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Abstract. In present paper, we prove some common fixed point theorems for expansive type mappings
which is defined in [2] for rational inequality in 2-Banach space. Our theorems are extension of various

results of literature ([9],[10],[15]) in 2-Banach spaces.
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1. Introduction

The research about fixed points of expansive mapping was initiated by Machuca (see
[7]). Later Jungck discussed fixed points for other forms of expansive mapping (see [6]).
In 1982, Wang et al. (see [16]) presented some interesting work on expansive mappings
in metric spaces which correspond to some contractive mapping in [13]. Also, Zhang has
done considerable work in this field. In order to generalize the results about fixed point
theory, Zhang (See [18]) published his work Fixed Point Theory and Its Applications,
in which the fixed point problem for expansive mapping is systematically presented in a

chapter. As applications, he also investigated the existence of solutions of equations for
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locally condensing mapping and locally accretive mapping. On the other hand Gahler
([3],[4]) investigated the idea of 2-metric and 2-Banach spaces and proved same result-
s. Subsequently several authors including Iseki [5], Rhoades [11], White [17], Panja and
Baisnab [8] and Saha et al [14] studied various aspects of the fixed point theory and proved
fixed point theorems in 2-metric spaces and 2-Banach spaces. Recently, the study about
fixed point theorem for expansive mapping is deeply explored and has extended too many
others directions. Motivated and inspired by the above work, in this paper we investigate
fixed point of expansive mappings for rational inequality in 2-Banach spaces. The pre-
sented theorems extend and improve many existing results of the literature ([9],[10],[15])

in 2-Banach space.

2. Preliminaries

Definition 2.1. Let X be a real linear space and || .,. || be a non-negative real valued
function defined on X x X satisfying the following conditions:
i) ||z,y|l =0 if and only if x and y are linearly dependent in X,

i) [z, yll = [ly, 2| forallz,y € X
i) [lz, ayll =[ a | [z, yl|  a being real, z,y € X

) [lz,y + 2l = llz,yll + llz, 2| for all x,y,z € X
Then || .,. || is called a 2-norm and the pair (X,|| .,. ||) is called a linear 2-normed

space.

Some of the basic properties of 2-norms are that they are non negative satisfying

|z, y + az|| = ||z, y||, for all z,y € X and all real numbers a.

Definition 2.2. A sequence {x,} in a linear 2-normed space (X, || .,. ||) is called Cauchy

sequence if

lim || zpm —2n,y||=0 forallyin X.

m,n— 00
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Definition 2.3. A sequence {x,} in a linear 2-normed space (X, || .,. ||) is said to be

convergent if there is a point x in X such that
lim ||z, —z,y||=0 forally in X.
n—o0

If {x,} converges to x, we write {x,} — = asn — oo.

Definition 2.4. A linear 2-normed space X is said to be complete if every Cauchy

sequence 1s convergent to an element of X. We then call X to be a 2- Banach space.

Definition 2.5. Let X be a 2-Banach space and T be a self-mapping of X. T 1is said
to be continuous at x if for every sequence {x,} in X, {x,} — = as n — oo implies

{T(z,)} = T(z) as n — o0 .

Example 2.6. Let X is R® and consider the following 2-norm on X as

ik
%y [l =|det | z x5 a3 )
Yo Y2 Y3
where x = (x1,x2,23) and y = (y1,y2,y3). Then (X,| .,. ) is a 2-Banach space.

Example 2.7. Let P, denotes the set of all real polynomials of degree < n, on the
interval [0,1]. By considering usual addition and scalar multiplication, P, is a linear
vector space over the reals. Let {xy, T1,.......... , Ton } be distinct fized points in [0,1] and
define the following 2-norm on Py:|| f,9 llI= ity | f(zx) glzx) |, whenever f and g are
linearly independent and || f,g ||= 0, if f, g are linearly dependent. Then (P,,| .,.|) is

a 2-Banach space.

Example 2.8. Let X is Q3, the field of rational number and consider the following
2-norm on X as:
7k
[ x,y |l =|det | z; 2 x5 5

Y Y2 Y3
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where © = (x1, x9,x3) and y = (Y1,Y2,y3). Then (X,| .,. ||) is not a 2-Banach space but

a 2-normed space.

Definition 2.9. Let (X, || .,.||) be a 2-Banach space with 2-norm || .,. || . A mapping T

of X into itself is said to be expansive if there exists a constant h > 1 such that

|| Tl’—Ty,CLHZthL’—y,CLH fOT all ZE,yEX

Example 2.10. Let X = R? and consider the following 2-norm on X as || z,y || =
| £1y2 — z2y1 | where x = (x1,22) and y = (y1,y2). Then (X, || .,. ||) is a 2-Banach space.
Define a self map T on X as follows Tx = Sx where 8 > 1 for all x € X, clearly T is an

eTpansive mapping.
3. Main results

The following theorem is an extension of theorem 3 of Popa. V [10]

Theorem 3.1. Let (X,| .,. ||) be a 2-Banach space and S,T be surjective mappings of

X into itself such that for every x,y,a € X,

a1 [llz—S.all [z—y.all +ly—Ty.al |z—y.al | +b1l|le—Sz.al ly—Ty.al +e1lle—y.al]

| Sz —Ty,a > (3.1)

|z—Sz,all+|y—Ty,all+[z—y,al

with x # y, where ay,by,¢1 > 0 2a; +by +c¢1 > 3, and ¢y > 1. Then S and T have a

common unique fixed point in X .

Proof: We define a sequence {z,} as follows for n =0,1,2,3, ...

Ton = S$2n+1, Ton4+1 = Tx2n+2 (3-2)

If 29, = Topt1 = Xopio for some n then we see that zo, is a fixed point of S and T

Therefore, we suppose that no two consecutive terms of sequence {x,} are equal.
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Now consider
||$2n - I2n+1,(1|| = ||S$2n+1 - T$2n+2;a||

a1 |:||x2n+1—5902n+1,aH |lz2n4+1—T2n42,0|+]|z2nt2—TT2n+2,a ||562n+1—x2n+27a||:|

= |z2n+1—ST2n+1,a|+||z2n+2—Tx2n+2,0]+||T2n+1—T2n+2,a]|

| |@2nt2 — Txony2, all + c1]|Tons1 — Tanta, al?
||962n+1 - 5$2n+1, a|| + ||CU2n+2 — T2, a|| + ||$2n+1 — Tan+2, Cl||

bl“-’ﬂ2n+1 — STopt1,a

a1[ || Ton+1 — Ton, A || || Ton+1 — Tan+2,Q || + || Ton+2 — Lon+1, @ || || Ton+1 — Ton+2, 0 || ]

| Zons1 — Ton, a || + || Tons2 — Tont1, @ || + || T2nt1 — Tong2, a ||

by H Ton+1l — Lon, @ H H Ton+2 — Top+1, 0 H +c1 H Ton+1 — Ton42, 0 HQ

| Tont1 — Ton, a || + || Zons2 — Tont1, @ || + || Tant1 — Tonio, a ||

1| 220 = waner, || [ @2n1 = om0 | 42 [ 22001 = a2, | |
> ar| || @an1 = @200 ||| 201 = Tanizs @ | + | 2ot = 2ams2a ||| 201 = wansnia ]|
+ 01 || Zang1 = Ton, a || | Tang1 = Tapga, a || 1 || Tapp1 — Tonya, a |
= #on — ani1,a |2 42 || 220 — Toni1, @ ||, | T2041 — Tanga, @ |
2| Zons1 = Tant2, @ || (2a1 + b1 + er) min{|| 220 — Tops1,a | || Z2na1 — Tont2, a ||}
= 220 = Tong1, 0 P2 Topi1 — Tanso,a || (201 + by + 1 — 2) min{|| w9, — oppr,a ],

|| Ton+1 — Ton+2, 0 ||}

Case I

=|| 2n — Toni1,a ||2Z (2a1 + by + 1 — 2) || Zopt1 — Tont2, @ ||2

1
(201 + by + 1 — 2

= Zanir — Tansz,a |1 5 e = 2o
= Tont1 — Tont2, a [|[< k1 || on — Tony1, a ||

1

Where/ﬁ:[ ]§<1(As 2a1 + by +¢; > 3)

1
(2a1+b1+c1—2)

Similarly we can calculate
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=|| Tonto — Tonts, @ || < Ky || Tons1 — Tango, a ||

[SIE

where k; = [ <1 and soon

1
(2a14+b1+c1-2) ]

Case 11

=|| z2n — Tont1, 0 H2Z (2a1 + b1 + 1 — 2) || Tans1 — Tonyo, a || || xon — Tony1,a ||

1
(2a1—|—b1+01—2

=|| Tant1 — Tonta,a ||< )] | T2 — Tony1,a ||

=|| Tont1 — Toni2, a ||< ke || zon — Tant1, a ||
where ]{52 = [WM} < 1(148 2@1 + bl +c > 3)

Similarly we can calculate

:>H Ton4+2 — To2n+3, A HS Ko H Tont1 — Toapt2,0 H
where k2 = [WM} <1 and so on

So, in general

| 2 — Tps1, a0 ||< k|| 2pey —xp,a || forn=1,23..
where k = max{ky, k2} then k < 1

= 2 = gy, a [[K R [ 20 — 21,0

Now, we shall prove that {z,} is a Cauchy sequence. For this, for every positive integer

p we have,

| %0 — Tpip, a || S|l 2 — Tpgrsa || + || Togr — Togo,a ||+ + || Tnap-1 — Toips a ||
< (K" + BT 4 BT + K" || 2o — 2,0 ||

=k"(1+k+k+ ... + kY || 20 — 21, a ||
kn

1%

H Lo — T1,a H
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as n — 090, || Ty, — Tpip, a [|[— 0, it follows that {z,} is a Cauchy sequence in X. So there

exists a point £ in X such that
{z,} > ras n— (3.3)

Existence of fixed point: Since S and T are surjective maps and hence there exist two

points y and y’ in C such that
r=Syandxz =Ty (3.4)

Consider,
| 22 — x,a || =[] S2p41 = TY ,a |
ar| || wan1 = Seanisa | + 1y =Tyl | | w2nis —o/,a |
| T2nt1 — Swontr,a || + |y =Ty, a || + || 22011 — Vs a ||
b1 || @2n41 — Sxonir,a |1y =Ty a || +e || 201 — ¥ a |?
| Zont1 = Swopyr,a ||+ | =Ty, a || + || 22041 — ¥ a |

a1 | |z2nt1—zon,all +ly' =Ty sall | |z2n+1—y ,all+b1 |z2n+1—z2n.all |y =Ty al+eilleznr1—y' al|?

z2n+1—22n.al+ly' =Ty ,al+|z2n+1—-y" all

As {x9,} and {x9,,1} are subsequences of {x,} as n — oo, {xe,} — z, {T2n11} —

(Using 3)
Therefore
a1 [Ilw—%al\ +lly'—z.all | lz=y" all+b1llz—zall [y —z,all+cilla—y al? .
o=z alz Fe=alF Ty —al o=l (Using 3.4]
02 J@+a) |y —nal
= z—v,al=0(asa +c >1)
=z=1 (3.5)
In an exactly similar way we can prove that,
r=y (3.6)

The fact (3.4) along with (3.5) and (3.6) shows that z is a common fixed point of S and T'.
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Uniqueness: Let z be another common fixed point of S and T, that is

Sz=zand Tz =z (3.7)

|z —=2al=|Sz—=Tza]

a1 | [lz—Sz,af| llzfz,allJrllszz,allfoz,all} +b1llz—Sz.al [|2—Tzal+e1||lz—2,al?

= |lz—Sz,a||+||z—Tza||+||x—z,al|
>|z—zal*>c ||z—20al?

= (1-c¢)l|z—za|*>0
=|z—zal*=0 (asc >1)

=r=z

This completes the proof of the theorem 3.1.

The following theorem is an example in which fixed point is not unique and it extend the

theorem 3 of [15] in 2-Banach spaces.

Theorem 3.2. Let (X, || .,.||) be a 2-Banach space and S, T' be surjective mappings of
X into itself satisfying.

B a1||z—Swal| |2 —y,al+b1[ly—Ty.al lz—y,al+c1 |o—Sz,a |ly—Ty,a|
I Sz =Ty, a |z o—Sw,al[+ly—Ty,a] (3.8)

for every x,y € X and || x — Sz || + || y — Ty ||# 0 Where a;,cp > 0, by > 0 and
a1+ by +cp >2. Then S and T have a common fixed point in X.

Proof: The proof of this theorem is similar to the proof of the theorem 3.1.

Theorem 3.3. Let (X, || .,.||) be a 2-Banach space and S, T be surjective mappings of
X into itself such that for every x,y,a € X satisfying

a |z —Sz,a|lly—Ty,a|

| Sz —Ty,a | >
||x—y,a||

+ou| [z =Szall+y—Tyal

tallz—yal (3.9)
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with x #y Where a;,by >0, ¢y > 1. Then S and T have a common unique fized point in

X.

Proof: The proof of this theorem is similar to the proof of the theorem 3.1 and it extend

our own theorem 3.3 of [9] in 2-Banach space.
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