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Abstract. In this paper, we study the development of efficient iterative algorithm for finding a common solution

to monotone inclusion problems and fixed point problems in real Hilbert spaces. These problems arise naturally in

optimization, equilibrium modeling, signal processing, and other applied fields. We propose a doubly accelerated

forward-backward algorithm with a viscosity term, combining inertial techniques and extragradient steps to en-

hance convergence speed and stability. The proposed algorithm relaxes restrictive assumptions on the underlying

operators and guarantees strong convergence under mild conditions. Extensive numerical experiments illustrate

the effectiveness and superiority of our method compared to existing approaches.
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1. INTRODUCTION

In this paper, we are concerned with the development of efficient iterative algorithms for

solving the common solution of monotone inclusion problems (MIP) and fixed point problems

(FPP) in real Hilbert spaces. Let H be a real Hilbert space endowed with inner product 〈·, ·〉
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and the induced norm ‖ · ‖.

We first consider the classical monotone inclusion problem (MIP), which seeks a point

p ∈ H such that

0 ∈ (E +F)p,

where E : H → H is a monotone operator and F : H → 2H is a maximal monotone operator.

The solution set of this problem is denoted by (E +F)−1(0). This problem provides a unify-

ing framework for a wide variety of models arising in applied mathematics, including convex

minimization, variational inequalities, equilibrium problems, signal and image processing, split

feasibility problems, and DC programming; see, for example, [5, 4]. Due to its broad appli-

cability, the monotone inclusion problem has been extensively studied, and numerous iterative

methods have been proposed for its solution.

One of the most classical methods for solving MIP is the forward-backward algorithm (FBA),

which generates a sequence {vk} by

vk+1 = (I +λkF)−1(I−λkE)vk,

where I is the identity operator and λk > 0 is a step size. The operator (I−λkE) is the forward

step, while (I +λkF)−1 is the backward (resolvent) step. Although widely studied [6, 7, 8], the

classical FBA requires E to be inverse strongly monotone, which can be restrictive in practice.

This limitation motivated the development of alternative approaches, including extragradient

methods, Tseng-type splitting methods, and hybrid projection algorithms [10, 11, 12, 13].

Takahashi et al. [2] proposed an iterative scheme under restrictive conditions on the control

parameters:

vk+1 = αku+(1−αk)JµkB
(
vk−µkAvk

)
, ∀k ≥ 1,(1)

where A is a k-inverse strongly monotone mapping. They proved strong convergence assuming

sequences {αk} and {µk} satisfy classical summability and boundedness conditions.

Later, Tseng [9] relaxed the strong cocoercivity requirement by introducing the Tseng split-

ting method:
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v1 ∈ H,

yk = JλkB(vk−λkAvk),

vk+1 = yk−λk(Ayk−Avk),

(2)

where A is monotone and Lipschitz continuous. Despite its significance, this method suffers

from weak convergence and step-size dependence on the Lipschitz constant.

In the Hilbert space setting, Thong and Vinh [26] proposed a modified inertial forward-

backward splitting with a viscosity term for approximating a common solution of MIP and

the fixed point problem of a nonexpansive mapping T . Similarly, Olakoya et al. [1] devel-

oped a viscosity-inertial algorithm with self-adaptive step size for solving MVIP constrained by

common fixed point problems of strict pseudocontractions. These methods combine forward-

backward splitting, extragradient steps, and inertial effects to accelerate convergence while

maintaining strong convergence guarantees.

Let S : H → H be a nonlinear mapping. The fixed point problem (FPP) seeks p ∈ H such

that p = Sp. Fixed point problems play a central role in nonlinear analysis, optimization, and

modeling. Classical iterative schemes include Picard, Mann [14], and Ishikawa [15] iterations,

along with their numerous modifications. Over the years, significant progress has been made

in establishing weak and strong convergence results for nonexpansive and pseudocontractive

mappings.

Recently, increasing attention has been devoted to finding a common solution to both MIP

and FPP [16, 17, 18]:

p ∈ (A+B)−1(0)∩Fix(T ),

where Fix(T ) denotes the set of fixed points of T . This framework unifies multiple constraints,

providing a powerful modeling tool for real-world problems in optimization, signal processing,

game theory, and inverse problems.

To enhance efficiency and convergence speed, inertial techniques inspired by Polyak’s heavy-

ball method [19] have been widely incorporated. Inertial algorithms introduce momentum terms

of the form

ak = vk +βk(vk− vk−1),
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where {βk} is a sequence of inertial parameters, often leading to significantly faster conver-

gence. Some recent results on inertial-type algorithms can be found in [27, 28].

Motivated by these developments, this paper proposes new doubly accelerated forward-

backward algorithms with viscosity for approximating the common solution of MIP and FPP.

Our methods relax restrictive assumptions on the underlying operators while achieving faster

convergence. We provide convergence analysis and numerical experiments demonstrating the

effectiveness and superiority of the proposed schemes compared to existing methods.

The remainder of the paper is organized as follows. Section 2 introduces necessary prelimi-

naries and definitions related to monotone operators and fixed point theory. Section 3 presents

the proposed algorithms along with detailed convergence analysis. Section 4 provides numeri-

cal experiments illustrating the performance of the algorithms. Finally, Section 5 concludes the

paper and discusses possible directions for future research.

2. PRELIMINARIES

In this section, we present some lemmas and definitions that will be useful in this research. The

strong convergence and weak convergence of sequences are denoted by→ and ⇀, respectively.

Definition 2.1. Let H be a real Hilbert space. Then the operator S : H→ H is said to be:

(i) L-Lipschitz continuous on H, if a constant L > 0 exists such that

‖Su−Sv‖ ≤ L‖u− v‖, ∀u,v ∈ H;

(ii) α-co-coercive (or inverse strongly monotone), if there exists α > 0 such that

〈Su−Sv,u− v〉 ≥ α‖Su−Sv‖, ∀u,v ∈ H;

(iii) α-strongly monotone, if there exists α > 0 such that

〈Su−Sv,u− v〉 ≥ α‖a−b‖2, ∀u,v ∈ H;

(iv) monotone, if

〈Su−Sv,u− v〉 ≥ 0, ∀u,v ∈ H.
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Definition 2.2. Let C be a nonempty subset of a real Hilbert space H and F : H → 2H

be a multivalued mapping. Then the graph and domain of the mapping F are defined by

Graph(F)={(a,b) : a ∈ H,b ∈ Fa} and Dom(F)={a ∈ H : Fa 6= /0}, respectively. The mapping

F is called

(i) monotone, if

〈a−b,u− v〉 ≥ 0,∀a,b ∈ H,u ∈ Fa,v ∈ Fb;

(ii) maximally monotone, if F is monotone and for any (a,u) ∈ H×H, we have

〈a−b,u− v〉 ≥ 0,∀(b,v) ∈ Graph(F) =⇒ (a,u) ∈ Graph(F).

The resolvent mapping of a maximally monotone operator F , JF
δ

: H → H is defined by

JF
δ
= (I +δF)−1, where δ > 0 and I stand for the identity operator on H.

It is well known that for each u ∈ F , a unique closest point PCu in C exists such that

‖u−PCu‖ ≤ ‖u− v‖, ∀v ∈C.

PC is known as the metric projection of H on C and it is important to note that the mapping PC

is nonexpansive and fulfills the inequality

d = PCu ⇐⇒ 〈u−d,d− v〉 ≥ 0,∀v ∈C.

To know more about the properties of PC, see [22].

Let H be a real Hilbert space and f : H→ (−∞,+∞) be a function, the proximal mapping of

f is defined by

prox f (a) = argminv∈H{ f (v)+
1
2
‖v−a‖2},∀a ∈ H.

We define the subdifferential of f at a as

∂ f (a) = {z ∈ H : f (b)− f (a)≥ 〈z,b−a〉,∀b ∈ H}.

The cone NC(a) of C at a is given as
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NC(a) =


{b ∈ H : 〈b,d−a〉 ≤ 0,∀d ∈C}, if a ∈C

/0 otherwise.
(3)

The indicator function ∂C(a) of C at a is defined by

∂C(a) =


0, if a ∈C

∞ otherwise.
(4)

Lemma 2.1. [23] If H is a real Hilbert space and the operator M : H → H is monotone and

continuous on H. Then M is a maximally monotone operator.

Lemma 2.2. [23] If H is a real Hilbert space and the operators M,F : H → H are maximally

monotone H with Dom(F) = H. Then M+F is also maximally monotone.

Lemma 2.3. Let H be a real Hilbert space. Then for every u,v ∈ H and c ∈ R, we have

(i) ‖u+ v‖2 ≤ ‖u‖2 +2〈v,u+ v〉;

(ii) ‖u+ v‖2 = ‖u‖2 +2〈u,v〉+‖v‖2;

(iii) ‖cu+(1− c)v‖2 = c‖u‖2 +(1− c)‖v‖2− c(1− c)‖u− v‖2.

Lemma 2.4. [24] Let {ρk} and {σk} be two non-negative real sequences satisfying

ρk+1 ≤ ρk +σk, ∀k ≥ 1.

Suppose ∑
∞
k=1 σk < ∞, then limk→∞ ρk exists.

Lemma 2.5. [25] Let {uk} be a sequence of non-negative real numbers such that

uk+1 ≤ (1−νk)uk +νkvk, ∀k ≥ 1,

where {νk} ⊂ (0,1) with ∑
∞
k=0 νk = ∞. If limsup

m→∞

vk ≤ 0 for every subsequence {uk j} of {uk},

the following inequality hold:

liminf
k→∞

(uk j+1−uk j)≥ 0,

Then lim
k→∞

uk = 0.
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3. MAIN RESULTS

In this section, we present our method and establish its strong convergence results in real Hilbert

spaces. We start with the following assumption under which our strong convergence results will

be established:

Assumption 3.1.

(A1) The operator E : H →H is monotone and L-Lipschitz continuous, and F : H → 2H is

maximal monotone.

(A2) The solution set is denoted by Ω = Fix(S)∩ (E +F)−1(0) 6= /0.

(A3) The mapping S : H →H is η–demimetric such that I−S is demiclosed at zero.

(A4) The mapping f : H →H is a contraction with contraction constant κ ∈ [0,1).

(A5) Let {αk} ⊂ (0,1), {βk}, {γk} ⊂ [a,b] ⊂ (0,1) such that αk + βk + γk = 1, lim
k→∞

αk = 0,
∞

∑
k=1

αk = ∞ and lim
k→∞

εk
αk

= 0 = lim
k→∞

ξk
αk

, where {εk} and {ξk} are positive real sequences

(A6) pk ⊂ [0,∞) with ∑
∞
k=0 pk < ∞.

Algorithm 3.2.

Initialization: Choose φ ≥ 3, ψ > 0, λ1 > 0 and µ ∈ (0,1). Let v0,v1 ∈H and set k = 1.

Iterative Steps: Calculate vk+1 as follows:

Step 1: Given the iterates vk−1 and vk (k ≥ 1), choose φk and ψk such that φk ∈ [0, φ̄k]

and ψk ∈ [0, ψ̄k], where

φ̄k =


min

{
k−1

k+φ−1 ,
εk

‖vk−vk−1‖

}
, if vk 6= vk−1,

k−1
k+φ−1 , otherwise.

(5)

ψ̄k =


min

{
ψ, ξk
‖vk−vk−1‖

}
, if vk 6= vk−1,

ψ, otherwise.
(6)
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Step 2: Set

ak = vk +φk(vk− vk−1),(7)

bk = vk +ψk(vk− vk−1),(8)

and compute

ck = (I +λkF)−1(I−λkE)ak.(9)

If ck = ak, then stop (ck is a solution to MVIP). Else, proceed to Step 3.

Step 3: Compute

vk+1 = αk f (bk)+βk(ck +λk(Eak−Eck))+ γkS(ck +λk(Eak−Eck))(10)

Update

λk+1 =


min

{
µ‖ak−ck‖
‖Eak−Eck‖ ,λk + pk

}
, if Eak 6= Eck,

λk + pk, otherwise.

(11)

Put k := k+1 and return to Step 1.

Lemma 3.3. ([3]) Let {λk} be the sequence generated by (11). Then

lim
k→∞

λk = λ ∈
[
min

{
λ1,

µ

L

}
, λ1 + p

]
,

where

p =
∞

∑
k=1

pk < ∞.

Moreover,

‖Eak−Eck‖ ≤
µ

λk+1
‖ak− ck‖.

Remark 3.4.

We observe from (5), (6) and Assumption (A5) that

lim
k→∞

φk‖vk− vk−1‖= lim
k→∞

ψk‖vk− vk−1‖= 0
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and

lim
k→∞

φk

αk
‖vk− vk−1‖= lim

k→∞

ψk

αk
‖vk− vk−1‖= 0.

Lemma 3.5. Let vk be a sequence defined by Algorithm 3.2, suppose Assumption 3.1 holds.

Then, ∀ p ∈Ω, we obtain the following inequality

(12) ‖hk− p‖2 ≤ ‖ak− p‖2− (1−µ
2 λ 2

k

λ 2
k+1

)‖ck−ak‖2.

Proof. From (10), let hk = ck +λk(Eak−Eck). Then, we have

‖hk− p‖2 = ‖ck +λk(Eak−Eck)− p‖2

= ‖ck− p‖2 +λ
2
k ‖Eak−Eck‖2 +2λk〈ck− p,Eak−Eck〉

= ‖ck−ak +ak− p‖2 +λ
2
k ‖Eak−Eck‖2 +2λk〈ck− p,Eak−Eck〉

= ‖ck−ak‖2 +‖ak− p‖2 +2〈ck−ak,ak− p〉+λ
2
k ‖Eak−Eck‖2

+2λk〈ck− p,Eak−Eck〉

= ‖ck−ak‖2 +‖ak− p‖2 +λ
2
k ‖Eak−Eck‖2 +2〈ck−ak,ck− p〉+ 〈ck−ak,ak− ck〉

+2λk〈Eak−Eck, p− ck〉

= ‖ck−ak‖2 +‖ak− p‖2 +λ
2
k ‖Eak−Eck‖2 +2〈ck−ak,ck− p〉−2‖ck−ak‖2〉

+2λk〈Eak−Eck, p− ck〉

= ‖ak− p‖2−‖ck−ak‖2 +λ
2
k ‖Eak−Eck‖2−2〈ak− ck−λk(Eak−Eck),ck− p〉

≤ ‖ak− p‖2− (1−µ
2 λ 2

k

λ 2
k+1

)‖ck−ak‖2−2〈ak− ck−λk(Eak−Eck),ck− p〉.(13)

Next, we prove that

(14) 〈ak− ck−λk(Eak−Eck),ck− p〉 ≥ 0.

From (9), we have (I− λkE) ∈ (I + λkF)ak. Due to maximal monotonicity of F , there exist

gk ∈ Fck, such that the following,

(I−λkE)ak = ck +λkgk



10 A.E. OFEM, S.P. MOSHOKOA, M.C. KEKANA

which means

(15) gk = λ
−1
k (ak− ck−λkEak).

We have 0 ∈ (E +F)p, from the definition of p. Since Eck + gk ∈ (E +F)gk and (E +F) is

maximal monotone, we obtain

(16) 〈Eck +gk,ck− p〉 ≥ 0.

Combining (15) and (16), we have

λ
−1
k 〈ak− ck−λkEak +λkEck,ck− p〉 ≥ 0.

This means that (14) holds. By (13) and (14), we obtain

‖hk− p‖2 ≤ ‖ak− p‖2− (1−µ
2 λ 2

k

λ 2
k+1

)‖ak− ck‖2.

Lemma 3.6. Suppose that Assumption 3.1 holds and vk is the sequence defined by Algorithm

3.2. Then, {vk} is bounded.

Thus, from (12), we have

(17) ‖hk− p‖ ≤ ‖ak− p‖.

Proof. Now, since limk→∞

(
1− µ2λ 2

k
λ 2

k+1

)
= 1− µ2 > 0. Hence, there exists k0 ∈ N such that

1− µ2λ 2
k

λ 2
k+1

> 1−µ2

2 > 0, ∀k ≥ k0.

From (7), we have

‖ak− p‖= ‖vk +φk(vk− vk−1)− p‖

≤ ‖vk− p‖+φk‖vk− vk−1‖

≤ ‖vk− p‖+αk
φk

αk
‖vk− vk−1‖.(18)

From Remark 3.4, we have φk
αk
‖vk− vk−1‖ → 0 as k→ ∞. Thus, there exist a constant M1 such

that

(19)
φk

αk
‖vk− vk−1‖ ≤M1,∀ k ≥ 1.
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Combining (17), (18) and (19), we obtain

(20) ‖hk− p‖ ≤ ‖ak− p‖ ≤ ‖vk− p‖+αkM1, ∀ k ≥ k0.

Also from (8), we obtain the following

‖bk− p‖= ‖vk +ψk(vk− vk−1)− p‖

≤ ‖vk− p‖+ψk‖vk− vk−1‖

≤ ‖vk− p‖+αk
ψk

αk
‖vk− vk−1‖.(21)

From Remark 3.4, we have ψk
αk
‖vk− vk−1‖ → 0 as k→ ∞. Thus, there exist a constant M2 such

that

(22)
ψk

αk
‖vk− vk−1‖ ≤M2, ∀ k ≥ 1.

Combining (21) and (22), we have

(23) ‖bk− p‖ ≤ ‖vk− p‖+αkM2, ∀ k ≥ k0.

Since hk = ck +λk(Eak−Eck). Then from the definition of vk+1, we have

‖vk+1− p‖= ‖αk f (bk)+βkhk + γkShk− p‖

= ‖αk( f (bk)− p)+βk(hk− p)+ γk(Shk− p)‖

≤ αk‖( f (bk)− f (p)+ f (p)− p)‖+βk‖hk− p‖+ γk‖Shk− p‖

≤ αk‖ f (bk)− f (p)‖+αk‖ f (p)− p‖+βk‖hk− p‖+ γk‖Shk− p‖

≤ αkκ‖bk− p‖+αk‖ f (p)− p‖+βk‖hk− p‖+ γk‖Shk− p‖

≤ αkκ‖bk− p‖+αk‖ f (p)− p‖+(1−αk)‖hk− p‖.(24)

Substitute (23) and (20) into (24), we obtain

‖vk+1− p‖ ≤ αkκ(‖vk− p‖+αkM2)+αk‖ f (p)− p‖+(1−αk)(‖vk− p‖+αkM1)

= (1− (1−κ)αk)‖vk− p‖+α
2
k M2 +αk(1−αk)M1 +αk‖ f (p)− p‖

≤ (1− (1−κ)αk)‖vk− p‖+α
2
k M2 +αkM1 +αk‖ f (p)− p‖
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≤ (1− (1−κ)αk)‖vk− p‖+αkM3 +αk‖ f (p)− p‖

≤ (1− (1−κ)αk)‖vk− p‖+αk(1−κ)
M3 +‖ f (p)− p‖

1−κ

≤max {‖vk− p‖, M3 +‖ f (p)− p‖
1−κ

}

≤ ...

≤max {‖vk− p‖, M3 +‖ f (p)− p‖
1−κ

}, ∀ k > k0,

where M3 = M1 +M2. This means that {vk} is bounded. It follows that {ak},{bk},{hk} and

{ck} are also bounded.

Lemma 3.7. Suppose {ak} and {ck} are sequences generated by Algorithm 3.2. Let {akn} and

{ckn} be subsequences of {ak} and {ck} respectively. If akn ⇀ p∗ ∈H and lim
k→∞
‖akn−ckn‖= 0,

then p∗ ∈ (E +F)−1(0).

Proof. Suppose (x,y) ∈ G(E + F), this means y− Ex ∈ Fx. From (9) we know that ckn =

(I +λknF)−1 (I−λknE)akn . This implies that (I−λknE)akn ∈ (I +λknF)ckn. It follows that

λ
−1
kn

(akn− ckn−λknEakn) ∈ Fckn.

Since F is maximal monotone we get

〈x− ckn,y−Ex−λ
−1
kn

(akn− ckn−λknEakn)〉 ≥ 0,

or equivalently,

〈x− ckn,y〉−〈x− ckn,Ex+λ
−1
kn

(akn− ckn−λknEakn)〉 ≥ 0.

This with the monotonicity of E yields

〈x− ckn,y〉 ≥ 〈x− ckn,Ex+λ
−1
kn

(akn− ckn−λknEakn)〉

= 〈x− ckn,Ex−Eakn〉+ 〈x− ckn,λ
−1
kn

(akn− ckn)〉

= 〈x− ckn,Ex−Eckn〉+ 〈x− ckn,Eckn−Eakn〉+ 〈x− ckn,λ
−1
kn

(akn− ckn)〉

≥ 〈x− ckn,Eckn−Eakn〉+ 〈x− ckn,λ
−1
kn

(akn− ckn)〉.
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Due to the fact that lim
n→∞
‖akn− ckn‖= 0 and E is the Lipschitz continuous, we get lim

k→∞
‖Eakn−

Eckn‖= 0. Since lim
k→∞

λk = λ > 0, we conclude that

lim
n→∞
〈x− ckn,y〉= 〈x− p∗,y〉 ≥ 0,

alongside with the maximal monotonicity of E +F yields p∗ ∈ (E +F)−1(0).

Lemma 3.8. Suppose Assumption 3.1 holds and vk is the sequence defined by Algorithm 3.2.

Then, the following inequality holds for all p ∈Ω and k ∈ N :

‖vk+1− p‖2 ≤ (1− (1−κ)αk‖vk− p‖2 +(1−κ)αk)[
2

1−κ
〈 f (p)− p,vk+1− p〉

+
3M4

1−κ
.
φk

αk
‖vk− vk−1 +

3M5

1−κ
.
ψk

αk
‖vk− vk−1‖] ∀ k ≥ k0.

Proof. Indeed from (5) and (7), we obtain

‖ak− p‖2 = ‖vk +φk(vk− vk−1)− p‖2

= ‖vk− p‖2 +φ
2
k ‖vk− vk−1‖2 +2φk〈vk− p,vk− vk−1〉

≤ ‖vk− p‖2 +φ
2
k ‖vk− vk−1‖2 +2φk‖vk− p‖‖vk− vk−1‖(25)

Also, from (6) and (8), we have

‖bk− p‖2 = ‖vk +ψk(vk− vk−1)− p‖2

= ‖vk− p‖2 +ψ
2
k ‖vk− vk−1‖2 +2ψk〈vk− p,vk− vk−1〉

≤ ‖vk− p‖2 +ψ
2
k ‖vk− vk−1‖2 +2ψk‖vk− p‖‖vk− vk−1‖(26)

Now, from (25), (26), (20), (10), and Lemma 2.3 we have

‖vk+1− p‖2 = ‖αk f (bk)+βkhk + γkShk− p‖2

= ‖αk( f (bk)− p)+βk(hk− p)+ γk(Shk− p)‖2

= ‖αk( f (bk)− f (p))+βk(hk− p)+ γk(Shk− p)+αk( f (p)− p)‖2

≤ ‖αk( f (bk)− f (p))+βk(hk− p)+ γk(Shk− p)‖2 +2αk〈 f (p)− p,vk+1− p〉

≤ αk‖ f (bk)− f (p)‖2 +βk‖hk− p‖2 + γk‖Shk− p‖2 +2αk〈 f (p)− p,vk+1− p〉
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≤ αkκ
2‖bk− p‖2 +βk‖hk− p‖2 + γk‖hk− p‖2 +2αk〈 f (p)− p,vk+1− p〉

≤ αkκ‖bk− p‖2 +βk‖hk− p‖2 + γk‖hk− p‖2 +2αk〈 f (p)− p,vk+1− p〉

= αkκ‖bk− p‖2 +(1−αk)‖hk− p‖2 +2αk〈 f (p)− p,vk+1− p〉

≤ αkκ‖bk− p‖2 +(1−αk)‖ak− p‖2 +2αk〈 f (p)− p,vk+1− p〉.(27)

≤ αkκ{‖vk− p‖2 +2φk‖vk− p‖‖vk− vk+1‖+φ
2
k ‖vk− vk−1‖2}

+(1−αk){‖vk− p‖2 +2ψk‖vk− p‖‖vk− vk+1‖ψ2
k ‖vk− vk−1‖2}

2αk〈 f (p)− p,vk+1− p〉(28)

= (1− (1−κ)αk)‖vk− p‖2 +(1−κ)αk
2

1−κ
〈 f (p)− p,vk+1− p〉

+φk‖vk− vk−1‖[2‖vk− p‖+φk‖vk− vk−1]

+ψk‖vk− vk−1‖[2‖vk− p‖+ψk‖vk− vk−1]

≤ (1− (1−κ)αk‖vk− p‖2 +(1−κ)αk)[
2

1−κ
〈 f (p)− p,vk+1− p〉

+
3M4

1−κ
.
φk

αk
‖vk− vk−1‖+

3M5

1−κ
.
ψk

αk
‖vk− vk−1‖] ∀ k ≥ k0,(29)

where M4 = sup
k∈N
{‖vk− p‖,φ‖vk− vk−1‖} and M5 = sup

k∈N
{‖vk− p‖,ψ‖vk− vk−1‖}.

Lemma 3.9. Suppose that Assumption 3.1 is fulfilled and {vk} is the sequence generated by

Algorithm 6. Then, the following inequality holds:

(30)

(1−αk)(1−µ
λ 2

k

λ 2
k+1

)‖ck−ak‖2+βkγk‖hk−Shk‖2 ≤ ‖vk− p‖2−‖vk+1− p‖2+αkM9 ∀ k≥ k0.

Proof. Indeed, from (20), we have

‖ak− p‖2 ≤ (‖vk− p‖+αkM1)
2

= ‖vk− p‖2 +αk(2M1‖vk− p‖+αkM2
1).(31)

From the boundedness of {vk}, we infer that a constant M6 > 0 exist, such that 2M1‖vk− p‖+

αkM2
1 ≤M6. Therefore, (30) becomes

(32) ‖ak− p‖2 ≤ ‖vk− p‖2 +αkM6.
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Also, from (23), we have

‖bk− p‖2 ≤ (‖vk− p‖+αkM2)
2

= ‖vk− p‖2 +αk(2M2‖vk− p‖+αkM2
2).(33)

From the boundedness of {vk}, we infer that a constant M7 > 0 exist, such that 2M1‖vk− p‖+

αkM2
2 ≤M7. Therefore, (22) becomes

(34) ‖bk− p‖2 ≤ ‖vk− p‖2 +αkM7.

Now, from (33) and Lemma 2.3, we have

‖vk+1− p‖2 = ‖αk f (bk)+βkhk + γkShk− p‖2

= ‖αk( f (bk)− p)+βk(hk− p)+ γk(Shk− p)‖2

≤ αk‖( f (bk)− p)‖2 +βk‖hk− p‖2

+ γk‖Shk− p‖2−βkγk‖hk−Shk‖2

≤ αk(‖ f (bk)− f (p)‖+‖ f (p)− p‖)2 +βk‖hk− p‖2

+ γk‖Shk− p‖2−βkγk‖hk−Shk‖2

≤ αk(κ‖bk− p‖+ f (p)− p‖)2 +βk‖hk− p‖2

+ γk‖Shk− p‖2 +βkγk‖hk−Shk‖2

≤ αk(κ
2‖bk− p‖2 +2κ‖bk− p‖‖ f (p)− p‖+‖ f (p)− p‖2)

+(1−αk)‖hk− p‖2−βkγk‖hk−Shk‖2

≤ αk‖bk− p‖2 +2‖bk− p‖‖ f (p)− p‖+‖ f (p)− p‖2

+(1−αk)‖hk− p‖2−βkγk‖hk−Shk‖2.(35)

Since {bk} is bounded, it follows that a constant M8 > 0 exist, such that 2‖bk− p‖‖ f (p)− p‖+

‖ f (p)− p‖2 ≤M8. Therefore, (35) becomes

(36) ‖vk+1− p‖2 ≤ αk‖bk− p‖2 +(1−αk)‖hk− p‖2−βkγk‖hk−Shk p‖2 +αkM8.
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Substituting (12) into (36), we obtain

‖vk+1− p‖2 ≤ αk‖bk− p‖2 +(1−αk)‖ak− p‖2

− (1−ak)(1−µ
2 λ 2

k

λ 2
k+1

)‖ck−ak‖2−βkγk‖hk−Shk p‖2 +αkM8.(37)

Putting (32) and (34) into (37)

‖vk+1− p‖2 ≤ αk(‖vk− p‖2 +αkM7)+(1−αk)(‖vk− p‖2 +αkM6)

− (1−ak)(1−µ
2 λ 2

k

λ 2
k+1

)‖ck−ak‖2−βkγk‖hk−Shk‖2 +αkM8

≤ ‖vk− p‖2− (1−αk)(1−µ
2 λ 2

k

λ 2
k+1

)‖ck−ak‖2−βkγk‖hk−Shk‖2

+αkM7 +αkM6 +αkM8(38)

This implies that

(1−αk)(1−µ
2 λ 2

k

λ 2
k+1

)‖ck−ak‖2+βkγk‖hk−Shk‖2≤‖vk− p‖2−‖vk+1− p‖2+αkM9, ∀ k≥ k0,

where M9 = M6 +M7 +M8 > 0.

Theorem 3.10. Assume that Assumption (3.1) holds. Then the sequence {vk} generated by

Algorithm (3.2) converges to p in the norm, where p = PΩ ◦ f (p).

Proof. Now, we shows that {‖vk− p‖2} converges to zero. Clearly, by Lemma 2.5, it is suffi-

cient to show that limsup
n→∞

〈 f (p)− p,vkn+1− p〉 ≤ 0 for every subsequence {‖vkn− p‖} of {‖vk−

p‖} satisfying liminf
k→∞

(‖vkn+1− p‖−‖vkn−p‖) ≥ 0. For the reason of this analysis, we assume

that {‖vkn− p‖} is a subsequence of {‖vk− p‖} such that liminf
n→∞

(‖vkn+1− p‖−‖vkn− p‖)≥ 0.

Then

liminf
n→∞

(‖vkn+1− p‖2−‖vkn− p‖2)= liminf
k→∞

[(‖vkn+1− p‖−‖vkn− p‖)(‖vkn+1− p‖−‖vkn− p‖)]≥ 0.

From (30) and the assumption (3.1) (A5), we deduce

limsup
n→∞

[(1−αkn)(1−µ
λ 2

kn

λ 2
kn+1

)‖ckn−akn‖
2 +βknγkn‖hkn−Shkn‖

2]

≤ limsup
n→∞

[‖vkn− p‖2−‖vkn+1− p‖2 +αknM9]≤ 0.
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It follows that

(39) lim
n→∞
‖akn− ckn‖= 0,

and

(40) lim
n→∞
‖hkn−Shkn‖= 0.

Since hkn = ckn +λkn(Eakn−Eckn), we have

(41) hkn− ckn = λkn(Eakn−Eckn).

Now, from (11), we have

(42) ‖Eakn−Eckn‖ ≤ µ
‖akn− ckn‖

λkn+1
, ∀ n ∈ N.

We observe that (42) holds if Eakn 6= Eckn Thus, combing (41) and (42), we obtain

‖hkn− ckn‖ ≤ λkµ
‖akn− ckn‖

λkn+1
.

Due to (39) and (3.3), we have that

(43) ‖hkn− ckn‖→ 0 as n→ ∞.

Also, using (10), we have

(44) ‖vkn+1−hkn‖ ≤ αk‖ f (bkn)−hkn‖+βk‖hkn−hkn‖+ γkn‖Shkn−hkn‖.

Since limαkn = 0, then using (40), we have

(45) lim
n→∞
‖vkn+1−hkn‖= 0.

Using (7) and Assumption (3.1) (A5), we have

‖akn− vkn‖= φkn‖vkn− vkn−1‖

= αkn

φkn

αkn

‖vkn− vkn−1‖→ 0 as n→ ∞.(46)

Next, observe that

(47) ‖vkn+1− vkn‖ ≤ ‖vkn+1−hkn‖+‖hkn− ckn‖+‖ckn−akn‖+‖akn− vkn‖.
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Using (39),(43),(45) and (46), we obtain

(48) lim
n→∞
‖vkn+1− vkn‖= 0.

Now, we have

‖ckn− vkn‖ ≤ ‖ckn−hkn‖+‖hkn− vkn+1‖+‖vkn+1− vkn‖→ 0 as n→ ∞.(49)

Since {vk} is bounded, then ωw(vk) is nonempty. Let p∈ωw(vk) be an arbitrary element. Then,

there exists a subsequence {vkn} of {vk} such that

vkn ⇀ p as n→ ∞.

By (46), we have

akn ⇀ p as n→ ∞.

Now, by invoking Lemma (3.7) and applying (49), we have

p ∈ (A+B)−1(0).(50)

Moreover, by (3) and (49), we have

ckn ⇀ p as n→ ∞ and hkn ⇀ p as n→ ∞.

Since I−S is demiclosed at zero, we have

p ∈ Fix(S).(51)

Since p ∈ ωw(vk) is arbitrary, it follows from (50) and (51) that

ωw(vk)⊂Ω.

Moreover, by the boundedness of {vkn}, there exists a subsequence {vkn j
} of {vkn} such that

vkn j
⇀ v†

and

lim
j→∞
〈 f (v̄)− v̄,vkn j

− v̄〉= limsup
n→∞

〈 f (v̄)− v̄,vkn− v̄〉.

Since v̄ = PΩ ◦ f (v̄), it follows that

limsup
n→∞

〈 f (v̄)− v̄,vkn− v̄〉= lim
j→∞
〈 f (v̄)− v̄,vkn j

− v̄〉= 〈 f (v̄)− v̄,v†− v̄〉 ≤ 0.(52)
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From (47) and (52), we get

limsup
n→∞

〈 f (v̄)− v̄,vkn+1− v̄〉= limsup
n→∞

〈 f (v̄)− v̄,vkn− v̄〉= 〈 f (v̄)− v̄,v†− v̄〉 ≤ 0.(53)

Applying Lemma 2.5 to (29), and using (53) together with the fact in Remark 3 and

limk→∞ αk = 0,we obtain

lim
k→∞
‖vk− v̄‖= 0.

as required. �

4. NUMERICAL EXPERIMENTS

In this section, we present some numerical experiments to illustrate the performance of our

method, Algorithm 3.2 (OMMM Alg), in comparison with Algorithms (1.1), Algorithm (1.2),

Algorithm 1 of Thong and Vinh (TV Alg, for short), Algorithm 3.2 Alakoya et al. [1] (AOM

Alg, for short). All numerical computations were carried out using MATLAB version R2019(b).

In our computations, we choose αk =
1

2k+1 , εk = ξk =
1

(2k+1)3 , γk = ξk =
1
2 (1−αk) ,φ =

0.88, ψ = 0.55, λ1 = 2.8, µ = 0.56, Sv = 6
5v, T v = 3

7v, f (v) = 1
2v.

Example 4.1. Let H = R, the set of all real numbers with the inner product defined by

〈u,v〉= uv, ∀u,v ∈ R,

and the induced norm | · |. We define E : H→ H by

Eu = u+ sinu

and F : H→ H by

Fu = 3u, ∀u ∈ H.

Clearly, E is 1
2 -inverse strongly monotone and F is maximal monotone.

We consider different initial starting points as follows with u = u0:

• Case 1: Take u0 =
33
8 and u1 = 2.

• Case 2: Take u0 =
8
3 and u1 = 5.

• Case 3: Take u0 =
39
10 and u1 =

17
10 .

• Case 4: Take u0 = 7 and u1 =
7
2 .
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We compare the performance of Algorithm 3.2 (OMMM Alg) with Algorithms (1.1), Algo-

rithms (1.2), AOM Alg and TV Alg. We plot the graphs of errors against the number of itera-

tions in each case using ‖uk+1−uk‖< 10−4 as the stopping criterion. The numerical results are

reported in Table 1 and Fig. 1.

TABLE 1. Iterations/CPU Time for Different Algorithms

Algorithm
Case 1 Case 2 Case 3 Case 4

Iter. CPU Iter. CPU Iter. CPU Iter. CPU

OMMM Alg 30 0.0192 29 0.0009 28 0.0011 25 0.0009

AOM Alg 43 0.0195 41 0.0021 40 0.0012 32 0.0018

TV Alg 77 0.0206 83 0.0044 74 0.0021 80 0.0022

Algorithm (1.1) 600 0.0360 600 0.0158 600 0.0158 600 0.0153

Algorithm (1.2) 600 0.0373 600 0.0159 600 0.0159 600 0.0151
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FIGURE 1. Plot of the convergence analysis for various iterative methods for

four cases



STRONGLY CONVERGENT DOUBLY ACCELERATED FORWARD-BACKWARD ALGORITHM 21

5. CONCLUSION

In this paper, we have proposed doubly accelerated forward-backward algorithms with a vis-

cosity term for approximating a common solution to monotone inclusion problems and fixed

point problems in real Hilbert spaces. By combining inertial extrapolation, forward-backward

splitting, and extragradient corrections, the proposed methods enhance convergence speed while

relaxing restrictive assumptions on the underlying operators. We have established strong con-

vergence results under mild conditions, including monotonicity, uniform continuity, and appro-

priate control parameter selection. The inclusion of inertial and viscosity terms proved effec-

tive in accelerating convergence and improving numerical performance. Extensive numerical

experiments demonstrate that the proposed algorithms outperform existing methods in terms

of iteration counts, computational time, and stability, confirming their practical efficiency for

solving complex problems with multiple constraints. Future work may consider extending these

algorithms to stochastic monotone inclusion problems, multi-agent optimization, and infinite-

dimensional split feasibility problems. Additionally, adaptive strategies for selecting inertial

and step-size parameters could further enhance convergence and robustness. In summary, the

proposed algorithms provide a powerful and flexible framework for solving common solution

problems, bridging the gap between theoretical convergence guarantees and practical computa-

tional efficiency.
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