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Abstract. We consider a new Noor-type iterative procedure with errors for approximating the common
fixed point of three infinite families of uniformly quasi-Lipschitzian mappings in convex metric spaces.
Under appropriate conditions, some convergence theorems are proved. The results presented in this paper

extend, improve and unify some main results in previous work.
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1. INTRODUCTION AND PRELIMINARIES

Takahashi [1] introduced the concept of convex metric space which is a more general
space and each linear normed space is a special case of a convex metric space. In 2005, Tian
[2] gave some sufficient and necessary conditions such that the Ishikawa iteration sequence
for an asymptotically quasi-nonexpansive mapping to converge to a fixed point in convex
metric spaces. In 2009, Wang and Liu [3] gave some sufficient and necessary conditions for
an Ishikawa iteration sequence with errors to approximate a common fixed point of two
uniformly quasi-Lipschitzian mappings in convex metric spaces. Recently, Chang et al.
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[4] and Liu et al. [5] gave some sufficient and necessary conditions for Ishikawa iteration
process with errors to approximate common fixed points of infinite families of uniformly
quasi-Lipschitzian mappings in convex metric spaces. Later on, many authors discussed
the existence of the fixed point and the convergence of the iterative processes for finite
and infinite families of asymptotically quasi-nonexpansive mappings and uniformly quasi-
Lipschitzian mappings in convex metric spaces (see, for example, [8-13] and the references
therein).
First of all, let us list some definitions and notations.
Let (X,d) be a metric space. A mapping T : X — X is called asymptotically nonex-

pansive if there exists k, € [1,00), lim,_, k, = 1, such that
d(T"z, T"y) < kyd(z,y)

forall z,y € X. Let F(T)={x € X : Tx = z}. if F(T) # &, then T is called asymptot-

ically quasi-nonexpansive if there exists &, € [1,00), lim, o k, = 1, such that
d(T"x,p) < knd(z, p)

for all x € X and p € F(T). Moreover, it is uniformly quasi-Lipschitzian if there exists
L > 0 such that

d(T"x,p) < Ld(z,p)

for all z € X and p € F(T'). From the above definitions, if F/(T) # @, it follows that
an asymptotically nonexpansive mapping must be asymptotically quasi-nonexpansive,
and an asymptotically quasi-nonexpansive mapping must be uniformly quasi-Lipschitzian
(L = sup,>; {kn} < oo). However, the inverse does not hold. In recent years, asymptoti-
cally nonexpansive mappings and asymptotically quasi-nonexpansive mappings have been

studied by many authors.

Definition 1. [6]Let (X,d) be a metric space, I = [0,1], {an}, {b.}, {c.} be a real
sequences in [0, 1] with a,+b,+c, = 1. A mapping W : X3xI® — X is said to be a conver

structure on X if it satisfies the following conditions: For any (x,y, 2, Gy, by, ¢n) € X3x13
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and u € X,
(1.1) AW (z,y, 2, ap, b,y ), u) < apd(z,u) + byd(y, u) + cpd(z,w)

if (X, d) is a metric space with a convex structure W, then (X, d) is called a convex metric

space.

Definition 2. [6]Let (X, d) be a convex metric space. A nonempty subset E of X is said
to be convex if W (z,y,z;a,b,¢) € E, for all (z,y,z,a,b,c) € E3x [0, 1]3 with a+b+c = 1.

Definition 3. Let (X,d) be a convex metric space with a convex structure W : X3 x
[0.1]> - X and E be a nonempty convex subset of X. T;, R;,S; : E — E be uniformly
quasi-Lipschitzian mappings with sequences L; L} and L respectively, i = 1,2,3,.... Let

{an}, {Bn}, {1}, {an}, {bn}, {cn}, {dn}, {en}, {ln} be nine sequences in [0, 1] with
O‘n_’_ﬁn_’_’}/n:an"f_bn"_cn:dn+€n+ln: 1, n = 1,2,....
For any given x1 € E, define a sequence {x,} by:
Tn+1 = W<mm Tr?ym Un; Oy B, 'Vn)a
(12) yn - W<szn;ngnpvn;anabnacn)v
2n = W(SIay, Ry, wp; dy, en, 1), n=1,2, ...
where {u,}, {v,} and {w,} are any given three sequences in E. Then {x,} is called the

Noor-type iterative sequence with errors for three sequences of uniformly quasi-Lipschitzian

mappings T;, R; and S; with i =1,2,....

Ife,=1(d,=1,=0)forall n > 1 and R; = I (the identity mapping on E) for all
i > 11n (1.2), then the sequence {z,} defined by (1.2) can be written as follows:

Tp+1 = w megymun;anaﬁm n)s
(1.3) + ( Vn)
Yn = W(l’n, ngna Un; Qn, bna Cn)7 n = 17 27
which is the Ishikawa-type iterative sequence with errors considered in [5]. Further, if

en=b,=1(d,=1,=0,a,=c,=0)foralln>1and R; = 8; =1 for all i > 1, then

(1.2) reduces to the following Mann-type iterative sequence with errors:

(1.4) Tpt1 = W(xp, T Yy U Oy By Yn), = 1,2, ...
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Lemma 1. [7]Let the nonnegative sequences {a,}, {b,} and {3, } satisfy that
an1 < (14 6,)an + by, n=1,2,..

and

ibn < 00, ién < 00.
n=1 n=1
Then

(i) lim, o0 ay, exist;

(ii) if liminf, . a, = 0, then lim,_, a, = 0.

Lemma 2. Let (X,d) be a conver metric space and E be a nonempty subset of X.
T, R;,S;  E — E be uniformly quasi-Lipschitzian mappings with L; > 0, L; > 0 and
L; > 0, respectively, i = 1,2, ... such that F = (N2, F(T;)) N (NE, F(R)) N (NZ L F(S;)) #
0. If {L;}, {L;} and {LZ} are bounded, then there exists a constant L > 0 such that

d(T)'z,p) < Ld(z,p), d(R}x,p) < Ld(x,p) and d(S}'z,p) < Ld(z,p)
forallze E,pe Fandn=1,2,...

Proof. For each n =1,2,... and 7 = 1, 2, ... we have

d(T'x,p) < Lid(z,p) < Ld(z,p), Yz € E, p € F,
d(Riw,p) < Lid(x,p) < Ld(x,p), Vx € E, pe F,

d(Si'z,p) < Lid(r,p) < Ld(z,p), Vo € E, pe F,

where L = max {sup;s; {L;},sup;»; {L;} ,sup,~; {L; } }.This completes proof. O

Lemma 3. Let E be a nonempty closed convex subset of complete convex metric space X .
Let T;, R;, S} : E — E be uniformly quasi-Lipschitzian mappings with L; > 0, L; >0 and
L; > 0, respectively,i = 1,2, .... Suppose that F = (N2, F(T;))N(NZ, F(R))N(NZ, F(S;))

is nonempty and bounded. Let {x,} be a sequence defined by (1.2), in which {u,}, {v.}
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and {w,} are three bounded sequences. Let {a,}, {Bn}, {m}, {an}, {00}, {cn}, {dn},
{en}, {ln} be sequences in [0, 1] with

ap+ Bp+Y=ap, +b,+c¢,=d,+e,+1,=1,Yn>1 and Z(ﬁn—i—%)<oo.

n=1
If{L;}, {L;} and {L;} are bounded, then
(i) for anyp € F andn =1,2, ...

where L = max {SUpizl {Li},sup;> {L;} » SUP;>1 {Lz}} s N = P+ Yn-and My =
SUPpe 7 n>1 1d(Un, p) + Ld(vn, p) + L2d(wy,p)},
(i) for anyp € F andn =1,2, ...

n+m—1
(1.6) d(Tnm,p) < Myd(zn,p) + MMy >
k=n
L2(140) S° 8
where M, = ¢ =

Proof. (i) For any p € F, it follows from (1.1), (1.2),Lemma 1 and Lemma 2 that

d(Tpt1,p) = AW (zn, T7 Yn, Un; Oy By V), D)
< and(Tn, p) + Bud(T3Yn, ) + Ynd(un, p)

(1.7) < and(Tn, p) + BnLd(Yn, p) + Vnd(Un, p),

IN

and(R! Ty, ) + byd(S) 20, D) + cnd(vn, D)

(1.8)

IN

anLd(zy,p) + by Ld(zn, p) + cnd(vn, p)
and

d(zn,p) = d(W(Sana szna Wn; dna €n, ln)ap)

IA

dnd( S}, p) + end(Ry2n, p) + lyd(wn, p)

(1.9)

IN

dnLd(zy,, p) + en Ld(zy, p) + ld(wy,, p),
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Substituting (1.9) into (1.8) and simplifying it, we have

d(Yn,p) <

IN

(1.10)

IN

anLd(xy,,p) + b, L [d, Ld(x,, p) + en Ld(2y, p) + Lyd(wy,, p)]
+cnd(vy, p)

anLd(xy,p) + b, L [(d,, + e,)d(zy, p) + Lyd(wy, p)]
+c,d(vy, p)

an Ld(zy, p) + by L [Ld(2y, p) + ld(wy, p)| + cnd(vy, p)

(an, + b, L)Ld(2y, p) + byly Ld(w,, p) + cud(v,, p)

L(1 + L)d(xmp) + Ld(wmp) + d(vmp)

By using (1.7) and (1.10) we obtain

IN

d(xn+17p)

IN

IN

IN

and so (1.5) holds.

and(, p) + P L[L(1 4 L)d(zn, p) + Ld(wn, p) + d(vn, p)]
+md(un, p)

(et + BuL?(1 + L))d(24, p) + B L?d(wp, p) + BuLd (v, p)
+Ynd(tn, p)

(1+ BuL*(1 + L))d(wn, p)

+ [d(un, p) + Ld(vn, p) + L?d(wn, p)] (Bn + )

(14 B L?(1 + L))d(xn, p) + Mo,
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(ii) It is well known that 1+ x < e” for all x > 0. Using this fact, for any p € F and
m,n > 1, it follws from (1.5) that

d($n+map) < [1 + Bn+mflL2(1 + L)} d(xn+m—17p) + Monnym—1

S 65"+m*1L2(1+L)d<In+m—lvp) + Monn—&-m—I

IN

eBntm—1L?(14+L) [1 + 6n+m—2L2(1 + D)d(Tpim_s,p) + MOTIn-i—m—Q}

+M0nn+m—1

IN

n+m—1

Myd(z,p) + MiMy > 1k
k=n

IN

08

L2(1+L)

B
where M = ¢ k

" and so (1.6) holds. This completes proof. O

2. MAIN RESULTS

Theorem 1. Let E be a nonempty closed convex subset of complete convexr metric space
X. Let T, R;, S; : E — E be uniformly quasi-Lipschitzian mappings with L; > 0, L; >0
and L; > 0, respectively, i = 1,2,.... Suppose that F = (N, F(T;)) N (N2, F(R;)) N
(N2, F(S;)) is nonempty and bounded. Let {x,} be a sequence defined by (1.2), in which
{un}, {vn} and {w,} are three bounded sequences. Let {c,}, {Bn}, {1}, {an}, {bn},
{en}, {dn}, {en}, {ln} be sequences in [0, 1] with

O+ Bt V=0, +b,+c,=d,+e,+1,=1,Yn>1 and Z(Bn+7n)<oo.

n=1
If {L;}, {L;} and {Ll} are bounded, then {x,} converges to a common fized point of
p € F if and only if

liminf d(z,, F) = 0,

n—oo

where d(z, F) = inf {d(z,p) : p € F}.
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Proof. The necessity of the conditions is obvius. Thus, we only need to prove the suffi-

ciency. By Lemma 3 (i), we have

(2.1) d(@ps1, F) < [1+ B, L2(1 4 L)] d(2p, p) + Mon, n > 1.
Since
n=1 n=1

it follows from (2.1) and Lemma 1 that lim,,_, d(x,,, F) exists. Now liminf,, . d(z,, F) =
0 implies that lim,, . d(z,, F) = 0.
Next we prove that {z,} is a Cauchy sequence in E. For any € > 0, there exists a

positive integer Ny such that, for all n > Ny,

00
9 £

) N < .
4M, ~ AMy M,

n=INo

d(x,, F) <

Particularly, there exists a p; € F and a positive integer N; > N, such that

(22) d(x]\h:pl) S 4M1

For any positive integers n, m with n > Nj, by (2.2) and Lemma 3 (ii), we have

IN

d(xn—i—mypl) + d(pla xn)
n+m—1

Myd(zx,,pr1) + MMy Y mp + Myd(zy,, p1)

k=N1

d(xn+m7 :L'n)

IN

n—1
+M Mo Y g
k=N1

g g
IM, M,
4M, +2ih Y4 My M,

IN

2M,

This implies that {z,} is a Cauchy sequence in a nonempty closed convex subset F of a
complete convex metric space X. Let lim,,_,, z, = p* € E.
Finally, we show that p* € F. To this end, we only need to prove that F is closed

because

d(p*, F) = lim d(z,,F) =0.

n—oo
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Let p, € F be sequence such that lim,, ., p, = p’. We show that p’ € F. In fact, for any
1=1,2,....

A, Tip") < dp',pn) + d(pn, Tip')
= d<p/7pn)+d(ﬂpmﬂp/)
< d(p',pn) + Ld(py,p')

and this implies that
d(p, Tp) = 0,i=1,2,...

Thus, p’ € F and so F is closed. This completes the proof. O

Taking e, = 1, Vn > 1 and R; = I Vi > 1 in Theorem 1, then we have the following

theorem.

Theorem 2. Let E be a nonempty closed convex subset of complete convexr metric space
X. Let T;,S; : E — E be uniformly quasi-Lipschitzian mappings with L; > 0 and L;
> 0, respectively, i = 1,2,.... Suppose that F = (N2, F(T;)) N (N2, F(S;)) is nonempty
and bounded. Let {x,} be a sequence defined by (1.3), in which {u,} and {v,} are two
bounded sequences. Let {an}, {Bn}, {}, {an}, {00}, {cn} be sequences in [0, 1] with

p + B+ Vo =ay, +b, +¢,=1,Yn>1 and Z(ﬁn+’yn)<oo.

n=1
If {L;} and {L;} are bounded, then {x,} converges to a common fixed point of p € F if

and only if
lim inf d(z,, F) = 0.

n—oo

Taking e,, = b, =1,Vn>1and R; = S5; = I, Vi > 1, in Theorem 1, then we have the

following theorem.

Theorem 3. Let E be a nonempty closed convexr subset of complete conver metric space
X. Let T; : E — E be uniformly quasi-Lipschitzian mappings with L; > 0, 1 = 1,2, ....
Suppose that F = N2, F(T;) is nonempty and bounded. Let {x,} be a sequence defined by
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(1.4), in which {u,} is bounded sequence. Let {c,}, {Bn} and {v,} be sequences in [0, 1]
with

Gt Y = 1,V 2 1 and. Y (B + ) < 00

n=1

If {L;} is bounded, then {x,} converges to a common fized point of p € F if and only if

lim inf d(z,, F) = 0.

n—oo

Similarly, we can obtain the following result.

Corollary 1. Let E be a nonempty closed convex subset of complete convexr metric space
X. Let T;,R;,S; : E — E be asymptotically quasi-nonexpansive mappings with k),
Ky and k., respectively, i = 1,2, ... Suppose that F = (M2 F(T;)) N (N2, F(R;)) N
(N2, F(S;)) is nonempty and bounded. Let {x,} be a sequence defined by (1.2), in which

{un}, {vn} and {w,} are three bounded sequences. Let {c,}, {Bn}, {1}, {an}, {bn},
{cn}, {dn}, {en}, {l.} be sequences in [0,1] with

A+ B+ V=0, +b,+c,=d,+e,+1,=1,Yn>1 and Z(ﬂn+7n)<oo.

n=1

If sup;sq {kn@) } < 00, sup;>; {k;(i)} < 00 and sup;s; {k;’(i)} < 00, then {x,} converges
to a common fixed point of p € F if and only if

lim inf d(z,, F) = 0,

n—oo

where d(z, F) = inf {d(z,p) : p € F}.

Proof. Since T;, R;,S; : £ — E are asymptotically quasi-nonexpansive mappings with

kniy, K, ) and kz(i), respectively, we know that

n—oo n—00 n—oo

fori =1,2,.... It follows from the sup;>; {kn()} < 00, sup;>; {k;(i)} < oo and sup;s, {k;{(i)} <
oo that

Li = sup {kugy } , Ly = sup {k) } and Li = sup {k; }
n>1 n>1 nzl
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are bounded. Thus, T}, R;, S} : £ — E are uniformly quasi-Lipschitzian mappings with

L; >0, L; > 0 and L; > 0, respectively, i = 1,2, .... Now Theorem 1 shows that Theorem

1 is true. This completes the proof. O

Remark 1. Theorems 1-2 generalize, improve, and unify some corresponding results in

3], [4] and [5].
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