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Abstract. In this paper, we present existence and uniqueness results for IVPs associated with general nonlinear
singular interface problems on Time Scales. We discuss the existential results for a n'" order IVP associated with

nonlinear singular interface problems using the classical Schauder fixed point theorem.
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1. Introduction

In the literature, we find a class of problems wherein two different differential equations are defined on adjacent
intervals with a common point of interface. We term these problems as interface problems.

If the interface problem has a well defined boundary, we call the problem to be a regular boundary value
problem (RBVP). The interface problem with a boundary that has singularity at the end points is called a singular

boundary value problem (SBVP). If there is a singularity at the point of interface, we term the problem to be
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a singular interface problem (SIP). Solving these type of boundary value problems with singularities remains a
challenge for mathematicians.

While regular boundary value problems, those over finite intervals with well-behaved coefficients pose no dif-
ficulties, the problems wherein the domain of the problem is not well defined, or the continuity and/or smoothness
of the functions, coefficients involved are not guaranteed in some parts of the domain, sometimes in the boundary
or parts of the boundary are difficult to tackle. There are quite a number of different approaches that we come
across in the literature to tackle these singular problems [1],[4],[6],[8].[9],[10].

In the literature, we see that work has been done on initial and boundary value problems associated with a
pair of linear differential operators with conditions at the interface for both regular and singular cases; see [15]-
[22],[26]-[31] and the references therein.

The singular interface problem requires a special mention. In this case existing theory based on the conventional
analysis may not come handy.

We feel that the new framework of dynamic equations on time scales(an arbitrary closed subset of real numbers)[2]
with facilities of the two jump operators with various definitions of continuity and derivatives makes one’s job sim-
ple to study these singular interface problems. These dynamic equations are nothing but the differential equations
when T = R and are difference equations when T = Z.

Our preliminary investigation about the feasibility of this study for linear second order interface problems has
resulted in the work [16, 17, 25].

From the above we observe that substantial amount of work has been done for regular and singular boundary
value problems involving linear differential operators. It is clear that there is a need for these singular interface
problems to be discussed for the case where the problem involves nonlinear differential operators.

A systematic study of Initial Value Problems, Boundary Value Problems and eigen Value problems associated
with these nonlinear singular interface problems involving nonlinear second order pair of dynamic equations is
done in [34]-[41].

th

In this paper we study the existence of solution for a n'* order Initial Value Problem associated with these

nonlinear singular interface problems. Schauder fixed point theorem is used for proving the existential result.

2. Preliminaries

Definition 0.1. Let T be a time scale(an arbitrary closed subset of real numbers). For t € T we define the forward

Jjump operator ¢ : T — T by

o(t):=inf{s€T:s>1t},

while the backward jump operator p : T — T is defined by



610 D. K. K. VAMSL K. N. V. S. D. DWARAKANATH, I. ADITYA, P. K. BARUAH

p(t):=sup{seT:s<r}.
If o(r) > t, we say that ¢ is right-scattered, while p(t) <t we say that ¢ is left-scattered. Points that are right-
scattered and left-scattered at the same time are called isolated. Also, if t < supT and o(¢) = ¢, then ¢ is called
right-dense, and if t > inf T and p(¢) =1, then 7 is called left-dense. Points that are right-dense and left-dense at

the same time are called dense. Finally, the graininess function y : T — [0, 00) is defined by

u@):=o()—rt.

T—{m} ifsup T < oo
Definition 0.2. T* = tm} P where m is the left scattered maximum of T.
T ifsup T =0

Definition 0.3. Let f be a function defined on T. We say that f is delra differentiable at r € T* provided there exists

an o such that for all € > 0 there is a neighborhood .#” around t with
|f(c(®t)—f(s)—a(o(®)—s)| < elo(t)—s| forall s € A,

Definition 0.4. For a function f : T — R we shall talk about the second derivative f2* provided f2 is differentiable
on T¥? = (T*)¥ with derivative f24 = ( fA)A : T** — R. Similarly we define the higher order derivatives A" :

T*" - R.

Theorem 0.5. (Banach Contraction Mapping Theorem)

If T : X — X is contractive on a complete metric space X then T has a unique fixed point in X.

Theorem 0.6. (Schauder’s Fixed Point Thorem)

Let L be a convex subset of a normed linear space E. Then each compact map T : L — L has a fixed point.

Let ! = [c,d] with ¢ < p(d). We define I. = [c, ) in case supT = +oo. By ¢%(I,) we mean the linear space of
all continuous functions f : I. — R such that sup;ej, | ()| < oo.

Now we quote the time scales version of the Arzela-Ascoli theorem [1].

Theorem 0.7. (Arzela-Ascoli Theorem)

Let X be a subset of ‘KFS(IQ) having the following properties.

(i) X is bounded.

(ii) On every compact subinterval J of [c,o0) we have: For any € > 0 there exists 6 > 0 such that t1,t, € J,
|ty —t2| < & implies |f(t1) — f(2)| < e forall f € X.

(iii) For every € > O there exists b € I, such that t|,ty € [b,o0) implies |f(t1) — f(r2)| < € forall f € X.

Then X is relatively compact.
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Let T} and T, be two time scales. Let C(T') denote the space of all continuous functions on the time scale T.
Definition 0.8. By (1,1;) € T; x T, we mean that ¢t; € T and #, € T, with the product topology on Ty x T,.
Definition 0.9. Let Z(T) be a function space on the time scale T. For x € Z(T) we define

x| = super|x(2)]-

Definition 0.10. By (x1,x2) € X(T;) x Y(T,) where X and Y are function spaces, we mean that x; € X(T;) and

xp € Y(T?,) with the product topology on X (T;) x Y (T,). For (#1,;) € T} x T, we define
(x1,x2) (11,12) = (x1 (1), %2(82))-
Definition 0.11. For (t1,1;) € T} x T,, we define
@)l = Nl + lle2ll = 6] + [22].-
Definition 0.12. For (x1,x2) € C(T1) x C(T>), we define

I x) [l = e ]|+ [l

= supll €Ty “xl (tl )l + sup[zETz |x2(t2)|'

Definition 0.13. Let (y11,y12) € X(T1) x Y(T,). We say that (y11,y12) is continuous on T} x T if for € > 0 there

exists 6 > 0 such that for arbitrarily fixed (fo1,%02) € T x T and (#1,72) € T x T such that

| (t1,02) = (to1,102)[| < &

(0.1) = | O,y12)(t,22) = (1, yi2) (to1,102) | < €.

Definition 0.14. A sequence (yy1,yn2) € C(T1) x C(T2) is said to be cauchy sequence if for every € > 0 there

exists N such that Vnl,n2,ml,m2 > N implies
([ (615 Xn2) = (Xm1, Xm2) || < €.

Definition 0.15. A sequence (yn1,ym2) € X(T) x Y(T?2) is said to be equicontinuous if for every € > 0 there is a

0 > 0, depending only on &, such that for all (y,1,y,2) and all (#1,1,), (tll,tgl) € Ty x T, satisfying
| (rn)—(n) <8
0.2) = [ Oat,ya2) (t1,22) = Gt y2) (1,12 < &

Definition 0.16.

(@"—b")=(a—b)(@ ' +ba" >+ ... +b" 2a+b"").
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Definition 0.17. The space X(T;) x Y (T,) is said to convex if for every

11,512), (21,¥22) € X(T1) x Y (T2), we have

o(yi1,y12) + (1= ) (y21,522) € X(T1) x ¥ (T2) for 0 < o < 1.

3. Definition and Equivalent Operator Integral Equation of a General n'"
order Initial Value Problem associated with Nonlinear Singular Interface
Problem

Initial Value Problem associated with Nonlinear Singular Interface Problem

Let Ty = [0,a], T2 = [0(a),l] where a,0(a),l < +oo. Also let (f1, f2) be nonlinear function tuple in € (T x

R") x € (T, x R"). We define the problem to be

n n—1
(0.3) W) = fltyn,.... W ), t€T

n n—1 n
(0.4) W) = Aty )5 ), 1eTr

with the initial conditions

0.5) yi(0) = 0
(0.6) »(O0) = 0
0.7)

0.8) W) = o

followed by the matching interface conditions

(0.9) pivi(a) = paya(o(a)),

(0.10)

©.11) pusyt (@) = pu-ay) (0(a)).

(0.12) Pt (@) = pad(ol(a)),

0.13) Pt (@) = pas’ (0(a), pi>0,i=1...2n.

4. Existence of Solution for the »n'" order

Initial Value Problem associated with Nonlinear Singular Interface Problem using Schauder’s Fixed Point Theorem

In this section we prove the existence of solution for the IVP (0.3) -(0.13) using Schauder’s fixed point theorem.
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Theorem 0.18. If (f1, f>) is continuous and bounded, then there exists atleast one solution for the nth order

IVP-SIP (0.3) -(0.13).

Proof. Case I Lett € T

Then,
n n—1
y? (t) = fl(t7y17"'7y? )
n—1 4 n—1
AT = [ Al s e
A2 1 a1 An—1 4
1 (t) - /0 0 fl(svylv“'ayl )ASAIH*I‘F/O cl1As+cr2
LR fh An-1
yl(l‘) = / / / fl(s,yl,...,yl )ASA[]...A[,Hl
0 JO 0 JO

+

t rly—2 5] !
/ / / C11AS...AIn,2+...+/ C'l(n—l)AS+C1n
0 JO 0 0

where c11 , c12 ... c1, are constants to be determined. By using the initial conditions (0.5),(0.6),...(0.8) we get

y1(0):O = c¢1,=0

W(0)=0 = cjp_)=0

WO)=0 = en=0
t -1 15 1 A
:>y1(t) = / / / fl(s,yl,...,yl )ASAI]...A[,,,L
0 JO 0 JO

CaselIl Lett €T,

n—1

W) = Altye....y5 )
n—1 4 n—1
yé (t) = / f2(s7y27”'7y§ )AS+021
o(a)
A2 t In—1 Al , 4
y, (1) = / fas,y2,...05  )AsAL,_ + c21As +c»
o(a) Jo(a) o(a)

/ /

4

4 1 ’2 Al , ,
»n() = / / )fz(s,y],...,yl )AsAL .. AL,

o(a) o(a)Jo(a

/! /

4 ) ) 4l
+ / / / / CglASAti...Al‘,/lfz—I—...—‘rCQn
o(a) Jo(a) o(a)Jo(a)
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where ¢31 , ¢22,. .., co,are constants to be determined.

Now, by (0.9), we get

piyi(a) = pay2(o(a))
a  [(ty—| o rh e
=cCy = pl(// / f](S,y],...,ylA I)A,S‘Atl...Aln1>.
P2\ Jo Jo o Jo

Also, by (0.11), we get

Pyt (@) = pray) (o(a))

In—1 fIn-2 —

2n—>5 n—1

=3 = Zzn (/ / fl S, V1ye-- ,y? )ASAln_QAtn_l) .
n—

Also, by (0.12), we get

n—3 n—3
P2n73)’1A (a) = P2n—2)’% (G(a))
-3 [ [¢ [T -1
= C» = pn(/ fl(S,YI,---»)’? )ASA[H1>~
P22 \Jo Jo

Also, by (0.13), we get

n—1 n—1

Pyt (@) = pays (o(a))

Dn— a n—1
=0 = P2 l(/ sy, ) )AS>-
P2n 0

Hence,

/ !
Bt

-1 n—1
/ F(8,y2,-.05 )AsAr) .. A

<

t

c o(a)Jo(a)

n—. tl — a n—
L[t P 1(/ Sils. v, 1)As)AtAt{...At,Qz
0

o - [
of )
1
/6 ) o(a) P2n
)

a) Jo(

t

-

6(a) Jo(

t 1! 1 e fn-1

+ / / A= 3(// Si(s, v,
o(a) Jo( o(a) P2n—2

Y )AsAtnl)AtAt{ LA

!
n
/
/
n

a
a
a

! l;’* 1 _ a Th—1 Th—2
+ / / . 1p2n5<// / R
o(a)/o(a) o(a) Pan—4 \Jo Jo 0
W )AsAtnzAtn1>ArAzj Ay
Th—1 Anfl
+ // f1Sy1, YT )AsA L Al
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We now define the integral operator 7 : C(T) x C(T2) — C(T;) x C(T2).

t Ih—1 [5) 1 An,l
T(yl,yz) = </ / /0 0 f] (S,yl,...,yl )ASA[[...A[,Z,M
t; 't; A1 ’ /
/ /(a / 6<a)f2(s,y2,...,y2 JAsAL ... A,
r/l 2 tl 2n—1
+ / / Pt (/ fi(s, v,
0' a P2n

Y )m) AAL, AL

tl — a frlp—1
+ / / e 3(/ fl(sayla---7
a) P2n—4 \J0o Jo
yﬁ‘)AsArnl)Amt; LA
ti Th—1 Th—2
+ / / pZnS(// fi(s,y,--
pZn

YAsAL, AL,y |AtAL .. AL,
1- —4

Th—1 Anfl
// fls)’l» YT )AsAL L AL

where t,t1,t,...,t, € T| and t/,t;,t; ... ,t;, € T,. It is clear that (y;,y>) is a solution of IVP-SIP iff (y;,y2) solves
the operator equation (y1,y2) = T(y1,y2). In other words a fixed point for the operator (y1,y2) = T (y1,y2) is a
solution for the IVP-SIP.

We use Schauder’s fixed point theorem to show the existence of a solution.

From [40] it can be seen that the space C(T;) x C(T,) is convex.
Claim 0.19. T is a completely continuous map.

We first show that T is continuous. We prove it by showing that T preserves convergence. Indeed let (y,1,yn2)

be a sequence of functions in € (T) x €(T,) such that
limy—soo || (Va1 yn2) — (V1,¥2)[| = 0.

The above equation implies that

limy ool | (V1 = Y1, 92 =32)[ — 0
i.e.,limn%msul’ll €T |(Ynl _YI)(t1)| — 0

and limyyesupy, e, |(y2 —y2)(2)]  — 0.

Let us consider
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IT (Y1, yn2) — T (y1,y2)||

supllETﬁ

! fn-1 lz h Anfl

A /0 /0 0 fl(saynla---7ynl )ASAtln-Atnfl
4 In—1 1 1 Anfl

- // / S1(s, 31,00 )AsAf . Al
0 Jo 0 JO

l2 Anfl ! ’

/ / / f2 S, Vs Y )ASAL AL,
t tn tz Anfl , ,

o / / / / s, y2,..,05  )AsAf .. AL,
o(a)Jo(a)

v 1;172 t{ p2n1< a Anfl / ’
+ / / S1(S, n15 001 )As |AtAr L. Az,
o(a) Jo(a) ola) P \Jo ( t) ! 2
Lol (
o(a)Jo@)  Jo(a) Pan
[/ 1;173 ti ne a1
+ / / : P ( / Ji(s,yn1,.-
o(a) Jo(a) a) Pan—2
ot JASAL- > Amt; LA

_ f Pzn%/ In=
Lo o

YA AsAL, 1>A1At1 A,

+

Suplz E’]Tz

/

N pot [ [° el ,
P2n Ofl(s,yl,...,ylA )As)AtAt]...Atnz

11 - In—1  fln— 2
+ / / P2 5(// L Ay
a) P2n—4
yar! )AsAt,,zAtnl) AtAL AL,
N Pons (/ /ln 1 2
- 108,15+,
/ / p2n 4 f Y
A” 1 /
VAsAL, 2 At AtAt1 AL,y
1 a [rty—q 1 1
+ ...+p</ / / F1(8,Ynts Y5 )AsAtl...At,,l)
p2\Jo Jo 0

pl a [ty 5] An-1
— +E /0/0 _/() S1(s,y1,-. 0,00 )AsAf . Aty )|

Since (fi, f2) is continuous on €' (T}) x € (T,) we have

. n—1
llmnﬁ°°|fl(s;yn17"'ayﬁl )_fl(sayla"'vyl )| — 07

. n—1
llmﬂ%w|f2(sayn27"'ayﬁ2 )7f2(say23"'7y2 )| — 0.
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Now || T (yu1,yn2) =T (v1,52)||

IA

L fln—1 B i An-1
Suptle'ﬂ'l// / / ‘fl(saynh 7ynl )
0 Jo 0 Jo

n—1
f(S Yi,--.,Y A )|ASAt1 Atnfl

n—1 t2 n—1
S”ptze’]l‘z/ / / / |f2 S yn2a 7y£2 )
(l

f2(57y27--~a)’2 )|ASN1~~-Afn71

Pan—1 /f’ /téz /fi /a Al
su ce. S, ¥Ynly- -5 Vn
( p2n ) pt2€T2 G(u) O'(a) G(u) 0 |f1( Ynl y 1 )

n—1 ’ !
fl(svylv'-~aYIA )|ASAtAt1"'Atn72

P2n—3 /" /’23 /fi /a /tn—l =
su .. Sy Vnlsee sV
(p2n2> Puer, o(a) Jo(a) o(a)Jo Jo |f1( Yl y 1 )

n—1 !
Fi(8,915 0% )| AsAL,_AtAL .. AL,

Pan_s /t/ /t:,4 /ti /a /t,,,l /t,,,z Al
su tte S7 nls«-+s>n
<P2n4> Peet Jowy Jow oo o o rls:nts- )

n—1 / !
F1(8,915 3% )| ASAL, _2AL, ALAL .. AL,

( )/ /[n 1 |f1 S Vatee V)

Fils,ysot ) AsAn L AG

Hence, liny || T (yn1,¥m2) — T (y1,¥2)|| — O proving that T is continuous. Let

n—1
fl(S,Yh 7y$ )

IN

M., for some M; > 0,Vs € Ty,

n—1

f2(say27"'7y§ )

IN

M, for some M, > 0,Vs € T,.
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We now show that 7(6'(T) x € (T>)) is bounded and equicontinuous subset of €' (T;) x € (T5). Let us assume
that || (y1,y2)|| < M. Then

N

-1 ' rh el
||T(Yh)’2)” — supllETl/()/O /0 /0 |f1(SaJ’1a---7)’? )|ASAt1"-Atn—l

4 l:z—l '[; t; A1 / /
+ suptzdpz/ / / / |fa(s,y2,...,5  )|AsAf .. AL,
o(a)Jo(a) Jo(a) Jo(a)

t t,;z t; P21 a
T N e - T T
supt2 €T, O'(a) G(u) O'(u) pZn 0 |f1 (S V1

Y As) AAL, AL

(g 1 P23 a i)
s [ [ () ([ o
SUPhet, o@Jo@ Jo@ \ Pam—2 0 Jo fison

¥ l)AsAtn|>AtAt; AL

l] Pon—5 "a (-1 fIn—2
e[ [ L () ()
SupleTz p2n Jo 0 0 |f1 (S yl

-1 ! /
W )AsAtngAtn1>AtAt1 ALy

fn—1 An—l
// |flsyn17 Va1l )|AsAty L AL,

+

Since (f1, f>) is bounded we can conclude that there exists a K > 0 independent of choice of (y1,y,) such that

I7 (y1,y2)]] < K. Hence, T(%(T1) x €(T2)) is bounded.

Claim 0.20.

I Th—1 1 n (_1>iaitnn7i
0.14 / / / diodty ...dty =y
( ) a a a 0% n-l l:ZO l!(n—l)!

for alln >1 and for all ain RT .

We’ll Prove By induction on n.

For n=1,

il
/ dty=1t—a
a

Hence (0.14) is true for n=1.

Now, let (0.14) be true for n=k. i.e,

k

Tk [l—1 g (-1) atk
<o | diodry ... d
/a/a ; odt k—1= Z ik—
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Now for n=k+1,

from above case.

i1 [Tk 1] o K (—1)iaitkk’i
dtodty ...dty, = ——dt
/a / o O / ;) ki) k

k (_1 igi tk+1(k+1)—i k (—l)iai qlk+1)—i
ig(')i!(k—i !<(k+1)—i)(l;’)i!(k—i)!(k—s—l)—i)
i k (71)i+1ai gl —i
< ;0 il(k—i)! (k+1)—i>

Il
o
~

Let us consider the Second term above

k (—l)iHai a(k+l)7i

= ilk=i)! (k+1)—i
_ oy DR S I (-1
= izom_ <k+]>{(k+1)!+1!k!_2!(k—l)!+”'+k!]
a1
- _(k+1)![1_(k+1)+k(k;1)—...+(—1)"k+1]
= _(ka—l:rll)! {1—(k+1)+k(k2‘|!' )_”__|_(_1)kk+1_|_(_1)(k+1)_(_1)(k+1):|
_ akt+! rk+1 k+1 .
- (k“)!-,-:o(( i >( 1)) (=1) }
gkt Tkl _ .
T T (k+ 1) ‘0<(kt1>(—1)’(1)k+1,>_(_1)k+1}
_ atroT _(—1)k+1a(k+1>
= 7(k+])! _(11)k+1(1)k+1] _ W
So,

Tkl [k 1
/ / dtodty ...dt,
a a a

itk+1(k+1)—i> (_1)k+lak+1

(k+1)!

(k+1) (_1 lait(k+1>(k+l)7i

)
& i ((k+1)—0)!

Hence (0.14) holds for the case n=k+1. Therefore (0.14)is proved by Mathematical induction on n.

619
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We next prove that T (% (T;) x €(T»)) is equicontinuous subset of € (T;) x € (T,). We need to show that

Ve > 03 6 > 0 such that whenever

I @)= (@) <o

= TO1(0),y2() =T (%), 32(4")) | < .

Let us assume that |t — *| + | — "] < 8. We see that T (y (¢),y2(¢')) — T (y1(t*),y2(t"))

In—1 n—1
= (/ / / fl(S Yiseoos ¥t JASAf . Aty
e ty rh A1
— / / /0 /0 f](S,yl,...,y] )ASAZ‘] A,
t; t; An—1 / !
/ /(a ./G(a> /c(a)fz(s,ynz,...,ynz YAsAL ... A,

!

:,71 ) il Al /
- / / (8, m, - Yy )ASAL .. AL,

o(a) Jo(a)

Ih—2 [i P2n—1 a A1 ’ ’
+ / / —_— /fl(s,ynh...,ynl JAs | AtAt, .. AL,
o(a)Jo(a) o(a) P2n 0
(! () t; P2an—1 </a An—1 > ’ ’
— SVl Va1 )AS |AtAt . AL,
/c(a)/a(a) o@ P o S1(8, 1y Ym1 ) 1 n—2

1 1!
N / / oo P2n3<// At
o(a)Jo(a) P2n—2

! )AsAtn_l) AtAL . AL

s NP3 fn—1
/ / ( / / J1(s,n15-
c(a) Jo(a) Jo(a) P2n—2

Yar l)AsAtnl)AtAt'1 AL

t/ 1;174 t; e @ pla_1  fla—n
LTl ST
o(a) Jo(a) o(a) P2n—4 0 Jo 0

YA ) AsAt, 2AL, ) AAL AL,

1 1274 t; P2n—5 a  (lp—| Th—2
/ / (/ / / fl(s7yﬂ17"'7
o(a) Jo(a) o(a) P2n—4 0 Jo 0

e )AsAt,,_zAtn_1> AL .. AL, 4>
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Now

r o rly—1 %) 1 An-1
/ / / f1(S,y1,...,y1 )ASAl‘l...Aln,1
0 Jo 0 Jo

1" In—1 5} 1 A1
—/ / / fl(s,yl,...,yl )ASAI]...Atn_l.
0 Jo 0 Jo

LR | h rh
/ / / MiAsAty ... Aty
0 Jo 0 Jo
e 1)
— / / / MiAsAt; ... Aty
0 Jo 0
(RS | gyl
/ / / Mit1Aty .. A,
0 JO 0
QAN | 15}
— / / Mit|Aty ... AL,
0 0 0
1 (-1 3 M]t%
/ / / 7At2...Atn_1
0 Jo o 2
r* Ih—1 B3 M. t2
— / / / ﬁAtz...Atn_l
0o Jo o 2

IA

Using (0.16) we obtain

= 1'M1(tt*)<t("_1)+t*t("_2)+...+t*("2>t+t*<"1))
n:

Hence, whenever |t —*| < § we have

t h—1 %) 1 Anil
/ / / fl(s,yl,...,yl )ASAtl...Atn_l
JO JO 0 Jo

/t* /ln—l /fz /tl ( A,H)AA A £
— Sy V1yenns SAL AL < —.
A b o fils;m Y 1 1<

Also

t/ trll—] t; ti An—1 / i
/ / / Fo(s,ya,....y5  )AsAf .. AL,
o(a)/o(a) o(a)/o(a)

a)Jo(a
’” [r,z—l [; t; An—1 / !
—/ / / / (s, y2, .. y0  )AsAf .. AL,
o(a)Jo(a) o(a)Jo(a)
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boorh S
/ / / / MyAsAt, ... A,
o(a) o(a) Jo(a)
Y A Y TR,
.. Ny _
o@lo@ ! nl

Using (0.14) we obtain

n (a)it/(nfi) n (a)it//(n—i)
- Mz(; Gi!(n—i)! L Gi!(n—i)! )

i=0

i ( n— i)_t//(ni))

Y
g i

t _f ) <t/(n—i—1) +t//t/(n—i—2) +.o.

4 i)y +t”(”il)) Using (0.16)

! "
Hence, whenever |t —¢ | < § we have

t; t: n—1 ! /

Lo o et i
o(a) o(a)/o(a)

Lo -

/ / / Fa(s,y2,...,y5  )AsAt .. AL,
o(a)Jo(a)

_ ¢
n+1

Now

t, t:l* t, n— ! !
/ / L[ P </ Sils,yr,.0f I)As>AtAt1..‘Atnz
c(a)Jo(a) o(a) P2n
(! ’,/172 t; P2an—1 (/a A1 ) ’ ’
- L As |AtAt .. AL, 5.
/G(a)/c(a) o P o flsy,0r ) 1 n-2

t, tr,l—Z I; P2n—1 a ’ ’
/ / /MlAs AIA AL
o(a)Jo(a) o(a) P2n 0

- " a , ,
/ / U e (/ MlAs)AtAtl...At,,z
o(a)Jo(a) o(a) P2n 0
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Using (0.14) we obtain

Pan-1t Lo(a)t—=1) 1l o(a)iy" =11
Mia Z. il(n—i—1)! Z i'(n—i—1)!
i=0 i=0

1

Pty - o) Jln=i=1) _ pn=i=1)
po (=i 1)!

Pan— lM ol G(a)i (t/ _ t”) t/(nfifz) _|_t//t/(n7i73) +...
Pon iln—i—1)!

[//(n—i—3)t/+t//(n—i—2)> Using (0.16)

! "
Hence, whenever |t —¢ | < § we have

/

t/ [;7 t n— ! !
/ / N 1(/ Fi(s,y1,... 08 ])As)AtAtl...Atn_z
o(a)/o(a) o(a) P2n

A N Pont (/a
—_— f1(s,y1,...,y
/G(a) /c(a) o(a) P2n 0 ! ( !

Also

IN

Using (0.14) we obtain

/
£

< —
n+1

I)AS) AtAtl Atn 2

S )AsAt,’,_l) AIAL, AL

{ p2”3</a/t;'1f1(s I
o(a P2n o
l/ n— / !

I Pon 3(/ / Ayt ’)AsAt,’,_1>Amt1...Atn_3.

o(a) p2n

1/ 1 a t,/17 ’ 1
/ / ' P2 3( / / lMlAsAt,/,l)AtAtl...Atn3
o(a)Jo(a) a) P2n—2 0 Jo

"

t tr,1—3 11 P2n—3 a trln—l ’ ’ ’
/ / / / M]ASAtnil AtAtl ...Atn73
o(a) Jo(a) o(a) P2n—2 0 Jo

Pon M a> _G t(nzZ n—=2
2n—3 M1 <Zl, Z

P2n—2 —i—

)l‘”(n i—2)
n—i—2)!

i=0
P2n— 3M1a — 0o(a) </(ni2) //(ni2)>
t —t
P2n—2 Z (n—i-2)!
Pan—3 Mia* "'c o(a)

: P (t/(ni3)_~_t//t/("i4)+'“
pmo2 2 5 1!(n—1—2)!( )

t//(n7i74)t/ +t”(”i3)> Using (0.16)
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! "
Hence, whenever |t —¢ | < § we have

t/ 1 t! . a
| / / PH(// B CR
o(a)Jo(a) o(a) P2n—2 0 Jo

™ B )AsAt,’l]>AtAt; AL

L2 [ e
o@lo@  Jo(a) Pan— B

3
< —F.
n

-1 ! !
el )AsAt,’,_1> ArALy Ay < g

Also

/ / tlagzZ4(//nl/ Silsynse-s

Y )AsAt,’let,’,l>AtAt; AL,

’4 ‘1p2n5(//n1/
/ A TERTI.

yr )AsAt,’let;ll>AtAt; AL,

/ / I Pans ( /‘“ /121 /tzleAs
o@) Pn—a \Jo Jo Jo

Al AL > AtAL . AL,

/t// /1:14 Ji pzn 5 (/ /n 1/ MlAS
Jo(a) Jo(a) Jo(a) P2n—4

A, LA, > AtALy .. AL,y

Using (0.14) we obtain

P SMla <ri zl(n i-3) i )l‘”(n i— 3))
= L P )

P2n—4 -0 n—i—3
Pan—s Mia® " o(a) n—i—3 n—i—3
- e (v e
3n-3 i
_ Zzn—s M16a i‘(no'(?) 3)'(1‘/—//) (t/("i4>+t//t/("i5)+...
2n—4 =0 = t=2):

4 t”(”i5>t/+t”<ni4)> Using (0.16)
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! "
Hence, whenever |t —¢ | < § we have

‘ / / tlagizs(/ /nl/ fils,yi,...s

! )AsAr,ngt,;1>AtAt; AL,

/t// /t,,,4 l; Pan—s (/ / / S 3
o) Jo@ Jola) Pan—a Y

_ / €
YWhasal LAl ) NAL AL < et
Similarly it can be shown that the terms involving
Pan7 | 4P canbe made less than
Pan—6 P4 n+1

Now

In—1 .
g;(/ / fl $5¥15- - ay? I)ASAll...Atn_1>
In—1 el
B Ip);<_/ / fl S)’17~~~7yf )ASAtl...Atnl>

So, we see that

€
— . = =€
n+l+ +l+ +n+1 n+1

[T (y1 (), y2(t") = T (31 (2%),y2(t"))|| <

whenever

I @)= (@) <6

ie., |t—t*|+]—1"]<8é.

625

So, T(€¢'(T) x €(T,)) is equicontinuous subset of €' (T) x € (T,). Condition(iii) of Arzela-Acoli theorem

can be seen from that fact that any g;(s,z;) € € (T; x €(T;)), i = 1,2,...n is uniformly continuous on T; as T; is

compact(since closed and bounded).Thus 7 is compact by Arzela-Ascoli theorem. So from Schauder’s fixed point

theorem(0.6) a fixed point exists for the operator equation (y;,y,) = Ty. Hence a solution exists for the [IVP-SIP. (J
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