new idea that represents the defense of vagueness, imprecision
and deceit. This theory is much more useful and interesting than classical set theory. Several
technical and scientific domains, such as image processing, navigation, fractals and many more
use these techniques. In order to apply this idea in nonlinear analysis, other researchers have
greatly expanded the research on fuzzy sets and its uses. Fuzzy metric space was introduced by
Karmosil and Michalek in [11] in 1975. There are several expansions of the metric and metric
space, including fuzzy metric spaces. With this change, fuzzy scenarios are included in the
probabilistic metric space.

The concept of a fuzzy metric space was first refined by George and Veeramani [8] and it has
important ramifications for quantum particle physics, especially with regard to the E-infinity
and string theories [14]. A strong basis for applying fixed-point theory to fuzzy metric space
is established by this study. In 1983, Grabiec [7] expanded the Banach contraction theorem
in these spaces and described the completeness property of the fuzzy metric. Since then, sev-
eral researchers have provided numerous expansions and generalizations. The ideas of Bakhtin
[3] and Bourbaki served as the foundation for the concept of b-metric space. The notion of
b-metric space was later introduced and formally defined by Czerwik [6]. Jain and Kaur estab-
lished Some fixed point results in b-metric space and b-metric-like space with new contraction
mappings intuitionistic fuzzy metric spaces in 2021 [10]. Many researchers have provided ex-
amples and fixed point results about these spaces [2]. In 1986, Jungck [9] introduced the notion
of compatible mappings with common fixed points. In which, by substituting a weaker inequal-
ity for the triangle inequality, Sedghi and Shobe [15] created the concept of fuzzy b-metric
space, which is actually much broader than fuzzy metric spaces. Nabadan [12] modified the
idea of Sedghi and Shobe and established new results. Oner and Sostak [13] defined strong
fuzzy b-metric spaces and their attributes in 2020. In 2024, Bhandari et al. [5] introduced the

fixed point theorems in strong fuzzy b-metric space.
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Our objective is to obtain a coincidence point by using the two self mappings in fuzzy b-metric
space and if these mappings satisfy the cotractive condition then they have a unique common
fixed point. As an application of our result, we have established the unique solution of an inte-
gral equation to show that how the conditions for dynamic market equilibrium are addressed in

economics.

2. PRELIMINARIES

Definition 2.1 [16] A mapping © : I x I — I, where I = [0,1] is known as a continuous
triangular norm if it satisfies the the properties given as below:
(1) Symmetry: x©y =y©ux, for x,y € I;
(ii) Monotonocity: x©y < zOw whenever x < zandy < w;
(iii) Associativity: (x®y) ©z=x® (y®z), where x,y,z € I;
(iv) Boundary condition: 1 ©x =x, for all x € I.
Definition 2.2. [11] Ler & be an arbitrary set, H be a fuzzy set defined on & x & x (0,00) and ®
be a continuous t-norm. Then the order tuple (& ,H,*) is said to be a fuzzy metric space (FMS)
satisfying the properties given as below, ¥V r,s,t € & and a,b > 0
(i) H(r,s,0) = 0;
(ii) H(r,s,a) = 1 foralla >0 iff r=s
(iii) H(r,s,a) = H(s,r,a);
(iv) H(r,s,a) ©H(s,t,b) <H(r,t,a+b) for all a,b > 0;
(v) H(r,s,.) : (0,00) — I is continuous from left.
Where the expression H(r,s,a) represents the degree of closeness between r and s depending
upon the parameter a > 0.
This idea is modified by George and Veeramani in 1994 and defined as follow:
Definition 2.3. [8] The order tuple (§,H,®) is known as a FMS if £ is an arbitrary set, ® is a
continuous t-norm and H is a fuzzy set defined on & x & x (0,00) with the properties indicated
as below, for all r,s,t € & and a,b > 0
(i) H(r,s,a) > 0;
(ii) H(r,s,a) =1, a > 0 iif r = s,
(iii) H(r,s,a) = H(s,r,a);
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(iv) H(r,s,a) ©H(s,t,b) <H(r,t,a+b) for all a,b > 0;

(v) H(r,s,.) : (0,00) — I is continuous.

Example 2.4 . [8] Let & = R, the set of all real numbers and t-norm is defined in terms of the

product x®y =x.yVx,y €l and r;s € &, a > 0 defined as:

a
H(r,s,a) = a+|r—s|
0 ifrrse & a=0.

ifr,se&,a>0,

Then H is a fuzzy metric on R.

Definition 2.5. [12] Let & be an arbitrary set, H be a fuzzy set defined on & x & x (0,00) where
® be a continuous t-norm and given p > 1. Then the order tuple (§,H,®) is known a fuzzy
b-metric space (FbMS) with the properties given as below, ¥ r,s,t € & and a,b >0

(i) H(r,s,a) > 0;

(ii) H(r,s,a) = 1V a > 0iff r=s;

(iii) H(r,s,a) = H(s,r,a);

(iv) H(r,s,a) - H(s,r,b) <H(rt,p(a+b)) ¥ a,b > 0;

(v) H(r,s,.) : (0,00) — I is continuous;

(vi) lim H(r,s,a) =1
f—>o0
_d(r7 S)
Example 2.6 [12] Let H(r,s,a) = e a’>  where d is a b-metric on &, and t-norm is defined

in terms of the product. Then it is a fuzzy b-metric space.

Definition 2.7. [7] Let (§,H,®) be a FbMS. If we take a sequence {r,} in & then it is said to
be convergent inr € & if }i_rgo]l-]l(rn, r,a) = 1 for each a > 0.

Equivalently,

A sequence {r,} in & is said to converge to r € & if
Ve >0,Va>0,3N € Nsuchthatn >N = H(r,,r,a) > 1—¢.

That is, as n — oo, the degree of nearness between {r, } and r approaches 1 uniformly.
Definition 2.8. [7] A sequence {r,} in & is called to be Cauchy sequence in & if

lgn H(ry, Fmtn,a) = 1 where a > 0 and m,n > n’ where n’ € N. Equivalently,
n—oco
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A sequence {r,} in & is called a Cauchy sequence if
Ve >0,Va>0,3n € Nsuchthatmn >n' = H(rpy,rm,a) >1—¢.

A FbMS is considered complete if every Cauchy sequence in that space converges to the same
limit.
Definition 2.9 [1] Let & be a nonempty set and ¢,y : & — & be two mappings on &.
(i) A point r € € is called a coincidence point of ¢ and y if or = yr.
(ii) A point z € & is called a point of coincidence of ¢ and  if there exists r € & such that
Z=0Qr=vyr.
(iii) A pointw € & is called a common fixed point of ¢ and W if w = ¢w = yw.
Definition 2.10. [17] Two self mappings ¢ and y defined on a FbMS (&, H,®) where p > 1
are said to be
(a) compatible if, for all a > 0, r}gr;H(q) Yrn, Wory,a) = 1 where {r,} € & which gives,
r}grologbrn = r}grolo W, =z, where z € &.
(b) weakly compatible when they commute at the point where they coincide i.e. §r = yr which
gives that Qyr = yor.
(c) semi-compatible if for all a > 0, nl1_r>r01°H(¢ Yy, Wry,a) = 1 where {r,} € & with the property,

lim ¢r, = lim yr, = z, where z € &.
N—oo n—oo

3. MAIN RESULTS

Theorem 3.1. Suppose & # ¢ and (E,H,®) be a FDMS, and let ¢,y : & — & be mappings

with the following properties:

(i) 9(8) S w(&).
(ii) There exists k € (0, Il?)’ such that for all r,s € &,

(D) H(yr, ys, ka) = H(¢r, ¢s,a),

If 0(&) or w(&) is complete, then there exists a point z € & such that ¢(z) = y(z). Also, ¢ and

VW have a unique point of coincidence.
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Proof: Let ry € £, then using (1), we can find r| € £ such that ¢(r;) = w(rp). taking k =0,

H(y(ro), y(r1),0a) > H(¢(ro),9(r1),a)
which gives
H(y(ro), y(r1),0) =1
Hence,
y(ro)=w(r) = o(r)=y(n).

Hence we can say r; is the coincidence point of ¢ and y. If k£ # 0, then by induction, we can

define a sequence {r,} in & such that

0 (rn) = Y(rn-1).

Then,
H(O(rn), ¢ (rnv1),a) = H(W (1), ¥(ra),a)

> H(9(ra1),0(r0). 7)

> ..

> H(9(r0).9(r1). )
Clearly,

1> H(P(rn), @ (rns1),a) > H (¢(r0),¢)(r1), ki) 1 asn— .

Thus,

lim H($ (1), 0(ras1),0) = 1.

n—oo

Let u,(a) =H(¢(rn), ¢ (rnr1),a) foralln € NU{0} and a > 0.
Clearly,

’}iilgorn(a) =1

Now we will show that {¢(r,)} is a Cauchy sequence, assume that it is not true. Then there
exist 0 < € < 1 and two sequences {p, } and {g,} such that, for every n € N containing 0 and

a > 0, with p, > g, > n, we have

H(¢(rp,); ¢(rq,),a) <1—g,
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Then,
H(¢(rp,.),¢(rg, ,),a) >1—¢
and
H(¢(rp,_,),0(rg,).a) > 1—¢,
Now,
1 —&>H(¢(rp,),¢(rg,),a)
> H(0(rp,):0055,): 57 ) © H(0(rp,):0(r),57)
>, (% © 1—e>,
Since u,, | (%) — 1 as n — o and also we have,

1—¢ 2 H((])(rpn),(])(rqn),a) > 1_87

Which leads a contradiction. Hence ¢ (r,,) is a Cauchy sequence in ¢ (&).

Now let us assume that ¢ (&) is complete, then there exists a point z € ¢ (&) such that

Y}EEO‘Z’(rn) =<

This implies that there exists w € & such that z = @ (w).

Now,

Hence w is the point at which ¢ and y coincide and is a coincidence point. Again assume that

(&) is complete then there exists a point z € g(&) such that
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lim ¢ () = z.

n—oo

However y(&) C ¢(&) this implies that z € ¢(&), so there exists w € & such that z = ¢ (w).
Now it requires to show that the point of coincidence of ¢ and y is unique.

Let z; be another point of coincidence of ¢ and .

Then,

z1=0(w1) =y(w;) forsomew; €&.

1> H(Z,Zl,a) :H(W(W)v W(W1)7a)

Hence by using the given conditions, we have

) a
V}I_ISOH (Z’Zl’k_n> =1.

which gives
1 >H(z,z1,a) > 1
Hence H(z,z1,a) = 1,50 21 = z.

This completes the proof.

Theorem 3.2 Let (¢, H, ®, ) be a complete FbMS, for a given p > 1,k € <O, %) and g, y: & —E&

be the self mappings satisfying the following conditions

() w(&) C ¢(&) such that
) H(yr, ws,ka) > H((r), ¢ (s),a)

(i1) ¢ and y are weakly compatible mappings.

Then, ¢ and y have a unique common fixed point in &.
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Proof: By using the above theorem, there exist z,w € £ such that w = ¢(z) = y(z).

Since w = ¢(z) and ¢ and y are weakly compatible then we can say that

Let x = ¢(w) = w(w), then x is a point of coincidence of ¢ and .
Since the point of coincidence is unique, this implies x = w.
Which gives w = ¢(w) = y(w).

Hence w 1s the unique common fixed point of ¢ and y.

Now we the following example to justify the above theorem:

Example 3.3. Let £ = R and define

a

H(r,s,a) = ,a>0,

a+|r—s|
which is the standard fuzzy metric derived from the usual metric d(r,s) = |r — s|. This changes
(§,H,®) into a complete fuzzy b-metric space.

For this let us choose

sothata>1land0<k<l=1.

If we define the mappings ¢, v : R — R by

As we see that

and hence y(&) C ¢(&).
To satisfy the given inequality for all r,s € R and a > 0,

while

Hence
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H(y(r), y(s),ka) = H(§(r), ¢ (s),a) > H((r),9(s),a),

Therefore the required inequality holds.

In particular, if we take r = 2,5 = 6,a = 4, then we have,

HOQ).060)4) = 771 —5 = ¢ = 5
H(Y(2). ¥(6):2) = 5175575 = 5

Now for weak compatibility, we have ¢ (r) = y(r) = 5 = 7 = r = 0 at that point.
Also

So ¢ and ¥ commute at the coincidence point. The only common fixed point is
O(r)=r = 5 =r = r=0,

v(r)=r = j=r = r=0.

Hence r = 0 is the unique common fixed point.

4. APPLICATION

An application to dynamic market equilibrium is provided in this section to bolster our find-
ings. Supply and demand are influenced by current price and price trends in various market
places. The first and second order differential coefficients are involved to the present price P(t).

Assume that

dP(t)  d*P(t)

Os =uy +viP(t) +r PP = uy +viP+r P + 5P,
dP(t d*P(t
Op =ur+vP(t)+nr d§>+52 dtg ) = up +vyP + 1P +s5,P".

Here, uy,u>;vy,v2;r1, r» and s1, 57 are taken as constants. For the dynamic stability of the market

equilibrium in any time ¢, there must be Qg = Qp. Then we have

u +viP+rP +s1P" =ur+voP+nrP + 5P,
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After simplifying we get,
(v =v)P+ (r1 — )P + (51 —52)P" = —(uy —up).

Assume u = u; —up, v=vy — vy, r =r| —rp and s = 51 — s, then dividing by y, P(¢) is shown

as with the given initial conditions:

(

/ —
PP 4ip=—2

3) { P(0) =0,

2 . . .
As - = A'TV as well as 7 = 0 posses the property of continuity. Now we will show the above

equation (3) is converted to the following integral equation

A(u) = /O A () (v, P() .

where I'(u,v) is Green’s function given by

[STE]

ue
[(u,v) =

ver =) if o <u<u<A.

=) jfo<u<v<A,

At first it requires to verify the existence part of the solution to the given equation,

) P(v) = /0 * G, P()) du.

Let B = C([0,A]) represent the collection of continuous functions with real values that are

defined over the specified interval [0,A] and let us define a function

H(m,n,a) = sup w,
ac[0.A] max{m,n}+a

for each a > 0, and m,n € 3, with continuous 7-norm ® such that r © s = rs. It can be easily

verified that (&, H, ®) is a FbMS. Let us define a mapping f : B — B defined by

P(v) = /O ! G, P(w)) du.

Theorem 4.1. Let us assume that P(v) = fg‘ G(v,u,P(u))du and assume the following condi-

tions are satisfied
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(i) K : [0,A] x [0,A] — (0,00) is continuous,

(ii) There exists a mapping I : [0,A] x [0,A] — R™ which is continuous and

A
sup [(a,u)du > 1,
ac[0,4]/0

(iii) fg‘min{K(u,v,m(u)),K(u,v,n(u))}du+kv > f(’;\ (u,v) min{m(u),n(u)} du+v,
/AmaX{K(u,v,m(u)),K(u,v,n(u))}du—I—kv > /Ar(u,v) max{m(u),n(u)}du-+v.
0 0

Consequently, the integral equation (4) has a distinct solution.

proof. Let m,n € 3, then by applying the given conditions of the theorem, we obtain

min{fé‘ K(u,v,m(u))du,f(’)AK(u,v,n(u))du} +ka
H(fm, fn,ka) = sup "
acf0,A] max{fo K(u,v,m(u))du, [, K(u,v,n(u))du} +ka

)
= sup Jor min{K (u, v,m(u)), K (u, v,n(u))} du+ ka
wel0.A) S max{K (u,v,m(u)), K (u,v,n(u)) } du+ ka
(), n(u)}du+a
u)bdu+a

> sup fg‘f‘(u,v)min{m u),n((

acfo.A] S T(u,v) max{m(u),n

min{m(u),n(u)}fé“f‘(u,v) du+a
ac[0.4] max{m(u),n(u)}f64 [(u,v)du+a

min{m(u)yn(”)}_Fa =H(m.n.a
> min{m(u)7n(u)}—|—a _H( ) )

Thus, H(fm, fn,ka) > H(m,n,a) for all m,n € B. From this result we conclude that all the

properties of theorem (3.4) are also verified.
This theorem can be verified with the following example.

Example 3.5. Consider the integral equation
A
= / G(v,u,P(u))du
0
with A =1 and kernel
G(v,u,x) = K(u,v,x) = ax+ Bv, oa=2,3=0.5.
(i) T'(u,v) = a = 2 is continuous, and

sup F(audu—/Zdu_2>1
ac[0,1]/0
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(ii) K(u,v,x) =2x+0.5v is continuous on [0, 1] x [0,1] x R.

(iii) Choose k =1 — 3 = 0.5 so that the inequalities of the theorem are satisfied.

The integral equation becomes
1 1
P(v) = / (2P(u) +0.5v) du = 2/ P(u)du+0.5v.
0 0

Let
1
Cz/ P(u)du.
0
Then

P(v) =2C+0.5v.

Integrating both sides:
1 1
C= / P(u)du = / (2C+0.5u) du = 2C + ;.
0 0

Thus,

jo
|
N/
Il
FN-
i3
a
Il
|
Al

Hence the explicit solution is
P(v)=—%+ 3, ve[0,1].

Take m(u) = u and n(u) = 1 —u for u € [0, 1]. Then for any v € [0, 1]:

/O min{K (v, m(u)), K (i v.n()) b du+ kv > /O () min{m(u) n(u)} du+-v,
1 1
/OmaX{K(u,v,m(u)),K(u,v,n(u))}du+kv > /0 ['(u,v) max{m(u),n(u)}du+v.

Both inequalities hold since they reduce to (8 +k)v > v, with B +k = 1.

The numerical computation of
1
/ G(v,u,P(u))du
0

matches exactly with the closed form P(v). The plot below illustrates the agreement.
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v | LHS i | RHSmin | LHSmax | RHSmax

0.0 | 2.000 | 1.000 | 3.500 2.000
0.2 2.100 | 1.200 | 3.600 2.200
04| 2200 | 1.400 | 3.700 2.400
0.6 | 2300 | 1.600 | 3.800 2.600
0.8 | 2.400 | 1.800 | 3.900 2.800
1.0| 2.500 | 2.000 | 4.000 3.000
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