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Abstract. In this paper, we study the development of efficient iterative algorithm for finding a common solution
to monotone inclusion problems and fixed point problems in real Hilbert spaces. These problems arise naturally in
optimization, equilibrium modeling, signal processing, and other applied fields. We propose a doubly accelerated
forward-backward algorithm with a viscosity term, combining inertial techniques and extragradient steps to en-
hance convergence speed and stability. The proposed algorithm relaxes restrictive assumptions on the underlying
operators and guarantees strong convergence under mild conditions. Extensive numerical experiments illustrate
the effectiveness and superiority of our method compared to existing approaches.
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1. INTRODUCTION

In this paper, we are concerned with the development of efficient iterative algorithms for
solving the common solution of monotone inclusion problems (MIP) and fixed point problems
(FPP) in real Hilbert spaces. Let H be a real Hilbert space endowed with inner product (-, -)
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and the induced norm || - ||.

We first consider the classical monotone inclusion problem (MIP), which seeks a point

p € H such that

0€(E+F)p,

where E : H — H is a monotone operator and F : H — 2/ is a maximal monotone operator.
The solution set of this problem is denoted by (E + F)~!(0). This problem provides a unify-
ing framework for a wide variety of models arising in applied mathematics, including convex
minimization, variational inequalities, equilibrium problems, signal and image processing, split
feasibility problems, and DC programming; see, for example, [5, 4]. Due to its broad appli-
cability, the monotone inclusion problem has been extensively studied, and numerous iterative
methods have been proposed for its solution.

One of the most classical methods for solving MIP is the forward-backward algorithm (FBA),

which generates a sequence {v;} by
Vi1 = (I+4F) " (1= ME)w,

where [ is the identity operator and A; > 0 is a step size. The operator (I — AE) is the forward
step, while (I+ A¢F)~! is the backward (resolvent) step. Although widely studied [6, 7, 8], the
classical FBA requires E to be inverse strongly monotone, which can be restrictive in practice.
This limitation motivated the development of alternative approaches, including extragradient
methods, Tseng-type splitting methods, and hybrid projection algorithms [10, 11, 12, 13].
Takahashi et al. [2] proposed an iterative scheme under restrictive conditions on the control

pararneters:
(D) Vi+1 :OCku+(1—OCk)JukB(Vk—,LLkAVk), Vk > 1,

where A is a k-inverse strongly monotone mapping. They proved strong convergence assuming
sequences {ay } and {u} satisfy classical summability and boundedness conditions.
Later, Tseng [9] relaxed the strong cocoercivity requirement by introducing the Tseng split-

ting method.:
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(

vi €EH,

2) Vi = I8V — AAvy),

| Ver1 = Ve A (Ayx — Avg),

where A is monotone and Lipschitz continuous. Despite its significance, this method suffers
from weak convergence and step-size dependence on the Lipschitz constant.

In the Hilbert space setting, Thong and Vinh [26] proposed a modified inertial forward-
backward splitting with a viscosity term for approximating a common solution of MIP and
the fixed point problem of a nonexpansive mapping 7. Similarly, Olakoya et al. [1] devel-
oped a viscosity-inertial algorithm with self-adaptive step size for solving MVIP constrained by
common fixed point problems of strict pseudocontractions. These methods combine forward-
backward splitting, extragradient steps, and inertial effects to accelerate convergence while
maintaining strong convergence guarantees.

Let S : H— H be a nonlinear mapping. The fixed point problem (FPP) seeks p € H such
that p = Sp. Fixed point problems play a central role in nonlinear analysis, optimization, and
modeling. Classical iterative schemes include Picard, Mann [14], and Ishikawa [15] iterations,
along with their numerous modifications. Over the years, significant progress has been made
in establishing weak and strong convergence results for nonexpansive and pseudocontractive
mappings.

Recently, increasing attention has been devoted to finding a common solution to both MIP

and FPP [16, 17, 18]:
p € (A+B)"10)NFix(T),

where Fix(7T') denotes the set of fixed points of 7. This framework unifies multiple constraints,
providing a powerful modeling tool for real-world problems in optimization, signal processing,
game theory, and inverse problems.

To enhance efficiency and convergence speed, inertial techniques inspired by Polyak’s heavy-
ball method [19] have been widely incorporated. Inertial algorithms introduce momentum terms

of the form

ar = vi + Br(vk — vi—1),
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where {B;} is a sequence of inertial parameters, often leading to significantly faster conver-
gence. Some recent results on inertial-type algorithms can be found in [27, 28].

Motivated by these developments, this paper proposes new doubly accelerated forward-
backward algorithms with viscosity for approximating the common solution of MIP and FPP.
Our methods relax restrictive assumptions on the underlying operators while achieving faster
convergence. We provide convergence analysis and numerical experiments demonstrating the
effectiveness and superiority of the proposed schemes compared to existing methods.

The remainder of the paper is organized as follows. Section 2 introduces necessary prelimi-
naries and definitions related to monotone operators and fixed point theory. Section 3 presents
the proposed algorithms along with detailed convergence analysis. Section 4 provides numeri-
cal experiments illustrating the performance of the algorithms. Finally, Section 5 concludes the

paper and discusses possible directions for future research.

2. PRELIMINARIES

In this section, we present some lemmas and definitions that will be useful in this research. The

strong convergence and weak convergence of sequences are denoted by — and —, respectively.

Definition 2.1. Let H be a real Hilbert space. Then the operator S : H — H is said to be:

(1) L-Lipschitz continuous on H, if a constant L > 0 exists such that
|Su—Sv|| < L||u—v||, Yu,v € H;
(i1) a-co-coercive (or inverse strongly monotone), if there exists & > 0 such that
(Su—Sv,u—v) > o||Su— Sv||, Yu,v € H;
(iii) a-strongly monotone, if there exists & > 0 such that
(Su—Sv,u—v) > alja—b||?, Yu,v € H;
(iv) monotone, if

(Su—Sv,u—v)y>0,Yu,v € H.
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Definition 2.2. Let C be a nonempty subset of a real Hilbert space H and F : H — 2/
be a multivalued mapping. Then the graph and domain of the mapping F are defined by
Graph(F)={(a,b) : a € H,b € Fa} and Dom(F)={a € H : Fa # 0}, respectively. The mapping
F is called

(1) monotone, if
(a—b,u—v)>0,Ya,b € H,u € Fa,v € Fb;
(ii) maximally monotone, if F' is monotone and for any (a,u) € H X H, we have
(a—b,u—v)>0,Y(b,v) € Graph(F) = (a,u) € Graph(F).

The resolvent mapping of a maximally monotone operator F, Jg : H — H is defined by
JE = (1+8F)!, where § > 0 and I stand for the identity operator on H.

It is well known that for each u € F, a unique closest point Pcu in C exists such that
|lu—Peul|| < ||lu—v||, Vv eC.

Fc 1s known as the metric projection of H on C and it is important to note that the mapping Pc

is nonexpansive and fulfills the inequality
d=Pou < (u—d,d—v)>0,YveC.

To know more about the properties of P, see [22].
Let H be a real Hilbert space and f : H — (—oo, 4-o0) be a function, the proximal mapping of
f is defined by

1

5 Hv—a||2},Va €H.

prox (a) = argmin,c {f(v) +
We define the subdifferential of f at a as
df(a)={z€H: f(b)—f(a) = (z,b—a),VbE H}.

The cone N¢(a) of C at a is given as
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{beH:(b,d—a)<0,¥deC}, ifacC
3) Nc(a) =

0 otherwise.

The indicator function de(a) of C at a is defined by

0,ifaeC
) de(a) =

oo otherwise.
Lemma 2.1. [23] If H is a real Hilbert space and the operator M : H — H is monotone and

continuous on H. Then M is a maximally monotone operator.

Lemma 2.2. [23] If H is a real Hilbert space and the operators M,F : H — H are maximally

monotone H with Dom(F) = H. Then M + F is also maximally monotone.

Lemma 2.3. Let H be a real Hilbert space. Then for every u,v € H and c € R, we have

() |lu+v|]? < |Ju)®> +2(v,u+v);
Gi) [l +v][* = [Jul|® 42w, v) + V]

(iii) [leu+ (1= c)v]]> = cllul® + (1 =) V][> = c(1 =) Ju—v|[%.

Lemma 2.4. [24] Let {pi} and {0y} be two non-negative real sequences satisfying
Pit1 < px+ 0k, Vk > 1.
Suppose Y ;> Ox < oo, then limy_.. Py exists.
Lemma 2.5. [25] Let {uy} be a sequence of non-negative real numbers such that
1 < (1= Vi)ug + vivg, Vk > 1,

where {vi} C (0,1) with Y7o Vi = oo. If limsupvy < 0 for every subsequence {uy} of {uy},

m—»oo

the following inequality hold:

li;r_l}iol(')lf(lxtijrl - l/lkj) > 0,

Then lim u; = 0.
k—roo
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3. MAIN RESULTS

In this section, we present our method and establish its strong convergence results in real Hilbert
spaces. We start with the following assumption under which our strong convergence results will

be established:

Assumption 3.1.

(A1) The operator E : 7 — 7 is monotone and L-Lipschitz continuous, and F : 5 — 27 s
maximal monotone.

(A>) The solution set is denoted by Q = Fix(S) N (E +F)~1(0) # 0.

(A3) The mapping S : 5 — S is N—demimetric such that / — S is demiclosed at zero.

(A4) The mapping f : .7 — JZ is a contraction with contraction constant k¥ € [0, 1).

(As) Let {0y} € (0,1), {Bx}. {%} C [a,b] C (0,1) such that oy + B + % = 1, I}ii?oak =0,

Y oy =ooand klim ;—’; =0= ]}im 2—’;, where {&} and {&;} are positive real sequences
k=1 —reo —reo

(Ag) pr C [0,00) with Y2 o py < 0.

Algorithm 3.2.

Initialization: Choose ¢ >3, y >0, A; >0and u € (0,1). Let vp,v; € 5 and set k = 1.

Iterative Steps: Calculate v; as follows:

Step 1: Given the iterates v, and v; (k > 1), choose ¢ and y; such that ¢ € [0, ¢]

and y; € [0, W], where

. k*l 8k .
mln{ if v £ v
T k=17 [Jve—vie—1 ] } ’ ’
() O =
k—1

o=’ otherwise.

i Sk .
min W’? , lf v # Vi—1,
(6) W = { [ k—lH} k 7 Vi1

v, otherwise.
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Step 2: Set
(7 ar = Vi + O (Ve — vi—1),
(8) br = i+ Wic(vic — vi—1),

and compute
9 Cp = (I—f—lkF)il(I—/FLkE)ak.

If ¢ = ag, then stop (cy, is a solution to MVIP). Else, proceed to Step 3.

Step 3: Compute
(10) Vir1 = O f (b) + Br(ck + A (Eax — Ecy)) + VS (cx + M(Eay — Ecy))
Update

(
; Hlag—ck ]l .
mln{m,lkerk}, if Eay # Ecy,

(11 A1 =9

\ A+ P, otherwise.

Put k := k+ 1 and return to Step 1.

Lemma 3.3. ([3]) Let {A;} be the sequence generated by (11). Then

tim A =2 € [min {41, 2} A1+p].

k—yo0
where
p=Y pk<ce.
k=1

Moreover,

u

1Eax—Eci|| < 7—llax — c])-

k+1

Remark 3.4.

We observe from (5), (6) and Assumption (As) that

lim ¢k||vk—vk,1|| = lim l//kHvk—vk,lH =0
k—>°° k—)oo
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and

Or
hm_”Vk_Vk 1| = 11m—||Vk—Vk 1l =
k—roo k—ro0

Lemma 3.5. Let v be a sequence defined by Algorithm 3.2, suppose Assumption 3.1 holds.
Then, ¥ p € Q, we obtain the following inequality

2

) A
(12) 1= plI* < flax = pI> = (1 - u? /’LZ ) e —ax*.
i+ 1

Proof. From (10), let hy = ¢+ A (Eay — Ecy). Then, we have

| — pl|* = |jex + M(Eax — Ecy) — p)|?
= |lex — plI* + AL||Eax — Eci||* + 2k {ck — p,Eay — Ecy)
= |lex — ax +ax — pl|* + A2|Eax — Eck||* +2A(ck — p,Eax — Ecy)
_ 2 2 2 2
= |lex — ax||” + llax — p[|” + 2{ck — ax,ax — p) + A¢||[Eax — Ec||
+2X(ck — p,Eay — Ecy)
= |lex — axl|* + llax — pII* + A2 | Eax — Eci||* + 2{cx — ax, cx — p) + (cx — ax, ax — cx)
+21k<Eak—ECk,p—Ck>
. 2 2 a2 2 2
= llex = arll” + llak — pII* + A | Eax — Eci||” + 2{ck — ax ek — p) — 2| ek — a[|7)
—|—21k<Eak—Eck,p—ck>

= |lax — p|I* — ||ex — axl|* + AZ|| Eax — Eck||* — 2{ax — cx — A(Eay — Ecy), cx — p)

2

(13) < lax—pl> = (1 —u? 12 )|l — a||* — 2(ax — ek — Ak(Eax — Eck), ¢k — p).
1

Next, we prove that

(14) (ak — cx — M(Eag — Ecy),c, — p) > 0.

From (9), we have (I — 4E) € (I + AF)a;. Due to maximal monotonicity of F, there exist

8k € Fcy, such that the following,

(I — ME)ay = cr + Mgk
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which means
(15) gk:ll:l(ak—ck—lkEak).

We have 0 € (E + F)p, from the definition of p. Since Ecy + g € (E + F)gy and (E+F) is

maximal monotone, we obtain
(16) (Eck+gksck —p) > 0.
Combining (15) and (16), we have

lk_l (ay — cx — MEax + M Ecy,cp — p) > 0.

This means that (14) holds. By (13) and (14), we obtain

12
7 — pII* < [lax— pl* = (1 —uzlz—k)llak—CkHz-
k+1
Lemma 3.6. Suppose that Assumption 3.1 holds and vy is the sequence defined by Algorithm
3.2. Then, {vi} is bounded.

Thus, from (12), we have

(17) A — pl| < |lax — pl|-

_

2
lk+1

Proof. Now, since limy_,c (1 ) = 1—p? > 0. Hence, there exists ko € N such that

272 2

i 1—

-5t >~ >0, Vk=>k.
k+1

From (7), we have
lax — pll = [[vi + o (v — vi—1) — P
< vk —pll + Gllvi — vl

Ox
(18) < ||Vk_P||+akEk||Vk_Vk—l||-

From Remark 3.4, we have g—’]‘( lvk — vk—1]| — 0 as k — oo. Thus, there exist a constant M such

that

(19) ﬂHvk—vqu <M,Vk=>1.
Ol
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Combining (17), (18) and (19), we obtain
(20) 1 — pl| < llax — pl| < [[ve — pll + M1, ¥V k = ko.

Also from (8), we obtain the following

bk — Pl = [|vi + Wi (Ve — vie—1) — P
< v —pll + wi|lvie — vie—1 ||

k
@1 < |lvi—pl +ak§kuvk—vk1u.

From Remark 3.4, we have %’; vk — vk—1|| — O as k — oo. Thus, there exist a constant M, such

that

(22) %:Hvk—vle <My, Vk>1.

Combining (21) and (22), we have

(23) 16k = pl| < [[vie — pll + ouMa2, ¥ k = ko.

Since hy = ¢y + A (Eay — Ecy). Then from the definition of v, we have

[Vier = pll = [lowf (bi) + Behi + YeShy — p||

= [|ow(f (D) = ) + Be(hi — p) + %(Shi — p)|
< ol (f (bie) = £ (p) + £ (p) = P) I + Bellx — pll + ¥l | Shic — p|
< ol f(br) — £ ()| + 0l f (P) — Pl + Brcll e — Pl + el | Shi — p|
< oK || b = pl| + ol f () — pll + Bellhk — Pl + %l [Shi — pl|

(24) < ok ||by — pll + ol f(p) — pll + (1 — 0g) || e — .

Substitute (23) and (20) into (24), we obtain

Vi1 — pll < auk(|lvi — pl| + owdz) + o || £(p) — Pl + (1 — a) (|| vi — pll + o)
= (1= (1= x)ow) v — pl| + oMo + 04 (1 — o) My + o £ (p) — pl|

< (1= (1= K)o |[vic = pll + g Ma + gy + o £ (p) = |
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< (1= (1 =)o) v = pl| + 0uM3 + g || f (p) = pl|

M;+ -
< (1= (1= )~ pl + o1 — ) LI
M +1/(p) Pl
< max { g — pl, WD =Pl
<..
M+ -
< max (- pil, DI g,

where M3z = M| + M;. This means that {v;} is bounded. It follows that {a;},{bx},{h} and

{c} are also bounded.

Lemma 3.7. Suppose {a;} and {c;} are sequences generated by Algorithm 3.2. Let {ay, } and
{ck, } be subsequences of {ay} and {c}} respectively. If ay, — p* € H and klim llax, —cx, || =0,
—>00

then p* € (E+F)~1(0).

Proof. Suppose (x,y) € G(E + F), this means y — Ex € Fx. From (9) we know that ¢, =
(I+ A, F) ™' (I — At E) ay,,. This implies that (I — A E)ay, € (I+ A, F)cy,. It follows that
Ak_l (akn —Ck, — Ak,,Eakn) S FCkn.

n

Since F' is maximal monotone we get
(x—cx,,y — Ex— A '(ax, — ck, — M, Ear,)) >0,
or equivalently,
(X —cr,,y) — (x — e, Ex+ 1/;1 (ax, — cx, — M, Ea,)) > 0.
This with the monotonicity of E yields
(x—c,,y) > (x—cx,, Ex+ l,;l (ax, — cx, — M, Eay,))
= (x— g, Ex—Eay,) + (x— cx, A Hag, —cx,))

= (x—cx,, Ex—Ecy,) + (x—cr,, Ecy, — Eay,) + (x — cx,, A (ag, —cx,))

> (x—cx,, Ecp, — Eag,) + (x— c,, Ay (ar, — )
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Due to the fact that lim ||ax, — ¢y, || = 0 and E is the Lipschitz continuous, we get klim |Eay, —
n—oo —roo

Ecy, || = 0. Since klim A = A > 0, we conclude that
—o0

lim <x_ck”,y> = <X—p*,y> 2 07

n—soo

alongside with the maximal monotonicity of E 4 F yields p* € (E+ F)~1(0).

Lemma 3.8. Suppose Assumption 3.1 holds and vy is the sequence defined by Algorithm 3.2.
Then, the following inequality holds for all p € Q and k € N :

et = pl? < (1= (1 =x)owllve = plI* + (1 = ) 0te) [=——(f(P) = P, Vi1 — P)

l—x

Yk

— vk = vi_1 ||l Y k > ko.
— akHVk Vi1 |1 V k= ko
Proof. Indeed from (5) and (7), we obtain

lax — plI* = [vi+ ¢ (v — vie1) — p|?
_ 2 2 2
= |lvi = pII” + O l[vk = vi—1 |7 + 20 (vk — P, vk — Vi—1)
(25) < |k — plI* + ¢k — vi—1 1> + 20 v — pll vk — vi_1 ]

Also, from (6) and (8), we have

16 — pII* = vk + (v —vi—1) — pl1?
_ ) 2
= v = PII” + Wi v = vie—1 | = + 29k (vie — Py vie — V1)
(26) < e = PI* + W v = vt |2 4+ 2w vie — pl v — vit |

Now, from (25), (26), (20), (10), and Lemma 2.3 we have

Vi1 = plI? = llowf (be) + B+ wShi— pl|>
= [low(f (bx) = p) + Bl — p) + (S — p) ||
= [low(f(bx) = £ (P)) + Bl — p) + % (Sh — p) + o (f (p) = p) I
< llow(f(bx) = £(p)) + Bl — p) + %(Shi = p) |> + 204 (f(p) = P, vics1 — p)

< oy £(bx) — F(P)II* + Belllw — plI* + Wl Shx — pII* + 204 (f (p) — P, vies1 — P)
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< oy ||be — plI* + Bellhw — plI* + Wl — plI* + 204 (£ (p) — p,vir1 — p)
< oykl|br = plI* + Billi — plI* + %elliw = plI* + 204 (f (p) — p,vis1 — p)
= ok — p||* + (1 = o) e — pII* + 204 (f(p) = P:Vis1 — D)

(27) < oyk||b — plI* + (1 — o) |ax — plI> + 206 (f(p) — p,vir1 — P)-
< oy ief{|vie = pII* + 20l [ve — pllIvie = vi1 |+ OF v = vie—1 1}
+ (1= a){|lve — pII* +2llve — Pl v = vier 1 [WE v = vie—1 1}

(28) 200(f(p) = PsVis1 — P)

= (1= (1= K)o v pIP + (1= K)oy (F(p) ~ povicss — p)

+ Ol vie — vi—1 | 2] vk — P + Ok || vie — vie—1]

+ Wil [vie = vie— 1 || [2]|ve = Pl + Wi llvie — vi—1]

< (1= (1= R)ollve = pIP+ (1 = )@ [ (F(p) ~ povis1 — )

3My P
l—K"OCk

3Ms  yy

k=1 ||| VE >k
1—K06k||vk vi-1l] = K0,

(29) +

Ve = vi—1 || +

where My = sup{||vi — p||, ¢||[vk — vi—1||} and M5 = sup{||vk — p||, ¥||[vk = vi—1|l}.
keN keN

Lemma 3.9. Suppose that Assumption 3.1 is fulfilled and {v;} is the sequence generated by
Algorithm 6. Then, the following inequality holds:
(30)

2

A
(1= o) (1 = =) llew =l + Bl = Shul* < v = pI* = v = pII* + Mo ¥ ke > ko
et 1

Proof. Indeed, from (20), we have
lax — plI* < (Ilve — pll + oMy
(€1 = |lvi — p|I* + ow(2M ||vi — p|| + o4M7).

From the boundedness of {v;}, we infer that a constant Mg > 0 exist, such that 2M ||v; — p|| +

Ocle2 < Mg. Therefore, (30) becomes

(32) llax — pII* < v — pII> + cuMs.
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Also, from (23), we have

16k — pII* < (v — p| + ad>)?

(33) = [[vi — p|I* + . (2M ||vic — p|| + 0uM3).

From the boundedness of {v;}, we infer that a constant M7 > 0 exist, such that 2M ||v; — p|| +

OCkM22 < M. Therefore, (22) becomes
(34) 16k — plI* < [[vie — pl|* + o7
Now, from (33) and Lemma 2.3, we have

Visr = pII* = llowf (i) + B+ %eShi — plI®
= llow(f (bx) = ) + Bl — p) + Ye(Shi— p)|I>
< o ||(f(bx) = p)II* + Bell e — p|I?
+ %St — plI* — Bl — S|
< o (| (b)) = F () +11£ () = pI1)* + Bellwc = pI?
+ %elIShi — plI* — Bl — She||?
< ox(K || b = pll + f(p) = p11)* + Bill i — pl>
+ %elIShi — plI* + Bl e — Shie||?
< oy (k|| bk — plI” + 2| b — pll|L.£(p) — pll + I1.£ (P) — PII?)
+ (1= o) |7 = pI* = Beelle — Sh|1?
< oy lbx— plI* +2/lbx = pllIl £ (p) — Pl + £ (P) — PII?
(35) + (1= o)l = pII* = Bell = Sh >

Since {by } is bounded, it follows that a constant Mg > 0 exist, such that 2||bx — p|||| f(p) — p|| +
1£(p) — p||* < Mg. Therefore, (35) becomes

(36)  virr = pII* < ol — plI* + (1 = )|l — plI* — Beell e — Ship |* + o4eMs.



16 A.E. OFEM, S.P. MOSHOKOA, M.C. KEKANA

Substituting (12) into (36), we obtain

vis1 — plI* < awllbr — pl|* + (1 — o) [lax — p||?
2

(37) — (1 —ap) (1 — ) ek — ael|* — Bl ue — Shycp||* + o4 Ms.

N2
;LkJrl

Putting (32) and (34) into (37)

viesr = pII* < eullvie = plI* + oaMz) + (1= o) (vie— plI* + ouMs)

2
—(1—ap)(1—p? 2 KN lex — arl* = Bevel e — Shi||* + ouMs
k+1
2
< v = plI* — (1 — o) (1 — p? 2 ) lex — acl|* = Beelliw — Shel|?
k+1

(38) + oy M7 + oy Mg + oy Mg

This implies that

2

(1= 04) (1= =) lex = aell> + Be¥ellle— Shi | < [[ve— pII> = Vi1 — pII> + acMo, ¥ k > ko,

N2
)Lk+ 1

where Mg = Mg+ M7 + Mg > 0.

Theorem 3.10. Assume that Assumption (3.1) holds. Then the sequence {v;} generated by

Algorithm (3.2) converges to p in the norm, where p = Po o f(p).

Proof. Now, we shows that {||vx — p||*} converges to zero. Clearly, by Lemma 2.5, it is suffi-
cient to show that limsup(f(p) — p,vk,+1 — p) <0 for every subsequence {||vy, — p||} of {|lvx —
p||} satisfying lllgél?(oﬂ Vi1 — Pl = [Vi,—p||) = 0. For the reason of this analysis, we assume
that {||vi, — p||} is a subsequence of {||vy — p||} such that ligigf(”vknﬂ —pll— vk, —pll) > 0.

Then

timinf(|[ve, 1= pII* = [vi, = pII*) =timinf[([vi, 1 = pll = [Ive, = PID (Ve 11 = Pl = lIvi, = 1) = 0.

From (30) and the assumption (3.1) (As), we deduce
2

limsup[(1 — o, ) (1 = s o) llew, — ag, I + B, Yl — Sh, |I°]

2
n—roo Akn

< limsupl|jvg, — plI> = [|vi,+1 — pII* + 04, Mo] < 0.

n—soo
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It follows that

(39) lim ||ag, —cx, || =0,
n—o0

and

(40) lim ||/, — Shy || = 0.
n—yoo

Since hy, = ¢, + M, (Eax, — Ecy, ), we have
@) i — e, = A, (Eay, —Ecy,).

Now, from (11), we have

lax, —c, |l

42) |Eag, — Ecy,|| < u=
k1

, VneN.

We observe that (42) holds if Eay, # Ecy, Thus, combing (41) and (42), we obtain

akn — Ck,,
17k, — ek, || < /lk.u“—n-
kp+1
Due to (39) and (3.3), we have that
(43) Ak, — ck, || = 0 as n — oo.
Also, using (10), we have
(44) Viy+1 = e, || < 0l £ (bre,) = i, || + Brell Pk, — e, || + Yo, | Shi, — |-
Since lim ¢, = 0, then using (40), we have
Using (7) and Assumption (3.1) (As), we have
lak, = Vi, |l = O, [lvi, — Vi, 1

O,

(46) _ak"oc Vi, — Vi, —1]| = 0 as n — oo.

n

Next, observe that

47) Vi1 = Vil < Vi1 = iy |+ N, — e, || + Nl — a1 + llar, —vi, |-

17
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Using (39),(43),(45) and (46), we obtain

(48) Tim [[vg, 11— vi, | = 0.

Now, we have

49 ek, —vie, || < llew, =, | + 1k, — Vi1l + (Vi1 —vie, | = 0 s n— oo,

Since {v;} is bounded, then @,,(v¢) is nonempty. Let p € w,,(v¢) be an arbitrary element. Then,

there exists a subsequence {vi } of {v;} such that
Vi, — P asn—oo.

By (46), we have

ag, —p asn— oo,
Now, by invoking Lemma (3.7) and applying (49), we have
(50) p < (A+B)"10).
Moreover, by (3) and (49), we have
Ck, ~p asn—oo and I, —p asn-— oo,

Since I — S is demiclosed at zero, we have
(51) p € Fix(S).
Since p € w,,(vy) is arbitrary, it follows from (50) and (51) that

W, (vy) C Q.

Moreover, by the boundedness of {v, }, there exists a subsequence {anj} of {vg, } such that
Vk, — yt

and

lim (f (V) — v, v, — V) = limsup(f(¥) — v, v, — ).
J—roe J n—soo

Since v = Pg o f(), it follows that

(52)  limsup(f(v) = 7,v, —7) = im (f(9) =¥, v, — ) = (f(?) =¥, vi—%) <0.

n—oo J—reo



STRONGLY CONVERGENT DOUBLY ACCELERATED FORWARD-BACKWARD ALGORITHM 19

From (47) and (52), we get

(53)  limsup(f(¥) —¥,vx, 11 — ) = limsup({f(¥) — ¥, v, — v) = (f(¥) —7,»" — %) <0.

n—oo n—oo
Applying Lemma 2.5 to (29), and using (53) together with the fact in Remark 3 and
limg_,, 0 = 0,we obtain
lim ||Vk —\7” =0.
k—ro0

as required. 0

4. NUMERICAL EXPERIMENTS

In this section, we present some numerical experiments to illustrate the performance of our
method, Algorithm 3.2 (OMMM Alg), in comparison with Algorithms (1.1), Algorithm (1.2),
Algorithm 1 of Thong and Vinh (TV Alg, for short), Algorithm 3.2 Alakoya et al. [1] (AOM

Alg, for short). All numerical computations were carried out using MATLAB version R2019(b).

In our computations, we choose oy = ﬁ, =& = e he= &= % (1—oy),¢=

1
0.88, w=0.55 1 =28 u=056 Sv=>2y Tv( =3y, f(v)=1iv
Example 4.1. Let H = R, the set of all real numbers with the inner product defined by
(u,v) =uv, Vu,v€R,
and the induced norm | - |. We define E : H — H by

Eu=u-+sinu

and F : H — H by
Fu=3u, YucH.

Clearly, E is %-inverse strongly monotone and F' is maximal monotone.

We consider different initial starting points as follows with u = uq:
e Case 1: Take ug = % and u; = 2.
e Case 2: Take ug = % and u; = 5.
e Case 3: Take ug = % and u; = %.

e Case 4: Take ug =7 and u; = %
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We compare the performance of Algorithm 3.2 (OMMM Alg) with Algorithms (1.1), Algo-

rithms (1.2), AOM Alg and TV Alg. We plot the graphs of errors against the number of itera-

tions in each case using ||u,; — ux|| < 10~ as the stopping criterion. The numerical results are

reported in Table 1 and Fig. 1.

TABLE 1. Iterations/CPU Time for Different Algorithms

Case 1 Case 2 Case 3 Case 4
Algorithm
Iter. CPU |Iter. CPU |Iter. CPU |Iter. CPU
OMMM Alg | 30 0.0192| 29 0.0009| 28 0.0011| 25 0.0009
AOM Alg 43 0.0195| 41 0.0021| 40 0.0012| 32 0.0018
TV Alg 77 0.0206| 83 0.0044| 74 0.0021| 80 0.0022
Algorithm (1.1) | 600 0.0360|600 0.0158|600 0.0158|600 0.0153
Algorithm (1.2) | 600 0.0373|600 0.0159|600 0.0159|600 0.0151
, Case 1 10! Case 2
o, —‘—D;:r‘l?hm (1.2) ;Z 10°%F —Q—Z:g:r‘fhm (1.2)
=10 —— Algorithm (1.1) —¥— Algorithm (1.1)
0 1';0 ZI;D Iterzéfons 400 5&0 6(;0 10760 1(;0 2(;0 "er::‘:?ons 4(;0 5(;0 6(;0
X Case 3 . E Case 4
ERat (RS ot
ook —v— Al (11) 103 —¥— Algorithm (1.1)

Iterations

Iterations

FIGURE 1. Plot of the convergence analysis for various iterative methods for

four cases
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5. CONCLUSION

In this paper, we have proposed doubly accelerated forward-backward algorithms with a vis-
cosity term for approximating a common solution to monotone inclusion problems and fixed
point problems in real Hilbert spaces. By combining inertial extrapolation, forward-backward
splitting, and extragradient corrections, the proposed methods enhance convergence speed while
relaxing restrictive assumptions on the underlying operators. We have established strong con-
vergence results under mild conditions, including monotonicity, uniform continuity, and appro-
priate control parameter selection. The inclusion of inertial and viscosity terms proved effec-
tive in accelerating convergence and improving numerical performance. Extensive numerical
experiments demonstrate that the proposed algorithms outperform existing methods in terms
of iteration counts, computational time, and stability, confirming their practical efficiency for
solving complex problems with multiple constraints. Future work may consider extending these
algorithms to stochastic monotone inclusion problems, multi-agent optimization, and infinite-
dimensional split feasibility problems. Additionally, adaptive strategies for selecting inertial
and step-size parameters could further enhance convergence and robustness. In summary, the
proposed algorithms provide a powerful and flexible framework for solving common solution
problems, bridging the gap between theoretical convergence guarantees and practical computa-

tional efficiency.
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