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Abstract. In this work, some unique common fixed point results for two pairs of occasionally weakly biased
mappings of type (<) in nonempty sets endowed with modular metrics are obtained. Our reason behind this
contribution is to investigate the existence and uniqueness of common fixed points in the recent weaker framework
of occasionally weakly biased mappings of type (7).
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1. INTRODUCTION

According to some references, the idea of an abstract space with metric properties was ad-
dressed in 1906 by the French mathematician René Maurice Fréchet and the term metric space

was coined by the German mathematician Felix Hausdorff in 1914. So, as you know, a standard
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metric space is a set of points say for instance .2~ equipped with a standard distance function d,

called a standard metric, that satisfies the next conditions for all p, x, o in Z":

(1) The distance from a point to itself is zero: d(p,p) =0,
(2) positivity: the distance between two distinct points is always positive: if p # x, then,

d(p,x) >0,

(3) symmetry: the distance from p to ) is always the same as the distance from Y to p:
d(p,x)=d(x,p),

(4) triangle inequality: d(p,x) <d(p,o)+d(oc,)).
Many authors innovated some alternative spaces by addressing some limitations such as relax-
ing the triangle inequality, sometimes removing it, allowing non-zero self-distance, removing
the symmetry axiom, and so on. These generalizations enable more flexible analysis of fixed
and common fixed points. In particular, in 2006, in [10], based on particular physical move-
ment, Chistyakov introduced a new type of spaces called modular metric space which is more
general than metric one. By this discovery, he developed the theory of metric spaces, generated
by modulars, and extend some results for modulars on linear spaces. Note that several authors
used this new kind of spaces to investigate the existence and uniqueness of fixed points, see for

example [1]-[4], [10], [11], [14] and [17]-[23].

On the other hand, in [5], we suggested a new harmony between mappings under the name
of occasionally weakly biased mappings of type (<) in order to find common fixed points by a
few conditions. Note that many researchers investigated the existence and often uniqueness of
fixed and common fixed points for single and hybrid mappings under different inequalities and

in various spaces, see for instance [5]-[9], [12], [15] and [16].

2. RECALLABLE DEFINITIONS

Definition 1. ([10]-[11]) Let 2" be a nonempty set and let d : (0,+o0) x 2" x X~ — [0, +00] be
a function. d is called modular metric on 2" if the following axioms hold.:

(1) givenp, x in &', p=x if and only if d(A,p,x) = 0 for all A positive,

(2) d(A,p,x) =d(A,x,p) for all A positive and p, x in X,

(3) dA+u,p,x) <dA,p,0)+d(u,o,x) forall A, u positive and p, ¥, © in Z'.
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Example 2. Let 2 =R and let d : (0, +o0) x R x R — [0, +oo] such that d(A,p, x) = 22 for

all p, x in R and A positive, then, d is a modular metric.

Example 3. Let 2" =R and letd : (0,4o0) x R xR — [0, +o0] such that d(A,p,x) = p—2] for

all p, x in R and A positive, then, d is a modular metric.
At the end, we recall our proper definition.

Definition 4. ([5]) Endow the nonempty set " with a modular metricd. Let #, NV : X — X
be two mappings. The pair (. ,.N) is called occasionally weakly 7 -biased (respectively .V -
biased) of type (<7 ), if and only if, there is an element § € 2 such that #§ = N implies

dAX, MAME,NE) <dA, N AME, M) for all A positive,
dAA, N NE, ML) <d(A, MNE, NC) for all A positive,

respectively.

Notation: Throughout this paper, we denote d(A,x,y) by d,(x,y) and d(2A,x,y) by

d27L (x7y)'
3. MAIN RESULTS

3.1. Existence and Uniqueness of a Common Fixed Point.

Theorem 5. Let & be a nonempty closed set endowed with a modular metric d;. Consider

four self-mappings *, £, M and N such that

1) % and A as well as £ and N are occasionally weakly ¥ -biased respectively £ -
biased of type (),

2) for all A positive and x, y in Z~, we have
dﬂ,(%xaf/’/y) < Gmax{dl(%x7$y)ad21(%x7‘%/x)7d21(¢/1/y7$y)7
d/’l(‘%xwﬁ/ﬂy)adl(%xw/’/y)},

where ¢ € (0, %) Then, there exists only one point (say for instance [L) which verifies M 1L =
HU=Uu=Nu=2LU.
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Proof. In the following lines, we intend to prove the existence and uniqueness of the common

fixed point.

Existence of the common fixed point: First of all, using the first condition of the theorem,

we get the existence of two elements (say for instance p and }) which verify
AMp = K p implies that dy (K A p, HMp) < dy (MK p, K p)
Ny =Ly implies that dy( L Ly, N x) <dy (N Ly, LX)

To prove the existence of the common fixed point, we need three steps.

Step one: First of all, we will prove that .#Zp = .4 x. So, assume that d, (.#Zp, NV ¥) is

positive, then, we have
dp(Mp, N x) < omax{dy(H p,Lx),dpp (AP, P),dpp(NX, LX),
dp (AP, LX), dr(H P, N 1)}
that is,
dp(Ap,Nx) < omax{dy(#Zp, V%), 0}
= ody(Ap,NY)
< dy(AMp,NY),
which is a contradiction, hence, #Zp = 4.

Step two: Now, we intend to prove that .#Z . p = .# p. Suppose that we have the contrary,

then, we get
dl(%’%pv‘/VX) < Gmax{dl(‘)g'ﬂp7$%)7d21(%%pajg/%p)ucbl(‘/j/%vg%)u
dy(MAMP, LY),d)(H MpP, N )}
that is

dl(%'%pﬂ'%p) < GmaX{d/’l(%%paﬁp)adZA(%%pajgjgp)?Ov

dy (M AMp, Mp),d(H Hp, MpP)}.
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Now, using the triangular inequality and the relationship between .# and %", we obtain

(M AMp, Mp) < omax{dy(H X p,Hp),d)(MAMp, HMp)+dy(Mp, X K P),O,

dy(MAMp, Mp),d(H K p, Mp)}

IA

omax{dy (M K p, X p),dy(MAMp, Mp)+dy(FHp, M P),0,
(M AMp, AMp),d) (MK P, K D)}

= omax{dy (A Mp, #p),2d)(MMp, #p),0}

= 2o0d)(MAMp, #p)

< (M AMp,Mp),
which is a contradiction, hence, .# .# p = .# p and in consequence & .#p = 4 p.

Step three: In the next, we intend to prove that .44y = .4 ). Suppose that we have the

contrary, then, we obtain
dy(Mp, N Nx) < omax{dy(Hp, LN x),dop (AP, HP),doj (NN X, LN %),
O (Mp, LN X),dp (K P, NN X))
that is,

(N NN x) < omax{dy (N, LN K),0,dop (N N 1, L L),
dp (N L LN Y)dp (N LN N K-
Now, using the triangular inequality and the relationship between .’ and .#", we obtain
dp( NN NY) < omax{dy (N g, LN Y),0,dp (N N Y, LY)+dp (L3, LZLY),
Ay (N L LN L) dp (N YN N X))
= omax{dy (N Y, LLx),0,dy (NN}, N¥X)+dy(Nx,LLY),

Ay (N, LLx), dy (N, N N X))

IN

GmaX{d)L(jx,JVfX),O,d;L(JVz/VX“/VX)+dl($x,</‘/$%),

(LY, N LK), d) (N Y, N N X))}
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= omax{d; (N Y, N N%),0,2d) (N N}, N %)}
= 20dy (N Y, N NY)
< dy(ANx, NN Y),

which is a contradiction, hence, 4/ x = A4 A", consequently, 4y = LN ).

Uniqueness of the common fixed point: Let .#Zp = .4y = u and suppose that there is an-
other common fixed point say for instance v. Replacing x with y and y with v in the inequality,

we get
(1, v) =dy (A, NV) < omax{dy(H W, LV),dy (A, H 1), dyy(NV,LV),
dy (AW, L), dy (H 1, N V)}
= omax{d;(u,v),0}
= od)(1,v)
< da(u,v),

which is a contradiction, hence, v = U. O

3.2. Illustrative Example.

Example 6. Let A be a positive real number. Equip the set 2 = (—oo,+1] with the modular

metric dy (x,y) = M)L;y' Now, consider the next four mappings:

0 when x € (—eo,0)] 0 when x € (—o0,0]
N x

%_x: =
5 when x € (0, 1], 5 when x € (0, 1],
x when x € (—o0,0] x when x € (—eo,0]
e%/.x: fx:
1 when x € (0,1], L when x € (0,1].

First of all, it is clear to see that mappings % and M as well as £ and N are occasionally

weakly ¥ -biased (respectively £-biased) of type ().

Now, let the constructed table be as follows:
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4 —o0<x,y<0| 0<x,y<1l [ —0o<x<0<y<1|—o0<y<0<x<1
bl sy |0 Jilshosh| bl sk
(A x2Ly) | 7kl ) i1l AL
dop (A%, Mx) | 37 lx] &5 -1 L x] 11
Ay | b |l | sleh bl
x| gl | ess] | g s i
A 2y) | gbl | zles-sl x s

Discussion: Taking ¢ = %, looking at the table, we note the following cases:

First case: For x, y € (—o,0], we have Mx=0= Ny, X x=x, Ly=yand

dy(Mx, Ny)

d/'l(*%xﬂ/i/y)

IA

0
Y max d el 2 el byl S, Sy
100 2T Kb o Wy Y

PN LN RN
——max < [x—y|,=|x], =

1002{ x y72x72y7'x?y
49

100/1 max{‘y_x‘v‘x‘a‘y‘}

GmaX{d/l(’%/xvgy>,d2l(%xw%x)?dﬂt(*’/Vyagy%d/l(’%/xw/yy);

dy(AMx,Ly)}.

Second case: When x, y € (0,1], #x = 81: Ny = 9L_y, Hx=1 ZLy= % then,
1 1 1
e
49 1 1 1 1 1 1] 1 1
ﬁm‘”‘{ﬁ’ﬁ‘ﬂ_ ’ﬁ'ﬂ‘i’%‘l_r—y’
1 1 1
z’m‘z‘}
49 11 1 1 1 1 1
m‘“ﬁ"{zi’s—x‘l\i'ﬂ z" To—y)

1 1
8—x 2
GmaX{d,l(:/“i/x,fy),dzl(%/x,e///x),du(ﬂy,fy),dl(%x,ﬂy),
dy (Mx, L)}
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Third case: Now, for x € (—o0,0] and y € (0,1], we have #x =0, Ny = 917y, Hx = x,
1

fyziand
dy(Mx, Ny) = l‘L
Al9—y
S AN | P
100 A 2|27 24 19—y 2|7 9—y| 24
49 1] 1 11 1 1 1 1
- mm"{x‘ili'x"a E‘i”*ﬂi}

= omax{dy(H x,Ly),dr (H x, Mx),dry (N, L), d),(H x, NY),
dy (M x, Ly)}.

Fourth case: At the end, when x € (0,1] and y € (—,0], #x = ﬁ, Ny=0, Fx=1,
ZLy=yand

d/l(‘%xw/i/y) = _’

A X
1
1004 E_y’}
= omax{d) (H'x,Ly),dp; (K x, Mx),dry (N, LY),ds (K x, N ),

49 1|1 1
= — 1—y|, = |———1],=|y|,1
maX{! y"z‘s—x "2M”

dl (///x,,ﬁfy)}.

We conclude that the two conditions of our theorem are satisfied and 0 is the unique element

which verifies that 4 (0) = A4 (0) = % (0) = Z(0) = 0.
3.3. Some Results Derived from The Main Theorem.

Corollary 7. Let 2" be a nonempty closed set endowed with a modular metric d,. Consider

four self-mappings %, £, M and N such that

1) X and M as well as £ and N are occasionally weakly ¢ -biased respectively £ -
biased of type (<),

2) for all A positive and x, y in 2", we have

dy (M x,Ny) < 0d) (A %, 2y),
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where ¢ € (0,1). Then, there exists only one point (say for instance W) which verifies M |1 =
HAU=Uu=NU=2LU.

Corollary 8. Let 2 be a nonempty closed set endowed with a modular metric d). Consider

four self-mappings %, £, M and N such that

1) & and A as well as £ and N are occasionally weakly ¢ -biased respectively £ -
biased of type (<),

2) for all A positive and x, y in 2", we have
d),(%xw/i/y) < Gmax{dl(’%/xvgy%le('%xv'%/x)vdZZ,('/Vyagy)}v

where ¢ € (0, %) Then, there exists only one point (say for instance L) which verifies M 1L =

HU=u=Nu=2LU.
3.4. Application. Consider the next equation:
1
G.1) M) = 2@+ [ 2R A ()dy

forxe[0,1], 2:[0,1] = R, 2:]0,1] x[0,1] = R, Z: [0,1] x R — R are continuous mappings.
Let 2" =C([0,1],R) be endowed with the modular metric

dy (M, N) = sup | (x) — A (x)],

14+ A g<x<i

for all A positive and .7, .4 in 2. Define on 2 the self-operator & by
1
OM(3) = P(3)+ | 200 B0 M (5)dy:

Theorem 9. Suppose that the next requirements hold true:

(1) sup [y 2(x,y)dy <1,
0<x<1

(2) |2y, #(y)) = Z(y, ¥V (¥))| < o| M — N

o€ (0,3).

, for each y € [0,1], A, N € X', where

Then, integral equation (3.1) has a unique solution.
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Proof. For all #, ./ in 2", we have

0.M6) - ON(x)] = \ [ 2t a0)) 0,7 ()l
< [ 120N A0 - B0, )l

1
<o /0 12(x,y) | () — A (¥)|dy.

Multiplying by 14%/1 and taking the supremum on both sides, we get
doHu,0N) < ody(M,N)
< omax{dy (A, N),dp(M,OM),dry (ON N ),dy (OM, N),
dy (M, 0N )},

so, all the requirements of Theorem 5 with .#Z = A4 = € and # = ¥ = .# (the identity

mapping on 2") are satisfied, hence, integral equation (3.1) has a unique solution in Z". 0

4. CONCLUSION

In this work, we proved the existence and uniqueness of a common fixed point for two pairs
of occasionally weakly biased mappings of type (<) in a nonempty closed set endowed with a
modular metric. In addition, we derived two other results, present a suitable example which il-
lustrates our main result, furthermore, we provided an application to solve an integral equation.
Our results improve some existing ones for instance Theorem 3.2 of [19]. Note that, we inves-
tigated our results in the recent weaker framework of occasionally weakly biased mappings of
type (<), consequently, some other results in metric as well as modular metric spaces become

as results of our findings.
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