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Abstract. We consider a new Noor-type iterative procedure with errors for approximating the common

fixed point of three infinite families of uniformly quasi-Lipschitzian mappings in convex metric spaces.

Under appropriate conditions, some convergence theorems are proved. The results presented in this paper

extend, improve and unify some main results in previous work.
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1. Introduction and preliminaries

Takahashi [1] introduced the concept of convex metric space which is a more general

space and each linear normed space is a special case of a convex metric space. In 2005, Tian

[2] gave some sufficient and necessary conditions such that the Ishikawa iteration sequence

for an asymptotically quasi-nonexpansive mapping to converge to a fixed point in convex

metric spaces. In 2009, Wang and Liu [3] gave some sufficient and necessary conditions for

an Ishikawa iteration sequence with errors to approximate a common fixed point of two

uniformly quasi-Lipschitzian mappings in convex metric spaces. Recently, Chang et al.
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[4] and Liu et al. [5] gave some sufficient and necessary conditions for Ishikawa iteration

process with errors to approximate common fixed points of infinite families of uniformly

quasi-Lipschitzian mappings in convex metric spaces. Later on, many authors discussed

the existence of the fixed point and the convergence of the iterative processes for finite

and infinite families of asymptotically quasi-nonexpansive mappings and uniformly quasi-

Lipschitzian mappings in convex metric spaces (see, for example, [8-13] and the references

therein).

First of all, let us list some definitions and notations.

Let (X, d) be a metric space. A mapping T : X → X is called asymptotically nonex-

pansive if there exists kn ∈ [1,∞), limn→∞ kn = 1, such that

d(T nx, T ny) ≤ knd(x, y)

for all x, y ∈ X. Let F (T ) = {x ∈ X : Tx = x}. if F (T ) 6= ∅, then T is called asymptot-

ically quasi-nonexpansive if there exists kn ∈ [1,∞), limn→∞ kn = 1, such that

d(T nx, p) ≤ knd(x, p)

for all x ∈ X and p ∈ F (T ). Moreover, it is uniformly quasi-Lipschitzian if there exists

L > 0 such that

d(T nx, p) ≤ Ld(x, p)

for all x ∈ X and p ∈ F (T ). From the above definitions, if F (T ) 6= ∅, it follows that

an asymptotically nonexpansive mapping must be asymptotically quasi-nonexpansive,

and an asymptotically quasi-nonexpansive mapping must be uniformly quasi-Lipschitzian(
L = supn≥1 {kn} <∞

)
. However, the inverse does not hold. In recent years, asymptoti-

cally nonexpansive mappings and asymptotically quasi-nonexpansive mappings have been

studied by many authors.

Definition 1. [6]Let (X, d) be a metric space, I = [0, 1], {an}, {bn}, {cn} be a real

sequences in [0, 1] with an+bn+cn = 1. A mapping W : X3xI3 → X is said to be a convex

structure on X if it satisfies the following conditions: For any (x, y, z, an, bn, cn) ∈ X3xI3
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and u ∈ X,

(1.1) d(W (x, y, z, an, bn, cn), u) ≤ and(x, u) + bnd(y, u) + cnd(z, u)

if (X, d) is a metric space with a convex structure W , then (X, d) is called a convex metric

space.

Definition 2. [6]Let (X, d) be a convex metric space. A nonempty subset E of X is said

to be convex if W (x, y, z; a, b, c) ∈ E, for all (x, y, z, a, b, c) ∈ E3× [0, 1]3 with a+b+c = 1.

Definition 3. Let (X, d) be a convex metric space with a convex structure W : X3 ×

[0.1]3 → X and E be a nonempty convex subset of X. Ti, Ri, Si : E → E be uniformly

quasi-Lipschitzian mappings with sequences Li, L
′
i and L′′i respectively, i = 1, 2, 3, .... Let

{αn}, {βn}, {γn}, {an}, {bn}, {cn}, {dn}, {en}, {ln} be nine sequences in [0, 1] with

αn + βn + γn = an + bn + cn = dn + en + ln = 1, n = 1, 2, ....

For any given x1 ∈ E, define a sequence {xn} by:

(1.2)


xn+1 = W (xn, T

n
n yn, un;αn, βn, γn),

yn = W (Rn
nxn, S

n
nzn, vn; an, bn, cn),

zn = W (Snnxn, R
n
nxn, wn; dn, en, ln), n = 1, 2, ...

where {un}, {vn} and {wn} are any given three sequences in E. Then {xn} is called the

Noor-type iterative sequence with errors for three sequences of uniformly quasi-Lipschitzian

mappings Ti, Ri and Si with i = 1, 2, ....

If en = 1 (dn = ln = 0) for all n ≥ 1 and Ri = I (the identity mapping on E) for all

i ≥ 1 in (1.2), then the sequence {xn} defined by (1.2) can be written as follows:

(1.3)

 xn+1 = W (xn, T
n
n yn, un;αn, βn, γn),

yn = W (xn, S
n
nxn, vn; an, bn, cn), n = 1, 2, ...

which is the Ishikawa-type iterative sequence with errors considered in [5]. Further, if

en = bn = 1 (dn = ln = 0, an = cn = 0) for all n ≥ 1 and Ri = Si = I for all i ≥ 1, then

(1.2) reduces to the following Mann-type iterative sequence with errors:

(1.4) xn+1 = W (xn, T
n
n yn, un;αn, βn, γn), n = 1, 2, ....
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Lemma 1. [7]Let the nonnegative sequences {an}, {bn} and {δn} satisfy that

an+1 ≤ (1 + δn)an + bn, n = 1, 2, ..

and
∞∑
n=1

bn <∞,
∞∑
n=1

δn <∞.

Then

(i) limn→∞ an exist;

(ii) if lim infn→∞ an = 0, then limn→∞ an = 0.

Lemma 2. Let (X, d) be a convex metric space and E be a nonempty subset of X.

Ti, Ri, Sİ : E → E be uniformly quasi-Lipschitzian mappings with Li > 0, L
′
i > 0 and

L”
i > 0, respectively, i = 1, 2, ... such that F = (∩∞i=1F (Ti))∩ (∩∞i=1F (Ri))∩ (∩∞i=1F (Si)) 6=

∅. If {Li},
{
L
′
i

}
and

{
L”
i

}
are bounded, then there exists a constant L ≥ 0 such that

d(T ni x, p) ≤ Ld(x, p), d(Rn
i x, p) ≤ Ld(x, p) and d(Sni x, p) ≤ Ld(x, p)

for all x ∈ E, p ∈ F and n = 1, 2, ....

Proof. For each n = 1, 2, ... and i = 1, 2, ... we have

d(T ni x, p) ≤ Lid(x, p) ≤ Ld(x, p), ∀x ∈ E, p ∈ F ,

d(Rn
i x, p) ≤ Lid(x, p) ≤ Ld(x, p), ∀x ∈ E, p ∈ F ,

d(Sni x, p) ≤ Lid(x, p) ≤ Ld(x, p), ∀x ∈ E, p ∈ F ,

where L = max
{

supi≥1 {Li} , supi≥1
{
L
′
i

}
, supi≥1

{
L”
i

}}
.This completes proof. �

Lemma 3. Let E be a nonempty closed convex subset of complete convex metric space X.

Let Ti, Ri, Sİ : E → E be uniformly quasi-Lipschitzian mappings with Li > 0, L
′
i > 0 and

L”
i > 0, respectively,i = 1, 2, .... Suppose that F = (∩∞i=1F (Ti))∩(∩∞i=1F (Ri))∩(∩∞i=1F (Si))

is nonempty and bounded. Let {xn} be a sequence defined by (1.2), in which {un}, {vn}
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and {wn} are three bounded sequences. Let {αn}, {βn}, {γn}, {an}, {bn}, {cn}, {dn},

{en}, {ln} be sequences in [0, 1] with

αn + βn + γn = an + bn + cn = dn + en + ln = 1,∀n ≥ 1 and
∞∑
n=1

(βn + γn) <∞.

If {Li},
{
L
′
i

}
and

{
L”
i

}
are bounded, then

(i) for any p ∈ F and n = 1, 2, ...

(1.5) d(xn+1, p) ≤
[
1 + βnL

2(1 + L)
]
d(xn, p) +M0ηn

where L = max
{

supi≥1 {Li} , supi≥1
{
L
′
i

}
, supi≥1

{
L”
i

}}
, ηn = βn + γn.and M0 =

supp∈F ,n≥1 {d(un, p) + Ld(vn, p) + L2d(wn, p)} ,

(ii) for any p ∈ F and n = 1, 2, ...

(1.6) d(xn+m, p) ≤M1d(xn, p) +M0M1

n+m−1∑
k=n

ηk

where M1 = e
L2(1+L)

∞∑
k=1

βk
.

Proof. (i) For any p ∈ F , it follows from (1.1), (1.2),Lemma 1 and Lemma 2 that

d(xn+1, p) = d(W (xn, T
n
n yn, un;αn, βn, γn), p)

≤ αnd(xn, p) + βnd(T nn yn, p) + γnd(un, p)

≤ αnd(xn, p) + βnLd(yn, p) + γnd(un, p),(1.7)

d(yn, p) = d(W (Rn
nxn, S

n
nzn, vn; an, bn, cn), p)

≤ and(Rn
nxn, p) + bnd(Snnzn, p) + cnd(vn, p)

≤ anLd(xn, p) + bnLd(zn, p) + cnd(vn, p)(1.8)

and

d(zn, p) = d(W (Snnxn, R
n
nxn, wn; dn, en, ln), p)

≤ dnd(Snnxn, p) + end(Rn
nxn, p) + lnd(wn, p)

≤ dnLd(xn, p) + enLd(xn, p) + lnd(wn, p),(1.9)
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Substituting (1.9) into (1.8) and simplifying it, we have

d(yn, p) ≤ anLd(xn, p) + bnL [dnLd(xn, p) + enLd(xn, p) + lnd(wn, p)]

+cnd(vn, p)

= anLd(xn, p) + bnL [(dn + en)d(xn, p) + lnd(wn, p)]

+cnd(vn, p)

≤ anLd(xn, p) + bnL [Ld(xn, p) + lnd(wn, p)] + cnd(vn, p)

= (an + bnL)Ld(xn, p) + bnlnLd(wn, p) + cnd(vn, p)

≤ L(1 + L)d(xn, p) + Ld(wn, p) + d(vn, p)(1.10)

By using (1.7) and (1.10) we obtain

d(xn+1, p) ≤ αnd(xn, p) + βnL [L(1 + L)d(xn, p) + Ld(wn, p) + d(vn, p)]

+γnd(un, p)

≤ (αn + βnL
2(1 + L))d(xn, p) + βnL

2d(wn, p) + βnLd(vn, p)

+γnd(un, p)

≤ (1 + βnL
2(1 + L))d(xn, p)

+
[
d(un, p) + Ld(vn, p) + L2d(wn, p)

]
(βn + γn)

≤ (1 + βnL
2(1 + L))d(xn, p) +M0ηn

and so (1.5) holds.
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(ii) It is well known that 1 + x ≤ ex for all x ≥ 0. Using this fact, for any p ∈ F and

m,n ≥ 1, it follws from (1.5) that

d(xn+m, p) ≤
[
1 + βn+m−1L

2(1 + L)
]
d(xn+m−1 , p) +M0ηn+m−1

≤ eβn+m−1L2(1+L)d(xn+m−1, p) +M0ηn+m−1

≤ eβn+m−1L2(1+L)
[
1 + βn+m−2L

2(1 + L)d(xn+m−2, p) +M0ηn+m−2
]

+M0ηn+m−1

≤ e(βn+m−1+βn+m−2)L2(1+L)d(xn+m−2, p) +M0 [ηn+m−2 + ηn+m−1]

...

≤ M1d(xn, p) +M1M0

n+m−1∑
k=n

ηk

where M1 = e
L2(1+L)

∞∑
k=1

βk
and so (1.6) holds. This completes proof. �

2. Main results

Theorem 1. Let E be a nonempty closed convex subset of complete convex metric space

X. Let Ti, Ri, Si : E → E be uniformly quasi-Lipschitzian mappings with Li > 0, L
′
i > 0

and L”
i > 0, respectively, i = 1, 2, .... Suppose that F = (∩∞i=1F (Ti)) ∩ (∩∞i=1F (Ri)) ∩

(∩∞i=1F (Si)) is nonempty and bounded. Let {xn} be a sequence defined by (1.2), in which

{un}, {vn} and {wn} are three bounded sequences. Let {αn}, {βn}, {γn}, {an}, {bn},

{cn}, {dn}, {en}, {ln} be sequences in [0, 1] with

αn + βn + γn = an + bn + cn = dn + en + ln = 1,∀n ≥ 1 and
∞∑
n=1

(βn + γn) <∞.

If {Li},
{
L
′
i

}
and

{
L”
i

}
are bounded, then {xn} converges to a common fixed point of

p ∈ F if and only if

lim inf
n→∞

d(xn,F) = 0,

where d(x,F) = inf {d(x, p) : p ∈ F} .
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Proof. The necessity of the conditions is obvius. Thus, we only need to prove the suffi-

ciency. By Lemma 3 (i), we have

(2.1) d(xn+1, F ) ≤
[
1 + βnL

2(1 + L)
]
d(xn, p) +M0ηn, n ≥ 1.

Since
∞∑
n=1

ηn =
∞∑
n=1

(βn + γn) <∞,

it follows from (2.1) and Lemma 1 that limn→∞ d(xn,F) exists. Now lim infn→∞ d(xn,F) =

0 implies that limn→∞ d(xn,F) = 0.

Next we prove that {xn} is a Cauchy sequence in E. For any ε > 0, there exists a

positive integer N0 such that, for all n ≥ N0,

d(xn,F) ≤ ε

4M1

,
∞∑

n=N0

ηn ≤
ε

4M0M1

.

Particularly, there exists a p1 ∈ F and a positive integer N1 > N0 such that

(2.2) d(xN1 , p1) ≤
ε

4M1

For any positive integers n,m with n ≥ N1, by (2.2) and Lemma 3 (ii), we have

d(xn+m, xn) ≤ d(xn+m, p1) + d(p1, xn)

≤ M1d(xN1 , p1) +M1M0

n+m−1∑
k=N1

ηk +M1d(xN1 , p1)

+M1M0

n−1∑
k=N1

ηk

≤ 2M1
ε

4M1

+ 2M1M0
ε

4M0M1

= ε.

This implies that {xn} is a Cauchy sequence in a nonempty closed convex subset E of a

complete convex metric space X. Let limn→∞ xn = p∗ ∈ E.

Finally, we show that p∗ ∈ F . To this end, we only need to prove that F is closed

because

d(p∗,F) = lim
n→∞

d(xn,F) = 0.
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Let pn ∈ F be sequence such that limn→∞ pn = p′. We show that p′ ∈ F . In fact, for any

i = 1, 2, ....

d(p′, Tip
′) ≤ d(p′, pn) + d(pn, Tip

′)

= d(p′, pn) + d(Tipn, Tip
′)

≤ d(p′, pn) + Ld(pn, p
′)

and this implies that

d(p′, Tip
′) = 0, i = 1, 2, ...

Thus, p′ ∈ F and so F is closed. This completes the proof. �

Taking en = 1, ∀n ≥ 1 and Ri = I ∀i ≥ 1 in Theorem 1, then we have the following

theorem.

Theorem 2. Let E be a nonempty closed convex subset of complete convex metric space

X. Let Ti, Sİ : E → E be uniformly quasi-Lipschitzian mappings with Li > 0 and L
′
i

> 0, respectively, i = 1, 2, .... Suppose that F = (∩∞i=1F (Ti)) ∩ (∩∞i=1F (Si)) is nonempty

and bounded. Let {xn} be a sequence defined by (1.3), in which {un} and {vn} are two

bounded sequences. Let {αn}, {βn}, {γn}, {an}, {bn}, {cn} be sequences in [0, 1] with

αn + βn + γn = an + bn + cn = 1,∀n ≥ 1 and
∞∑
n=1

(βn + γn) <∞.

If {Li} and
{
L
′
i

}
are bounded, then {xn} converges to a common fixed point of p ∈ F if

and only if

lim inf
n→∞

d(xn,F) = 0.

Taking en = bn = 1, ∀n ≥ 1 and Ri = Si = I, ∀i ≥ 1, in Theorem 1, then we have the

following theorem.

Theorem 3. Let E be a nonempty closed convex subset of complete convex metric space

X. Let Ti : E → E be uniformly quasi-Lipschitzian mappings with Li > 0, i = 1, 2, ....

Suppose that F = ∩∞i=1F (Ti) is nonempty and bounded. Let {xn} be a sequence defined by
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(1.4), in which {un} is bounded sequence. Let {αn}, {βn} and {γn} be sequences in [0, 1]

with

αn + βn + γn = 1,∀n ≥ 1 and
∞∑
n=1

(βn + γn) <∞.

If {Li} is bounded, then {xn} converges to a common fixed point of p ∈ F if and only if

lim inf
n→∞

d(xn,F) = 0.

Similarly, we can obtain the following result.

Corollary 1. Let E be a nonempty closed convex subset of complete convex metric space

X. Let Ti, Ri, Sİ : E → E be asymptotically quasi-nonexpansive mappings with kn(i),

k′n(i) and k′′n(i), respectively, i = 1, 2, .... Suppose that F = (∩∞i=1F (Ti)) ∩ (∩∞i=1F (Ri)) ∩

(∩∞i=1F (Si)) is nonempty and bounded. Let {xn} be a sequence defined by (1.2), in which

{un}, {vn} and {wn} are three bounded sequences. Let {αn}, {βn}, {γn}, {an}, {bn},

{cn}, {dn}, {en}, {ln} be sequences in [0, 1] with

αn + βn + γn = an + bn + cn = dn + en + ln = 1,∀n ≥ 1 and
∞∑
n=1

(βn + γn) <∞.

If supi≥1
{
kn(i)

}
<∞, supi≥1

{
k′n(i)

}
<∞ and supi≥1

{
k′′n(i)

}
<∞, then {xn} converges

to a common fixed point of p ∈ F if and only if

lim inf
n→∞

d(xn,F) = 0,

where d(x,F) = inf {d(x, p) : p ∈ F} .

Proof. Since Ti, Ri, Sİ : E → E are asymptotically quasi-nonexpansive mappings with

kn(i), k
′
n(i) and k′′n(i), respectively, we know that

lim
n→∞

kn(i) = lim
n→∞

k′n(i) = lim
n→∞

k′′n(i) = 1

for i = 1, 2, .... It follows from the supi≥1
{
kn(i)

}
<∞, supi≥1

{
k′n(i)

}
<∞ and supi≥1

{
k′′n(i)

}
<

∞ that

Li = sup
n≥1

{
kn(i)

}
, L

′

i = sup
n≥1

{
k′n(i)

}
and L”

i = sup
n≥1

{
k′′n(i)

}
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are bounded. Thus, Ti, Ri, Sİ : E → E are uniformly quasi-Lipschitzian mappings with

Li > 0, L
′
i > 0 and L”

i > 0, respectively, i = 1, 2, .... Now Theorem 1 shows that Theorem

1 is true. This completes the proof. �

Remark 1. Theorems 1–2 generalize, improve, and unify some corresponding results in

[3], [4] and [5].
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