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Abstract. In this paper, building on the recent work of Stojan Radenovi¢ and Bessem Samet, we establish several
fixed point theorems in multiplicative metric spaces for Jaggi-type and weak contractions. These results are derived
using a function ¢ : [1,00) — [0,00) satisfying @(s) > b(Ins)¢ for s > 1, with b and ¢ positive constants. The
theorems presented here are not equivalent to their classical analogues in standard metric spaces. To demonstrate
the applicability of our results, we provide an example involving a boundary value problem for a second-order
differential equation and the determination of a unique fixed point for a cyclic mapping.
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1. INTRODUCTION AND PRELIMINARIES

Multiplicative calculus, introduced by Grossman and Katz [12] in 1972, laid the foundation
for multiplicative metric spaces, later developed by Bashirov et al. [7]. In this framework,
for a non-empty set W, the classical additive distance is replaced by a multiplicative distance

Pm : W x W — [1,00) , where distance between two identical elements is 1 instead of 0 and the
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triangle inequality takes a multiplicative form. Multiplicative metric spaces generalize classical
metrics and have been extensively studied, including Banach, Chatterjea, Kannan, Weak and
various rational contractions. These spaces are particularly effective in fixed point theory, where
classical results, such as the Banach contraction principle, have been reformulated within the
multiplicative framework, offering robust techniques for nonlinear analysis, iterative processes,
and the study of integral equations.

The formal definition of a multiplicative metric space is given below.

Definition 1.1 ([7]). Let W be a non-empty set. A function p,, : W x W — [1,0) is called a

multiplicative metric if, for all @, @, € W, the following conditions hold:

(i) pm(w,®) =1 if and only if ® = @;
(i) pn(, @) = pu(@, ©) (symmetry);
(iii) pp(w,®) < pm(®,0) pm(c, D) (multiplicative triangle inequality).

The pair (W, p,,) is called a multiplicative metric space.

Since its inception, the Banach Contraction Principle [5], introduced by Stefan Banach, has

served as a cornerstone of fixed point theory.

Theorem 1.2 ([5]). Let (W, p) be a complete metric space and let % : W — W be a mapping.

Suppose there exists a constant A € [0, 1) such that
(1.1) p(Zw,70) <Ap(w,®), forall 0,® ¢ W.
Then % admits a unique fixed point in W.

The Kannan contraction [14], introduced by R. Kannan in 1968, depends on the sum of

distances from points to their images rather than on the distance between the points themselves.

Theorem 1.3 ([14]). Let (W, p) be a complete metric space, and let T : W — W be a mapping

such that
(1.2) p(Tw,To) < A{p(0w,Tw)+p(@,Tw)} foral ®,®cW,

where 0 < A < %

Then T has a unique fixed point in W.
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In 1972, Chatterjea introduced a new class of contractions [9], defined in terms of cross

distances rather than direct distances.

Theorem 1.4 ([9]). Let (W, p) be a complete metric space and let % : W — W be a mapping.

Suppose there exists a constant A € [O, %) such that
(1.3) p(Fo, 7o) <A{p(0,Fo)+p (@, F0)}, forall ®,@ € W.
Then F admits a unique fixed point in W.

The rational contraction introduced by D. S. Jaggi [13] in 1977 generalizes the Banach con-
traction by incorporating a rational expression of distances between points and their images,

ensuring the existence and uniqueness of fixed points in complete metric spaces.

Theorem 1.5 ([13]). Let (W, p) be a complete metric space and let F# : W — W be a continu-

ous mapping satisfying

§P(0.70)p(@. 70)

14 F0,F70) < @) +
(14) p(Fo,70)<ap(w,0) o(0.0)

, forallo,@eW, o +# 0,

where o, > 0 with o+ 8 < 1.
Then .F has a unique fixed point in W. Moreover, for any ay € W, the sequence { @, } defined

by w, 11 = F ®, converges to the fixed point.

The concept of altering distance functions was introduced by Khan et al. [17] in 1984, pro-

viding a useful generalization in the study of fixed point theory.

Definition 1.6 ([17]). A function y : [0,00) — [0,0) is called an altering distance function if it
is continuous, non-decreasing and satisfies y(¢) = 0 if and only if + = 0. Let the family of all

such functions be denoted by V.

Subsequently, in 1997, Alber and Guerre-Delabriere [4] introduced the notion of weak con-
tractions for single-valued mappings in Hilbert spaces. This concept was later extended by
B.E. Rhoades [23] in 2001 to the setting of complete metric spaces, significantly broadening its

applicability.
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Theorem 1.7 ([23]). Let (W, p) be a complete metric space and let % : W — W be a mapping.

Suppose that
(1.5) p(Fw,70) <p(w,0)—y(p(w,D)), forall o, € W, where y € V.

Then % admits a unique fixed point in W. Moreover, for any initial point @y € W, the iterative

sequence {.F"wy} converges to this fixed point.

In 1971, Ciri¢ [10] introduced the notions of orbital continuity and orbital completeness,
which extend classical continuity and completeness by focusing on the behavior of a mapping
along its iterates. These concepts have been instrumental in analyzing convergence of iterative

sequences in fixed point theory, even for mappings that are not globally continuous.

Definition 1.8 ([10]). Let (W,p) be a metric space and .# : W — W a mapping. For any
wy € W, the set

is called the orbit of ¥ at .

A mapping .7 is orbitally continuous at @ € W if, whenever x = limy_,., .# "k @, it holds that
F 0 = limy_,0 F% @y, F is orbitally continuous on W if it is orbitally continuous at every
point of W.

The space (W, p) is said to be .% -orbitally complete if every Cauchy sequence of the form
{F"ay}, for any @y € W, converges in W. While completeness of (W, p) implies .% -orbital

completeness for any .%, the converse may not hold.

The following are fundamental definitions and results used in the study of multiplicative

metric spaces.

Definition 1.9. Let (W, p,,) be a multiplicative metric space, and let {®,} be a sequence in W.
The sequence { @, } is said to be multiplicatively convergent to ®* € W if, for every € > 1, there

exists a natural number p such that p,,(®,, ©*) < €, forall n > p, i.e., lim, e Py (@, ®*) = 1.

Definition 1.10. A sequence {®,} in (W, p,,) is called a multiplicative Cauchy sequence if, for

every € > 1, there exists a natural number p such that p,,(®,,,®,,) < €, forall ny,ny > p, ie.,

limnl,nzﬁw pm(wnl ) wnz) =1
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Definition 1.11. A multiplicative metric space (W, p,,) is said to be multiplicatively complete

if every multiplicative Cauchy sequence in W converges to a point in W.

Theorem 1.12 (Multiplicative Banach Contraction [18]). Let .% be a mapping on a complete

multiplicative metric space (W, p,,) such that
(1.6) P F 0, F®) < pp(0,®)*, forall 0,0 e W, 2A€[0,1).
Then % has a unique fixed point in W.

Theorem 1.13 (Multiplicative Kannan Contraction [18]). Let .% be a mapping on a complete

multiplicative metric space (W, p,,) such that
A7) pu(Z0,Z0) < {pn(®,F0)pu(@, Fo)}*, foral 0,0 c W, Ac[0,1).
Then % has a unique fixed point in W.

Theorem 1.14 (Multiplicative Chatterjea Contraction [18]). Let .% be a mapping on a complete

multiplicative metric space (W, p,,) such that
(18)  Pu(Z0,Z0) < {pn(®,FB) pu(@,Z0)}", forall 0,0 ¢ W, Ac[0,1).
Then % has a unique fixed point in W.

Theorem 1.15 (Multiplicative Weak Contraction [18]). Let .# be a mapping on a complete

multiplicative metric space (W, p,,) such that

Pm(@, )
(1.9) om(F o, Fo) < LML) e, eW,
l )= Vaon(0,))
where Y, : [1,00) — [1,00) is lower semi-continuous and W,(t) = 1 if and only if t = 1. Then ¥

has a unique fixed point in W.

Definition 1.16. Let (W, p,,) be a multiplicative metric space and .% : W — W be a mapping.
The space (W, p,,) is said to be .% -orbitally complete (with respect to .7) if for some wy € W,

every multiplicative Cauchy sequence contained in the orbit
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converges in W; that is, if {.#" @y} is multiplicative Cauchy, then there exists @* € W such that

lim p,, (F"p, 0*) = 1.

n—yoo
Definition 1.17. Let (W, p,,) be a multiplicative metric space and .% : W — W be a mapping.
Then .7 is said to be orbitally continuous if for any @y € W, whenever

lim p,, (F"wp, 0*) =1

n—yoo

for some w* € W, it follows that
lim p,(F" g, ZFo*) = 1.
n—soo

Agarwal et al. [3] and S. Shukla [25] in 2016 observed that any multiplicative metric space
can be associated with a standard metric space. Specifically, by taking the natural logarithm of
a multiplicative metric, one obtains a classical metric. That is, if (W,p,,) is a multiplicative
metric space, then defining p(®,®) = Inp,,(®, ®) yields a metric p on W.

Conversely, DoSenovi¢ et al. [11] established that any metric space can be transformed into
a multiplicative metric space by exponentiation. That is, if (W,p) is a metric space, then

Pm(0, @) = eP(@0) jg a multiplicative metric on W.

Theorem 1.18 ([11]). Let (W, p,,) be a multiplicative metric space. Then the pair (W, p), with
p(w,®) = Inpy,(w,®), forms a metric space. Conversely, if (W,p) is a metric space, then

(W, pn), with pp(@,®@) = P D) is a multiplicative metric space.

From these observations, the connections between multiplicative metrics and classical met-

rics can be summarized as follows:

(1) If py, 1s a multiplicative metric on W, then p = Inp,, defines a standard metric on W.
(ii) If (W, p) is a complete multiplicative metric space, then (W, p,,) is a complete metric
space.
(iii) Conversely, if p is a metric on W, then p,, = P defines a multiplicative metric on W.
(iv) If (W, p) is a complete metric space, then (W, p,,) is a complete multiplicative metric

space.
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These observations emphasize the strong correspondence between multiplicative metric spaces

and classical metric spaces, demonstrating that both the fundamental metric properties and com-
pleteness are preserved under logarithmic and exponential transformations.

Consequently, it has been established that the multiplicative analogues of most classical fixed

point theorems are, in fact, equivalent to their standard metric space counterparts. Some of these

equivalences are summarized below:

Theorem 1.19 ([11]). Theorem 1.2 (Banach contraction in a classical metric space) and The-

orem 1.12 (Banach contraction in a multiplicative metric space) are equivalent.

Theorem 1.20 ([11]). Theorem 1.3 (Kannan contraction in a classical metric space) and The-

orem 1.13 (Kannan contraction in a multiplicative metric space) are equivalent.

Theorem 1.21 ([11]). Theorem 1.4 (Chatterjea contraction in a standard metric space) and

Theorem 1.14 (Chatterjea contraction in a multiplicative metric space) are equivalent.

Theorem 1.22 ([11]). Theorem 1.7 (Weak contraction in a standard metric space) and Theorem

1.15 (Weak contraction in a multiplicative metric space) are equivalent.

Motivated by the survey in [11], a fundamental question arose in the study of multiplicative
metric spaces: whether there exist formulations of classical fixed point theorems—such as those
of Banach, or Kannan—within multiplicative metric spaces that are genuinely non-equivalent
to their counterparts in standard metric spaces.

This problem remained open until recently, when Radenovi¢ and Samet [20] addressed it

through the introduction of the following function class ®.

Definition 1.23. Let ® denote the collection of functions ¢ : [1,+e0) — [0, 4-o0) satisfying
(1.10) o(s) > b(Ins)°, s>1,

where b and ¢ are positive constants.

Remark 1.24 ([20]). From the definition above, it immediately follows that

¢(s) >0, forall s > 1.
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Radenovi¢ and Samet further introduced the following subsets of ®:

&' = {¢ € ®: ¢ is non-decreasing},
Dp={¢p €®:¢(1)=0}.

Using these function classes, they established new multiplicative fixed point theorems (The-
orems (1.2) and (1.12) in [20]) that are genuinely non-equivalent to their classical counterparts
in standard metric spaces. This open problem was resolved by Stojan Radenovi¢ and Bessem

Samet [20] through the introduction of a function ¢ : [1,+oc0) — [0,0) satisfying
o(s) > b(Ins)¢, s> 1,
where b and c are positive constants.
Theorem 1.25 ([20]). Let (W, p,) be a complete multiplicative metric space and let % : W —

W be a mapping satisfying the following conditions:

(i) There exist a function ¢ € ® and a constant A € (0, 1) such that
?(pn(Z 0, 7®)) <A@ (pn(w,®)), foral ©,@ €W with p,(0,@) > 1.
(ii) For any 0,@ € W, if lim,_,co pp(F"0,®) = 1, then there exists a subsequence

{F"™w} of { F" @} such that limy_e pp(F "0, F®) = 1.

Then, the mapping .% admits a unique fixed point in W.

Theorem 1.26 ([20]). Let (W, p,,) be a complete multiplicative metric space and let 7 : W —
W be a mapping satisfying the following conditions:

(i) There exist a function ¢ € ® and a constant A € (0, 1) such that
@ (pn(F 0, 70)) <A {Q(pn(®,F 0))+ ¢(pu(®@, 7 B)},

forall ®,@ € W with p,(0,®) > 1.
(ii) For any @0,® € W, if lim,_,c pp(F"0,®) = 1, then there exists a subsequence
{F"a} of {F"w} such that limy_se Py (F " 0, F @) = 1.

Then, the mapping % admits a unique fixed point in W.
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The function ¢ ensures that the multiplicative fixed point theorems obtained through this

approach are not necessarily equivalent to their classical counterparts in standard metric spaces,
thus providing genuinely new results within the multiplicative framework.

We introduce the following notations and lemmas, which will be employed directly or indi-

rectly in our main results.

@ = {<p @2 [1,4+o0) — [0,0), @(s) > b(Ins)C for s > 1, with b,c > o},

Dy

{<p€d>|<p(t):0 <:>l:1},

Y, = {1// | w:[1,00) = [1,00), W is continuous, non-decreasing, and
y(r)=1 < tzl}.

Lemma 1.27. Let (W,p) and (W,p,,) be corresponding metric and multiplicative metric
spaces linked via logarithmic and exponential transformations. Then % -orbital completeness
and orbital continuity are invariant under these transformations.

In particular, (W, p) is F-orbitally complete and .F is orbitally continuous if and only if

(W, pm) has the same property.

Proof. Orbital completeness: Let (W, p) be a metric space and (W, p,,) its associated multi-

plicative metric space, where
Pm(@, @) = P P) forall 0, € W.

Consider a sequence {@,} defined by ®, = .#" @y for some wy € W and a mapping .7 : W —
W.
Suppose {@,} is a convergent Cauchy sequence in the standard metric space (W, p). Then,

forany p € N,
pm<a)n7 wn+p) — ep((!)mwner) .
Since {@,} is Cauchy and convergent in (W, p), we have p(®,, @,4,) — 0 as n — co. Conse-

quently,

: 0
Tim p (@n, O1p) =€ =1,
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showing that { @, } is a multiplicatively Cauchy and convergent sequence in (W, p,,,). Therefore,
if (W, p) is .#-orbitally complete, then (W, p,,) is also .# -orbitally complete.

Conversely, suppose {®, } is a convergent Cauchy sequence in (W, p,,,). Then, for any k € N,

P (@n, Oy i) = In Py (O, D)
Since {w, } is multiplicatively Cauchy and convergent, p,,(@,, ®,.;) — 1 as n — . Hence,

lim p(@,, ®,,¢) =In1 =0,
n—yco

showing that {®, } is a Cauchy and convergent sequence in (W, p). Therefore, if (W, p,,) is
Z -orbitally complete, then (W, p) is also .% -orbitally complete.
Orbital continuity: Let .# : W — W be a mapping, where p is the standard metric on W

and p,, is the corresponding multiplicative metric defined by
Pm(0, @) = P @P)  equivalently, p(®,®)=Inp,(0,0), Vo,cW.
Suppose .7 is orbitally continuous on (W, p). Let @y € W and assume

lim p,,(F "y, 0*) = 1.

n—yoo

Then using p = Inp,,, we have

lim p(F"wy, ®*) = lim Inp,,(F" @y, ®*) =In1 =0.
n—yoo

n—yoo

By orbital continuity of .% in (W, p),

lim p(Z" ' ay, F 0*) =0,

frreo)
which gives

lim py, (F" N ay, Fo*)=e"=1.
Thus, .% is orbitally continuous on (W, p,,).

Conversely, suppose .% is orbitally continuous on (W, p,,). Let @y € W and assume

lim p(Z" @y, 0*) = 0.

n—soo

Then

lim p,(F" @y, 0*) = lim P 7" @07 — 0 — |
n—oo n—yoo
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By orbital continuity in (W, p,,),

lim p,(F" N wy, Fo*) =1 =— limp(F" 'y, Fo*)=In1=0.
n—soo

n—yoo
Hence, .# is orbitally continuous on (W, p).
Therefore, .# is orbitally continuous on (W, p) if and only if it is orbitally continuous on
(W, pm).

Conclusion: Both .#-orbital completeness and orbital continuity are preserved under the

logarithmic and exponential transformations linking (W, p) and (W, p,,,). O

Using the approach of DoSenovi¢ et al. [11], and to establish the equivalence between
rational-type contractions in standard metric spaces and their multiplicative counterparts, we

formulate the following multiplicative analogue of the rational contraction.

Lemma 1.28 (Multiplicative Rational Contraction). Let .% be a continuous self-mapping on a
complete multiplicative metric space (W, py,). Suppose that
In (pp(0, F0)) In (pn(@, F0))
In (p (0, @)) ) ’
for all 0,@ € W with py,(,®) > 1, where o, € [0,1) satisfy o+ < 1.

(1.1D) Pu(F 0, Fw) < (pu(®,m))%exp </3

Then % admits a unique fixed point in W.

Proof. Let ay € W be arbitrary, and define the sequence {®,} in W by ®, = #"wy, n > 0.
If there exists ng € N such that @y, = ®,,+1, then @, is a fixed point of .7. Otherwise, assume
that @, # ®, for all n > 0, that is, p,;(®,, W,+1) > 1.

Substituting @ = @,_ and ® = w, into (1.11), we obtain

Pm(Oni1, @) = pim(F Op, F 0y—1)

In (@, @0y 1) In Py (@, 1, O
< (pm(mnvwn—l))anP (ﬁ P Inp +(10)) fag ) 1 )) .

Then, we can conclude
(112) pm(wn+1 ’ wn) < (pm(wm a)nfl))a eXp (ﬁ lnpm(wna a)n+1)) .
Taking natural logarithm on both sides of (1.12), we get

(1.13) Sp < Oty + Bsy.
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Where, s, = Inp,,(®,, @,+1) and t,, = In p,, (@, 0,1 ).

Rearranging (1.13) yields

Now, taking ﬁ =A€[0,1), we get
10 P (@, Op1) < A1y (On O 1),
That is,
Pm( @, 0y 11) < (Prn(a)nawn—l))}L

By induction, we obtain
P @i 1,®,) < (P01, 09))*"

For m > n, using the multiplicative triangle inequality,

m—1 m—1
k
pm((’)nawm) < H pm(wkvwk—i—l) < H pm(wlvw())/l
k=n k=n
m—119k
:pm(a)l’wo)z":" A
Since 0 <A < 1,
m—1 o0 A
I;l"g};lk: - —0 asn—oo.
=n =n

Hence,

Pm(@y, @y) — 1 asn — oo,
so {®, } is multiplicative Cauchy. Since (W, p,,) is complete, there exists @* € W such that
Pm(@,, @) — 1 asn— co.
Again, by continuity of .%,
lim py,(F @y, F 0*) = 1;
n—yoo
— pu(F 0", 0%) =1.

Thus, .# 0* = @*. Suppose @®* is another fixed point. Then

pn(0°, @) =pp(F @0, F@")
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lnpm(a)*,fa)*)lnpm(w*,ﬁm*)>

<(pm(0", @))% exp (B Inpy, (w*, @*)

=(pm(@",@"))%.

Since a € [0, 1) and p,,(@*,@*) > 1, this implies p, (0*,®*) =1, i.e., ® = @*.

Hence the fixed point is unique. 0

Then, Theorem 1.5 (Rational contraction in a standard metric space) and Lemma 1.28 (Ra-

tional contraction in a multiplicative metric space) are equivalent.

Lemma 1.29 ([26]). Let (W,p,) be a multiplicative metric space. Then the multiplicative

metric Py : W X W — [1,00) is continuous.

In this paper, we establish fixed point theorems for rational, and weak-type contractions
within multiplicative metric spaces, employing a function @ : [1,+e) — [0,00) satisfying
@(s) > b(Ins)¢, s > 1, b,c > 0, which prevents the equivalence of these results with the corre-

sponding theorems in standard metric spaces.

2. MAIN RESULTS

Theorem 2.1. Let (W, p,,) be an % -orbitally complete multiplicative metric space, and let

Z : W — W be a mapping satisfying the following conditions:
(i) There exists a function @ € ® such that

(Pm(0, 7 0)) ¢(pn(0, 7))
¢ (pm(@, D))

forall ®,@ € W with p,(0,®) > 1, where 0 < A; + A, < 1 and A1, A, > 0.

QD 9pu(®,8)) < 1@ (pn(@,@)) + 17

Y

(ii) The mapping .7 is orbitally continuous on W.

Under these conditions, ¥ has at least one fixed point in W. Furthermore, if ¢ € ®, then

this fixed point is unique.

Proof. Consider an arbitrary point @&y € W, and define the iterative sequence {®,} in W by
o, = F"my, n>0.]If there exists some ny € N such that ®,, = ®,,+1, then @, is a fixed

point of .%. Assume, instead, that @, # ®,+ for all n > 0, i.e., pp (@, Wy 11) > 1.
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Substituting @ = @y and @ = ®; into (2.1), we obtain

¢ (pm(@1,F 1)) ¢ (pm(w0, F @)

@ (pm(F 0, F 1)) < 19 (pm(wp, 01)) + 22

@ (Pm(wo, 1))
O (P (01, @) @ (Pm(w0, 1))
= 210 (pm( 0, +A :
l(P(P (o0 wl)) 2 (p(pm(a)o,a)1))
Hence, we deduce
A
2.2) ¢ (Pm(@1,02)) <k@(pn(@p, @), where k= 1—1/12 <l

Next, taking @ = oy and @ = @, in (2.2), we get
@ (P, 03)) <k@(pm(@r,@)) <K @ (pm(wp, o).
Proceeding inductively, we obtain

@ (P (O, 011)) <K' @ (pm(wp, 1)), n>0.

As ¢(s) > b(Ins)“ for s > 1, we have

b (10 P (00, @n11))* < K" @ (Pm( @0, 1))

<p(pm(wo,w1))>]/cm ((p(pm(ab,wl))>l/c

= Inpyu(W, Oyy1) <KV ( 5 >

where A = k!/¢ € (0,1).
Foralln >0and p > 1,
pm(wna wn—l—p) S pm(wna wn+1)~~-pm(wn+p—la (On—i—p)

= In(Pm (O, Ontp)) < In(P(On, On1)) + .. + 10(O(Ontp—1, Ont-p))

<A Ay 2P (@ 1))y

b

A1 —AP) " 1
< (1 {<pp<(;>o wl))}c
Sl_l{(Ppm(ZOwl))}l

= PO, Opyp) < } — 1 when n — oo.
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Consequently, the sequence {®,} forms a multiplicative Cauchy sequence in W. Since W is
F -orbitally complete, there exists @* € W such that lim,,_se Py (@, @*) = 1.

Again, as .7 is orbitally continuous, we obtain

lim p,,(Z @,, FZ ©*) = 1.

n—oo

Then, by the continuity of the multiplicative metric, Lemma 1.29, we have
pm< lim a)nﬂ,ﬁw*) =1,
n—oo
which implies
lim w,, ] = Zo0".
n—soo

Since lim,,_y.. 0, = @*, it follows that

Hence, .# has a fixed point in W.
Now, suppose that @ € ®( and assume that there exists @* € W such that #@* = @*. Then,
using (2.1), we get

@ (pm(0*, F 0*)) ¢(pn(@*, F©*))
@ (pm(0*,@*)) '

¢ (Pn(F 0", Z0")) <19 (pn(0*,@")) + 1
Since . # 0* = ®* and .F@* = @™, it follows that
@ (pm(0*,@*)) < 119 (pm(0*,@%)).
Hence,
(1= 21) 9(pu(@", @")) <0.
Since 0 < A; < 1 and ¢ € &\, we conclude that
¢(pn(0",0%) =0 = pu(0",@") =1,

which implies 0* = @*.

Therefore, .# admits a unique fixed point in W. UJ
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We show that Theorem 2.1 is not equivalent to Lemma 1.28. Define the function py ) :
W x W — [0, +o0) by
0, ifo=o,

In [@(pm(0,@))], ifo#o.
However, this function does not necessarily define a metric on W. Therefore, in general, the
contractive condition (2.1) cannot be transformed into (1.4) in a metric space. Consequently,
the approach used in [11] is not applicable in this case. The following example illustrates this

fact.

Example 2.2. Let W = {a;,a,a3}. Define a mapping .% : W — W by
Fla) =a1, F(a)=a3, F(a3)=a.
Consider the multiplicative metric p,, : W x W — [1, +c0) defined as
Pm(ar,a1) = pm(az,az) = pm(az,az) =1,
Pm(ar,az) = pm(az,ar) =4,
Pm(ar,as) = pm(az,ar) =5,

pm<a2;a3) = pm(a%aZ) = 7

Notice that
pm(al,az)pm(az,a3) =4.7=28>5= pm(al,ag),

pm(ar,az) pm(az,az) =5-7=35 >4 = py(ar,az),

Pm(az,ar) pm(ar,az) =4-5=20>17= py(az,a3),

which confirms that p,, is indeed a multiplicative metric on W.

Define ¢ : [1,+00) — [0, +o0) by

%s, 1<s<4,

%s, 4<s5s<5,

%s, s> 5.

Ve
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Then, for all s > 1, we have ¢(s) > %s.

Next, define
p(p(pm) TWXxW— [O,oo)
by
0, ifo=o,
Po(p) (@, ) =
In (¢(pn(0,®))), if 0+#®.
Then,
p‘P(Pm)<alaa2) =In (‘P(Pm(al,az))) =1In5,
35
Po(pn) (@1,a3) =In (@(pm(ar,a3))) = an’
Po(pn)(a2,a3) = In (@(pm(az,a3))) = 0.
Hence,

Po(pn) (@1,03) > Po(p,) (@1,02) + Py p,,) (a2, 43),

which shows that py () does not satisfy the triangle inequality. Therefore, py(p,,) is not a

metric.

Example 2.3. Now, let us take p,, same as in example 2.2.

Consider the function @ : [1,+oc0) — [0, +e0) given by:

;

0,s=1
4s,1 <s<4

s,4<s<5

4s,5 > 5.
\

For all s > 1, we observe that @(s) > Ins, where b =c = 1.
Now, using condition(i) and by taking A; = % and A, = é—ll,we compute,

Case 1:(1,))=(1,2)

¢(pm(F a1, Faz)) =9(pm(a,a3)) =5

1 @(pm(ar, 7 a1))p(pm(az, Faz))

1
Als0,§¢(Pm(al>a2))+Z ¢(pm(ar,az)) -
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Case 2:(1,j)=(1,3)

o(pm(F a1, Fa3)) =@(pm(ar,a1)) =0

1 g gy L@Pnlar, Fa)p(pu(as, Fas)) _ 5
PPl g an,a3) 2

Case 3:(1,))=(2,3)

O(pm(F a2, Fa3)) =@(pm(az,a1)) =5

1 o(pm(az, Faz))(pm(az, F a3))
4 ¢ (pm(az,a3))

Hence, the mapping .7 satisfies condition (2.1) for all a;,a; € W. Moreover, for any a; € W,

=14

1
AlSO, E(P(pm(a27a3))+

we have lim,,_,..#"a; = aj, which implies that every Cauchy sequence in W converges to a;.
Therefore, W is .% -orbitally complete.
Additionally, since lim,_,e py(-Z"a;,a;) = 1 for all i, it follows that all the hypotheses of

Theorem 2.1 are satisfied. Consequently, a; is the unique fixed point of .% in W.

Corollary 2.4. Let (W, p,,) be a complete multiplicative metric space, and let % : W — W be
a mapping satisfying conditions (i) and (ii) of Theorem (2.1). Then, .% admits at least one fixed

point in W. Furthermore, if @ € @, the fixed point is unique.

Proof. The result follows directly from the fact that the completeness of W implies its .7 -orbital

completeness. U
Theorem 2.5. Let (W,p,,) be an F -orbitally complete multiplicative metric space, and let
F W — W be a mapping satisfying the following conditions:

(i) There exist functions ¢ € ® and y € Y,, such that

(2.3) ¢ (pm(F 0, 7®@)) < @(pn(0,@)) — ¢ (¥(pn(0,0))),

forall o,@ € W with p,,(0,®) > 1.

(ii) The mapping % is orbitally continuous on W.

Then % admits a fixed point in W. Further if ¢ € @ then the fixed point is unique.
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Proof. Let ay € W be arbitrary, and define the sequence {®,} in W by @, = F"ay, n>0.
If there exists np € N such that @,, = @Wy,,+1, then @, is a fixed point of .7. Otherwise, assume
that @, # @, for all n > 0, that is, p,(®,, @,11) > 1.

Applying the contraction (2.3) with ® = w, and @ = ®,1, we have

(2.4) (P(pm<wn+lawn+2)) :(P(pm(ywnaﬁwwrl))
<O(Pm(On, @ y1)) — (W (P (O, Dny1)))-

Since (W (pm( @y, W,+1))) > 0, it follows that

O(Pm(@ns1, Wn12)) < QP ( Wy, Bpy1))-
Hence, the sequence { @ (P (@y, @,+1))} is strictly decreasing and bounded below by 0. There-
fore, it converges:
Jim @ (P (@n, @p11)) = £ > 0.

Taking limits in the (2.4) gives

£ = 1im @(pm( Wy 1, Op12)) < £ — lim @(Y(Pm(Wn, Oni1)))-

n—yoo n—soo
Thus,
lim @ (y(pm(@y, @, 11))) = 0.

n—soo

Using the property @(s) > b(Ins)¢ for s > 1, we obtain

b(In Y (P (@, 11)))* < QW ((Pm(@n, O11)))) = 0,
which implies
I Y (P (On, 0nt1)) = 0 = Y(Pum (O, Opt1)) — 1.
And hence
Pon(On, Oy y1) — 1.

Hence, for any € > 0, there exists N € N and 6 > 0 such that for all k > N,
0 <1Inpp (@, py1) <6,

where & > 0 can be chosen small enough depending on m — n.
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Then, for all m > n > N, we have

m—1

pm(a)nawm) < H pm<wkawk+1)
k=n

Then,

m—1

I (@, @) < Y In Py (@, W y1) < (m—n)8.
k=n

By choosing 0 sufficiently small so that (m —n)d < €, it follows that

m—1

100y (@ @) < Y In P04, 041 1) < €
k=n

Exponentiating both sides yields

P (@, 0) < €°.

Hence,

Therefore, {®,} is a multiplicative Cauchy sequence in W. Since (W, p,,) is .%-orbitally

complete, there exists @* € W such that

r}grolopm(wn» (D*) =1

By the orbital continuity of .%, it follows that

lim p, (F 0y, F 0*) = 1.

n—oo

That is,

lim o, = lim %o, = 7 0".
n—soo n—sco
— 0" =o0"
Thus, ®* is a fixed point of .%.
p

Next, to prove uniqueness, assume that there exists another point @* € W such that #@* =

@™ and ¢ € ®y. Then, from the contractive condition, we obtain
¢ (pn(Z 0", F@")) < ¢(pn(@",@")) — ¥ (@(pn(0",@"))).
Since .% 0* = w* and . ©* = @*, this reduces to

@ (pm(0*,@")) < @(pm(0*, @) — @ (y(pm(0*,@"))),
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As y € W), and ¢ € Py, this yields
P(pm(0",07)) =0 = pn(0",0") =1,
and hence 0* = @".

Therefore, .# admits a unique fixed point in W. O

Example 2.6. Let W = {a;,a,a3}. Define a mapping .% : W — W as
ﬁal =dai, 3?612 =dai, ﬁa3 =ay.
Consider the function p,, : W x W — [1,4o0) defined by

Pm(ar,a1) = pm(az,az) = pm(az,az) =1,
pm(ar,a2) = pm(az,a1) =2,
pm(ai,az) = pm(as,a1) =3,
Pm(az,a3) = pm(az,az) = 4.

It can be easily verified that p,, satisfies the multiplicative triangle inequality:

Pm(ai,az)pm(az,a3) =8 >3 = pp(ai,az),

Pm(ai,az)pm(asz,a) =12 >2 = py(ay,a2),

Pm(az,a1)pm(ar,a3) = 6 >4 = pp(az,a3),
confirming that p,, is a multiplicative metric on W.

Now, define the functions @ : [1,4oc0) — [0,+c0) and y : [0,00) — [1,0) as

Y

;

0, s=1,
s, 1<s<2,
o(s) =
25, 2<s<3,
s2, 5> 3,
x+1

Observe that ¢(s) > Ins forall s > 1, withb =c = 1.
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We verify condition (i) of Theorem 2.5:
Case 1: (i,j) = (1,2)

@(pm(Fai, Faz)) =0 < @(pmlai,az)) — @(W(pm(ar,a2))) = %

Case 2: (i,j) = (1,3)

O(pm(F a1, Fa3)) =2 < @(pm(ar,a3)) — @(W(pm(a1,a3))) = 4.

Case 3: (i, j) = (2,3)

(pm(F az, Faz)) =2 < 9(pm(az,a3)) — ¢(Y(Pm(az,a3))) = 11.

Hence, .7 satisfies condition (2.3) for all a;,a; € W.

Furthermore, for any a; € W, we have lim,_....#"a; = a;, showing that every Cauchy se-
quence in W converges to aj. Therefore, W is .% -orbitally complete.

Finally, since

lim p(Fap,a1) = 1 = kli_r)gpm(ﬁ"”lai,ﬁal) =1,

all the criteria of Theorem 2.5 are satisfied. Consequently, a; is the unique fixed point of .%.

Corollary 2.7. Let (W, p,,) be complete metric space and let F : W — W be a mapping which
satisfy conditions (i) and (ii) of Theorem 2.5 then .% has a fixed point. Further if ¢ € ®( then

the fixed point is unique.

Proof. The proof is similar to the proof of corollary 2.4. 0

3. CycCLIC MAPPINGS

Introduced by Kirk et al. in 2003 [15], cyclic contractions guarantee the existence and unique-
ness of a fixed point in the intersection of the underlying cyclic sets within a complete metric
space.

In this section, making use of Theorem 2.1, we establish the existence and uniqueness of

fixed points for the following class of cyclic mappings.
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Let {Si}le be a collection of nonempty closed subsets of a complete metric space (W, p).

Consider a mapping

such that .7 (S;) C S;11, foreachi=1,2,...,p, where S, .| = S|.

Now, from (1.27) if (W, p) is complete we can conclude that (W, p,,) is complete.

Theorem 3.1. Let {Si}lpzl be a family of non-empty and closed subsets of a complete metric
space (W, pp,). Assume the following conditions are true:
(i) Forall ® € S; and @ € S, where 1 < i < p, with p,,(@,®) > 1; there exist functions

© € ®and A, A € [0,1) such that A1 + A, < 1, we have

(Pm(0, F0)) ¢(pn(B, 7 B))
¢ (pm(0,@))

3.1) O (pm(®,3)) < 11 @(pu(®, D))+ 1,2

)

then ﬂf;l Si is non-empty. Furthermore, if

(ii) the mapping % is orbitally continuous on W,

then F admits a fixed point ®* € ﬂf;l Si. Furthermore, if ¢ € ®y, the fixed point is unique.

Proof. Let ay € W be arbitrary, and define the sequence {®,} in W by ®, = %" wy, n > 0.
If there exists ng € N such that @y, = ®,,+1, then @, is a fixed point of .7. Otherwise, assume
that @, # ®, for all n > 0, that is, p,;(®,, 0,+1) > 1.

Substituting @ = @y and ® = o; into 3.1, we obtain

@ (Pm(@1,F 1)) @ (pm (@, 7))

@ (Pm(F o, For)) <A@ (pm(n, o)) + 1

@ (pm(@o, 1))
¢ (P (01, 02)) @ (Pm( @0, 1))
= 210 (pm( w0, + A :
10 (Pm(p, @1)) + 22 ¢ (P, 1))
Then, we deduce
A
(3.2) @ (Pm(®1,0)) <k@(pm(wo, 1)), where k= 1_112 <1.

Iterating in a similar fashion, we obtain

@ (P (0, 011)) <K' @ (pm(@p, 1)), n>0.
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Proceeding as in Theorem (2.1), for alln > 0 and p > 1, we have

1
A" [ 9(pm(wg,01)) | €
Pin( @y, s p) Selfl{ ) — 1 when n — oo.

Therefore, {®,} is a multiplicative Cauchy sequence in W. On the other hand, since Ule Si1s
a closed subset of the complete metric space (W, p,,). It follows that (Ule Si, pm) is itself a
complete metric space, which means it is an .%# -orbitally complete. There exists ®* € Ule S;

such that
(3.3) lim p,,(®,, 0*) = 1.
n—oo

Furthermore, for each 1 <i < p, there exists a subsequence { @, } of {®,} such that

{on,} C Si.
From (3.3), it then follows that
(3.4) ,}er;pm(w"n’w*) =1, forall1 <i<p.
Since each §; is closed, we deduce that
p

which shows, in particular, that

p
(Si# ¢

i=1
Consider the restricted mapping

p p
ﬁﬂlesi : QS,' — QS,'.
i= i=

Also, from (3.4) and orbital continuity of .%# ,we have
lim P, (F 0y, , F ©*) = 1.
k—yoo

It follows that

: _ * __ o *
lim @, , =0 =70".
k—soo
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It is clear that ﬁﬂlp: 5 satisfies all the hypotheses of Theorem 2.1. Hence, ‘Ojﬂf’: |5, possesses

a fixed point

Now, suppose ¢ € ®( and let @* € W be such that .# ®* = @*. From (2.1), we have

@ (pm(0*,0%)) = ¢(pn(F 0*, F&*)) < 119 (pm(0*,T*)).
Thus,
(1= 21) 9(pu(@", @) <0.
Since 0 < A; < 1 and @ € ®, it follows that
¢(pm(0",@*) =0 = pu(0",0%)=1,
which yields o* = @*.
Hence, .# has a unique fixed point in (?_, S;. O
4. BOUNDARY VALUE PROBLEM

Consider the boundary value problem of second order

@.1) W' (1) = —f(t,u(t)),u(t) e 1,u(0) = u(1) =0,

where I = [0, 1] and f: [0, 1] x R — R is a continuous function. In the literature, the existence of
solution of such type of the problem(4.1) has been considered by providing certain conditions

on f. One can verify that the BVP (4.1) is equivalent to following integral equation

1
4.2) u(t) = / %(t,s)f(s, u(s))ds,
0
for all t € I, where ¥(¢,s) is the Green’s function defined by

t(1—s), 0<r<s<l;
G(t,s) =
s(1—1), 0<s<r<lI.

Therefore, u(t) is a solution of BVP (4.1) if and only if it is a solution of the integral equation

(4.2).
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Consider # = %(I) be a space of all real continuous functions on 7 equipped

p(u,v) = sup |u(r) =v(r)].
t€[0,1]

Then, (#/,p) is a complete metric space. Also, if py,(u,v) = eP“"), then # equipped with p,,

is a multiplicative metric space.

Theorem 4.1. Aside from the above given conditions, suppose for allt € I,a,b € R if % |f(t,a)—
f(t,b)| < g(la—b|) where g : [0,00) — [0,00) is an increasing function and @(e$")) < @(e') —
o(y(e)),wheret > 0and ¢ € ®'. Then equation (3.1) has a unique solution u € €*(I).

Proof. An operator .% : € (I) — € (I) is defined such that

1
Fu(t) = /0 G(t,s)f(s,u(s))ds, forallt € I.

Here, .7 is a continuous mapping. Hence, it is orbitally continuous. Also, % (I) is a complete
metric space with respect to the metric p. Consequently, €(I) is % -orbitally complete. Let
u,v € ¢(I). We have,

p(Fu, Fv) = sup | lg(hS)[f(SaM(S))—f(s,V(S))]dS|
refo,1] /0

1

< sup | G(1,5)|f(s,u(s)) = f(s,v(s))|ds
t€[0,1]7/0

1
<8 sup G(t,s)g(\u(z)—v(m)ds
t€[0,1]7/0

§8< sup /01 G(t,s)ds)g(d(u,v))

r€[0,1]
<g (P (u, V))

Where, forallt € 1,

t(1—1 1 1
( 3 ) . Then, sup G(t,s)ds = 3

rel0,1]/0

/01 G(t,s)ds =

Thus, we can conclude that

O (Fu, Fv) = P (T UTV) < p8(p(uy))
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Again as ¢ € @', we have
(P (Fu,Fv)) <g(esP))
< (V) — p(y (P ™))
< @(Pm(,v)) = @(W(Pm(u,v)))-

So, the criteria of Theorem (2.5) are satisfied. Therefore, F has a fixed point in €(1).

Example 4.2. We consider a boundary value problem
4.3) ' =t+u, u(0)=u(l)=0
which is equivalent to the integral equation

u(t) = /Ott(l —s)(u(s)—f—s)ds—i—/tls(l 1) (u(s) + 5)ds

Then,for all t € I,a,b € R

§7(6.0) — 76,0 = glb—a] < (b —al)

Taking,
o(t)=Int
8(r) = %
v =2-

15¢
Also,e s >¢
15 ¢ ¢ ¢
— e8 +e >e +e

— (1) 2242 —2=2(1+¢) -2

7t 2
— ¥ >2———
(e +1)
Tt 2
= — >[n(2—
g 22—
t
— t—In(2— >
g 1+et)_8

—> ¢(ef) < o(¢') —p(y(e)), forallt > 0
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i.e.,@(pm(Fu,Fv)) < Q(Pm(u,v)) — @(W(Pm(u,v))).

Thus, all the criteria of Theorem 4.1 is satisfied. Consequently, the BVP (4.1) has a unique

eztfH»el_[feH't

solution which is found to be u* () = e

5. CONCLUSION

In this paper, we establish fixed point theorems for Jaggi and weak contractions within the
setting of multiplicative metric spaces. The results are obtained using a function ¢ : [1,+o0) —
[0,00) satisfying ¢@(s) > b(Ins)¢ for s > 1, where b and ¢ are positive constants. Notably, the
multiplicative metric framework considered here is distinct from the classical metric setting.
We provide illustrative examples to support our theoretical results and further demonstrate ap-
plications of the weak contraction principle, including the existence of solutions to boundary
value problems for second-order differential equations and the determination of a unique fixed

point for cyclic mappings.
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