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Abstract. In this paper, we propose a new class of generalized large triangle—perimeter contractions for single-
valued mappings in fuzzy b-metric spaces. The proposed contraction is based on a hybrid geometric functional
involving three points and incorporates a time-scaling mechanism. This approach allows us to study mappings that
may fail to be contractive at a fixed time parameter but exhibit contractive behavior when observed at varying time
scales. We establish a fixed point result confirming the existence and uniqueness of fixed points in complete fuzzy
b-metric spaces. The proof technique significantly differs from classical approaches by utilizing time iteration and
fuzzy geometric decay mechanism. An application to a nonlinear Volterra-type integral equation with delay is also
presented.
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1. INTRODUCTION

Fixed point theory (PTI\’/T ) is a fundamental tool in nonlinear analysis, with wide-ranging
applications in differential equations, optimization, and applied sciences. The classical Banach
contraction principle [14] guarantees the existence and uniqueness of fixed points in complete
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metric spaces and serves as a cornerstone for many developments in this area. To address
uncertainty and vagueness inherent in real-world problems, fuzzy metric spaces (I?M/S) were
introduced by Kramosil and Michalek [6], and later refined by George and Veeramani [2].
These spaces incorporate a time parameter to describe the degree of nearness between elements,
providing a more flexible framework for analysis.

On the other hand, b-metric spaces, introduced by Bakhtin [5] and further developed by Cz-
erwik [15], generalize classical metric spaces by relaxing the triangle inequality via a constant
b > 1. Over the years, numerous generalizations of contraction mappings have been proposed,
including those due to Ciri¢ [8] and Meir—Keeler [3]. More recent developments involve various
contractive conditions in both metric and fuzzy settings [13]. In addition, several authors have
established important results in extended fuzzy metric spaces (see, e.g., [10]-[12], [17]).

Recently, attention has shifted toward multi-point contractions. In particular, Petrov [4] intro-
duced contraction conditions based on triangle perimeters, opening new directions in FPT. The
concept of large contraction, introduced by T. A. Burton, generalizes the classical contraction
principle by relaxing the strict Lipschitz condition, thereby enabling the study of a broader class
of nonlinear mappings. Moreover, fixed point techniques have proven to be powerful tools in
the analysis of integral and fractional differential equations [16, 1, 7], further highlighting their
applicability in diverse mathematical models.

Motivated by the above developments, we introduce a new class of generalized large triangle—

perimeter contractions in fuzzy b-metric spaces (FbMS). Our approach integrates the fuzzy
metric structure [2], the b-metric generalization [15], and triangle—perimeter contraction tech-
niques [4], along with a novel time-scaling mechanism. This framework enables the analysis
of mappings that may not exhibit contractive behavior at a fixed time but become contractive

under variable time scales, thereby significantly extending existing results in the literature.
2. PRELIMINARIES
In this section, we recall some basic definitions and results used throughout the paper.

Definition 2.1. [6] A FMS (X, M ,¥4) where X # ¢, K is a continuous 7- norm and M : X x X x
(0,00) — [0, 1] satisfies:
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o M(@,y,t) > 0;
[ J

(

(o,y,t) =1if and only if ® = 7;
(@,7,1) =M(7,®,1);
(
M(

M
M
M
M

@, 0,t+5) > M(@, 7,1V EM(Y,0,s);

@,7,-): (0,00) — [0,1] is left continuous.

for all @,7, € X and t,5 > 0.
We now recall the definition of FMS in the sense of George and Veeramani.

Definition 2.2. [2] A FMS (X, M%) where X # ¢, "X is a continuous ¢- norm and M : X x X x
(0,00) — [0, 1] satisfies:

,7,) >0

,7,t) = 1 if and only if @ = ¥,

@, 0,t+5) > M(®@,7,t) HM(y,0,s);

M(®
M(®
o M(@,y,1) =M(y,@,1);
o M(

M(®,7y,-) : (0,00) — [0,1] is continuous.

forall @,y, ® eXandz,s>0.

The concept of b-metric space was introduced by I.A. Bakhtin and extensively used by S.

Czerwik.

Definition 2.3. [15] Let X be a nonempty set and k > 1 be a given real number. A function

d: X x X — [0,00) is a b-metric on X if, for all @, ¥, ® € X, the following conditions hold:
d(@,y) =0if and only if @ = ¥,
d(@,7) = d(y,®);
e d(@,0) <kld(®@,y)+d(y,o)].
The triple (X,d, k) will be called b-metric space.

—_——

A FbMS is a generalization of fuzzy metric and b-metric spaces, and has been investigated

by various authors (see, for example, [9]).
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Definition 2.4. [9] Let X be a nonempty set. Let k > 1 be a given real number and »X be a
continuous ¢-norm. A fuzzy set M in X x X x [0, o) is called fuzzy b-metric if, for all @,y, @ €

X, the following conditions hold:

,1,0) =0;

M(@
M( Y, t) = 1‘v’t>01fandonly1f03 Y;
M(B,0,k(t+s5)) ZM(GI,y,t) %M(y,w,s)w,s > 0;
M(@

,7,) : [0,00) — [0, 1] is left continuous and lim; . M(®@,7,1) = 1

The quadruple (X, M,"4,k) is said to be a FbMS .

Definition 2.5. [9] A sequence {@, } ina FbMS is said to converge to @ € X if M(®@,,®,t) — 1

asn — oo forall t > 0.
Definition 2.6. [9] A sequence {@,} is called Cauchy if M(@,, ®@,,,t) — 1 as n,m — oo,
Definition 2.7. [9] A FbMS is said to be complete if every Cauchy sequence converges in X.

Definition 2.8. [4] A mapping 7 : X — X is called a triangle—perimeter contraction if there

exists a constant ¢ € [0, 1) such that
P(To,Ty,Tw) < aP(®,y,0),
for all pairwise distinct points @, Y, ® € X.

Theorem 2.9. [4] Let (X ,d) be a complete metric space. If T : X — X is a triangle—perimeter
contraction, then T has a unique fixed point. Moreover, for every @y € X, the sequence {T"®@}

converges to this fixed point.

Definition 2.10. [16] Let (X ,d) be a complete metric space. A mapping 7 : X — X iscalled a

large contraction if the following conditions hold:
() d(To,Ty) <d(®,y) for all @ # 7,

(2) For every € > 0, there exists a constant (&) € (0, 1) such that

dm,y)>¢e = dTw,Ty) < 8(e)d(m,y), forall@m,ycX.
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Theorem 2.11. [16] Let (X,d) be a complete metric space and let T : X — X be a large con-

traction. If there exist @y € X and L > 0 such that
d(@y, T"my) <L forallneN,
then T has a unique fixed point in X.

3. MAIN RESULTS

Definition 3.1. Define the generalized triangle-perimeter functional:

cyc
where A € (0,1).

A mapping T : X — X is called a generalized large triangle-perimeter contraction if:
(1) Zy(To,Ty,To,t) < Z,M®,7,0,t),

(2) For every € > 0, there exists 6(€) € (0,1) and ¢(¢) > ¢ such that

Py(To,Ty,To1) <56(e)Py(0,7,0,0(1)).

—_—

Theorem 3.2. Let (X M, Y4, k) be a complete FDMS. Then every generalized large triangle—

perimeter contraction T : X — X has a unique fixed point.

Proof. Let @y € X and define the sequence {@, } by
05,,+1 == Twn, n Z 0.

Define
Pn(t> = PM(wmwn-l-]awn-l-Z?t)'

Step 1: Strict decrease.
If for some n, @, = T @,, then @, is a fixed point. Otherwise, assume @, #* T @,, for all n.

By condition (i),
Poiii(t) = PM<TG)},, TWy 1, TW,12,1) < PM(wn,xn+1,wn+2,l) = P,(1).
Thus {P,(¢)} is strictly decreasing and bounded below by 0, hence convergent. Let

lim P, () = ¢ > 0.

n—yoo
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Step 2: Time-scaled contraction.

From condition (ii), for every € > 0, there exists (&) € (0,1) and @(z) > ¢ such that
Poy1(2) < 8(€) Pa(0(2)).
Iterating this inequality, we obtain
Pa(t) < 6(g)" Py(9"(1)).
Since 6(€) € (0,1) and Py(¢"(¢)) is bounded, it follows that
P,(t) =0 asn— oo

Hence ¢ = 0.

Step 3: Cauchy property.

Since P,(t) — 0, we have
1 —M(®,,xp41,1) = 0,
which implies
M(®,,®,,1,t) =1 asn— oo,

Now, using the fuzzy b-metric inequality repeatedly, for any m > n, we obtain
M(wny (D-rmt) Z M((D'n, wnJrl»tl) M M(wn+17wn+2at2) CURERNLS M(wmflvwmatm—n)v

where 1]+t + -+ 4ty = t /b* for suitable k.

Since each term tends to 1, it follows that
M(®,,®,,,t) — 1 asn,m— oo,

Thus {@,} is a Cauchy sequence in X.

Step 4: Existence of fixed point.

Since (X, M "X, k) is complete, there exists @* € X such that

o0, —> 0"
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Now,

M(®,,T®,,t) = M(®,, @, 1,t) — 1.

Using the continuity of M and the convergence @, — @*, we obtain

M(@*, To*,t) = lim M(®,, T®,,t) = 1.

n—soo
Hence,
To" =o".
Step 5: Uniqueness.
Assume that y* € X is another fixed point with y* # @*.
Then, using condition (ii), for sufficiently large n, we have
Py (To*, Ty ,T®,,t) < 0Py (@",y",®,,¢(1)).

Since T®* = ®* and Ty* = ¥*, this reduces to

Py (@, 7", @y 1,1) <SPy (@, 7", @, § (1))

Iterating,
Py(@° 7 Gyt) < 8" Py (@7, @0,9" (1)) — 0.

Taking limit as n — oo, we get

M(@",y",1) =1,
which implies
o =7,
a contradiction.
Thus the fixed point is unique. 0J

Corollary 3.3. Let (f( ,d) be a complete metric space. Suppose that the fuzzy b-metric reduces

t0 a standard metric (i.e., b= 1 and M (@,7,1) ) and the time-scaling function satisfies

_ .t
T t+d(@,y)
o(t)=t IfT: X — X satisfies the triangle—perimeter contraction condition

P(TGT,T)/,T(D) < OCP((D',’}/, (l)), o< [07 1)7

for all pairwise distinct @,y,® € X, then T has a unique fixed point in X.
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Remark 3.4. The obtained result generalizes the Banach contraction principle and triangle—
perimeter contractions to fuzzy b-metric spaces. The incorporation of a time-scaling function
¢(r) and a multi-point functional allows the treatment of mappings that are not contractive in
the classical sense. Thus, the result provides a more flexible and unified framework for fixed

point theory.

4. ILLUSTRATIVE EXAMPLE
Let X = [0, 1] and define the fuzzy b-metric

. t
M(@,y,1) RYENr- T t>0,p>1,

with the product t-norm a "X b = ab.
Then (X, M,"X) is a complete fuzzy b-metric space with b =2P~! > 1.

Define the mapping T : X — X by

o 1 5.
T(O)=——+-0 o).
(@) 1—|—(D+3 sin(®)
Step 1: 7 maps X into X
For @ € [0, 1], we have
o 1 2 .
0<—< -, 0<w o) <l1
“l+@ 2 sin(@) <
Thus,
1 1 5
0<Tm)<=-+-==-<1
@)<3+3=5%

N

Hence, T(X) C X.

Step 2: T is not a Banach contraction

Compute the derivative:

1

r'(@) = (1+m)?

1
+§(2&5sinw+w2cosaf).
At@ =1,

, o1,
T'(1) = —+ —(2sin1+cos1).
4 3
Since sinl > 0 and cos1 > 0, we get T7'(1) > 1.

Hence, T is not a Banach contraction.
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Step 3: Uniform Lipschitz-type estimate

Using standard inequalities:

‘ @7 ‘: D=1 oy,
I+o 1+y, (1+o)(1+7y)
and
|@*sin® — y*siny| < |@*sin®@ — y*sin®@| + |y (sin@ — siny)|.
Now,
@ —7|=lo-Yo+y <2,

and

|sin@ —siny| < |@ — 7.
Thus,

|@°sin@ — P siny| <2|@ —y|+|@ -y =3|@ -7

Therefore,

1
T(@)-T)| <@ -+ -3l@—y =27

Step 4: Key estimate in fuzzy b-metric

We compute:
(@) =T

1 —M(T®,Ty,1) = (+|T (@) - TP

Using Step 3:
T(@) =T (y)] <2[@ 7,
SO
T(@) - T (" <2"|@—v|”.
Thus,
| - M(T®,Ty.1) < %.

Step 5: Time scaling
Define

o(t) =12t
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Then,
y @ —v|P
1-M(@ )= —-——.
Step 6: Construction of §(¢)
Assume |@ — 7| > € > 0. Then
. 2@ — )P
1-MTw,Ty,t) < ————.
( ) ’}/7 )— t+2p8p
Also,
. @ —v? eb
1-M(@ t)) = .
(@,7.00)) 2+ |@—yP ~ 2t +1
Thus,
| -M(T®,Ty,) _,, 2+1
I-M(®@,y,0(c)) ~—  t+2rer
Define
2t+1

o(e) = 2P . .
(&) =sup2”- —rer

Since the function is bounded for # > 0, we can choose € > 0 sufficiently large such that
o(e) € (0,1).

Hence,

1-M(Tw,Ty,t) < 6(e) (1-M(®,7,9(1))).

Step 7: Triangle—perimeter contraction

Applying the inequality obtained in Step 6 to the pairs (@, y), (7, ®), and (@, ®), we obtain

Py(T®,Ty.Tw,1) < 8(€) Py (@,7,0,0(1)).

Step 8: Conclusion
Thus, T satisfies the generalized large triangle-perimeter contraction condition in the com-
plete FbMS (X, M K) with b = 271 > 1.

Hence by Theorem 3.2, T has a unique fixed point in X.
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5. APPLICATION TO A NONLINEAR VOLTERRA INTEGRAL EQUATION WITH STATE-

DEPENDENT DELAY

In this section, we apply our main result to a nonlinear Volterra-type integral equation with
state-dependent delay, which arises in advanced models of biological systems, neural networks,
and control processes with feedback.

Consider the equation:

(1) F(@) = @)+ [ K(@.5.76), (WG, f(5) ds, @€ 0,1],
where y(s, f(s)) represents a state-dependent delay satisfying y (s, f(s)) € [0, 1].

Real-world interpretation

This model describes systems where:

e The present state depends on accumulated past states (integral term),
e The delay is not constant but depends on the current system state,

e The system exhibits nonlinear feedback.
Such models arise in:

e Neural networks with adaptive delay,
e Population dynamics with environment-dependent maturation time,

e Engineering systems with state-based control delays.

Step 1: Functional framework
Let X = C([0, 1]) with norm ||| = supgc(o 1) |/ (@)

Define the fuzzy metric:

M(f,g,t) = t>0,p>1.

t
t+|f =gl

Then (X, M, ) is a complete fuzzy b-metric space with b =2P~1 > 1.

Step 2: Operator formulation

Define T : X — X by

(Tf)(@ +/ (x,5, £ (), F(w(s, £(s)))) ds.
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Then the solution of the equation corresponds to a fixed point of 7.

Step 3: Assumptions on the kernel

Assume:

(1) K is continuous,

(2) There exists L > 0 such that
|K(@,s,u1,v) — K(@,s,uz,v2)| < L(|lug —uz|+ |vi —v2|),
(3) The delay function y satisfies

(W(s, ) = p(s,u2)| < Ay —waf, A €(0,1).

Step 4: Lipschitz-type estimate

For f,g € X, we estimate:
o
Tf(@)—Tg(m)| < /0 K (@5, (s), f(w(s. £(5))) —K(@,5,8(5),8(¥(s,8(s)))) |ds.
Using the Lipschitz condition:

<1 [7(1£65) = )] +1F(wls, £61) — (s, g(6))] s

Now,

f(w(s, f(s)) = g(wls, &) < [f(w(s, £ () = F(W(s, ()| +1f (wls, 8(5)) — g(w(s,8(s)))l-

Using continuity and Lipschitz property:

< Lily (s, £(s) = w(s,8(s) |+ [If —gll < LiA[f(s) — g(s)[+ [/ = &ll-
Thus,
T/ (@) —Tg(@)| < C|f—ell
for some constant C > 0.

Hence,

ITf=Tgll<Cllf gl

Step 5: Fuzzy contraction estimate
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We have:
I7f=Tsel” _ CPIf—sl”
t+||Tf—TgllP — t+CP|f—gl|?

1-M(Tf,Tg,t)=

Define ¢ (z) = 2t. Then:

. _o|lP
117,00 = 5 S

Proceeding as in the main theorem, we obtain:
1 _M(Tfa Tg7t) < 5(8) (1 _M(fag7¢(t)))7
for some 6(¢) € (0,1).

Step 6: Triangle-perimeter contraction

Applying the above inequality to f,g,h € X and summing, we obtain:

Py(Tf,Tg,Th,t) < 8(€) Py (f,8,h,9(1)).

Step 7: Application of main theorem

All the conditions of Theorem 3.2 are satisfied. Hence, T admits a unique fixed point in X.

Conclusion and Interpretation
The nonlinear integral equation with state-dependent delay admits a unique solution.
This implies:
e Stability of systems with adaptive delay,
e Robust convergence under nonlinear feedback,

e Applicability to complex real-world systems where delay depends on system state.

6. CONCLUSION

In this paper, we proposed a new class of generalized contractions based on triangle—
perimeter geometry and time-scaling in the setting of F/b\]\ZS‘ The developed framework ex-
tends both classical and modern fixed point results, including Banach-type contractions and
large triangle—perimeter contractions, by incorporating a time-dependent notion of nearness.

The inclusion of a time-scaling function enables the contractive condition to be satisfied at

varying time levels, thereby significantly enlarging the class of admissible mappings. This
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approach provides a flexible and effective tool for the analysis of nonlinear problems under
uncertainty.

The applicability of the obtained results has been illustrated through a nontrivial example,
demonstrating that mappings which are not contractions in the classical sense can still satisfy
the proposed conditions.

Future research may focus on extending the present framework to multivalued and hybrid
mappings, as well as to more general settings such as fuzzy S-metric, partial metric, and mod-
ular metric spaces. It would also be of interest to investigate analogous results under weaker
or implicit contractive conditions, and to explore stability analysis, data dependence, and well-
posedness of the associated fixed point problems. Furthermore, potential applications to dynam-
ical systems, optimization theory, and control problems offer promising directions for further

study.
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