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Abstract. In this paper, an implicit iterative process with mixed errors is considered. Weak and strong
convergence theorems of common fixed points of a finite family of pseudocontractions are established in

a real Banach space.
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1. Introduction and Preliminaries

Throughout this paper, we always assume that F is a real Banach space and K is
a nonempty subset of E. Let J denote the normalized duality mapping from E into

2F" given by
J(x)={f € B : (z, f) = [l«|* = || I, = € E}, (1.1)

where E* denotes the dual space of E and (-, -) denotes the generalized duality pairing.

In the sequel, we denote a single-valued normalized duality mapping by 7, we denote the
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fixed point of the mapping 7" by F(T') , — and — denote weak and strong convergence,
respectively.

Recall that T is said to be nonexpansive if
[Te =Tyl < [lz—yl, Vo,yekK. (1.2)

T is said to be strictly pseudocontractive if there exists a constant k > 0 and j(z —y) €

J(xz — y) such that
(T =Ty, j(x —y)) < llv —ylI* —sllz —y — Tz - Ty)|*, Vz,ye K. (1.3)
T is said to be pseudocontraction if there exists j(x — y) € J(x — y) such that
(Tz =Ty, j(x—y)) <llz—yl*, VoyekK (1.4)
It is well known that [1] (1.4) is equivalent to the following:
[z =yl <z —y+ sl =T)z = (I = T)ylll, Vs > 0. (1.5)
T is said to be uniformly L-lipschitz if there exists a positive constant L such that
|T"x —T"y|| < Lllz —yll, Vr,ye K,n>1. (1.6)

In 2001, Xu and Ori [2], in the framework of Hilbert spaces, introduced the following
implicit iteration process for a finite family of nonexpansive mappings {71, T5, -+ ,Tn}

with {a,} a real sequence in (0,1) and an initial point 2, € C:
11 = @ + (1 — o) Ty,

To = Qa1 + (1 — O{Q)TQZEQ,

N = ONTN_1 + (1 - OéN)TN:L’N,

Ty+1 = aymry + (1 —ani)TixNy,

which can written in the following compact form:

Ty = Tyt + (1 —ap)Thx,, Vn>1, (1.7)
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where T}, = Ty(moan) (here the mod N takes values in {1,2,--- ,N}).

They obtained the following weak convergence theorem.

Theorem XO. Let H be a real Hilbert space, C' a nonempty closed convexr subset of H,
and Ty : C — C be a finite family of nonexpansive mappings such that F = N F(T;) # 0.
Let {x,} be defined by (1.7). If {ay,} is chosen so that o, — 0 as n — oo, then {x,}

converges weakly to a common fized point of the family of {T;}Y,.

Subsequently, fixed point problems based on implicit iterative processes have been
considered by many authors, see, for example, [3-9]. In 2004, Osilike [6] reconsidered the
implicit iterative process (1.7) for a finite family of strictly pseudocontractive mappings.

To be more precise, he proved the following theorem.

Theorem O. Let H be a real Hilbert space and let C' be a nonempty closed convex subset of
H. Let {T;}Y.| be N strictly pseudocontractive self-maps of C' such that F = NXF(T;) #
0. Let zo € C and let {a,} be a sequence in (0,1) such that a, — 0 as n — oo, Then the

sequence {x,} defined by (1.7) converges weakly to a common fized point of the mappings
{TiHY
In 2008, Hao [5]considered the following implicit iterative process with mixed errors for

a finite family of pseudocontractive mappings:

x9 €K, x, = a,ry_ 1+ BuThr, + Yotn, Yn>1, (1.8)

where T,, = T}, (moan) (here the mod N takes values in {1,2,--- ,N}). {a},{f, fand{y,}
are three sequences in [0, 1] such that a,, + 5, + v, = 1 and {u,} is a bounded sequence
in K. Weak and strong convergence theorem of the implicit iterative process with mixed
errors (1.8) for a finite family of pseudocontractions mappings in Banach spaces was

established; see [5] for more details.
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Very recently, Qin, Su and Shang [7] considered the following implicit iterative process

for a family of asymptotically strict pseudocontractions:
T1 = 1T —+ (1 — ozl)Tlatl,

Ty = oty + (1 — ag) Ty,

rn =ayrn-1+ (1 —an)Tyey,

2
Tnp1 = anp1Zn + (1 — ang) T TN,

2
Ton = aonZon—1 + (1 — aon)TyTon,

3
Tont+1 = Qani1%an + (1 — aoni1) Ty Tan 41,

Since for each n > 1, it can be written as n = (h—1)N +4, where ¢ = i(n) € {1,2,..., N},
h = h(n) > 1 is a positive integer and h(n) — oo as n — oo. Hence the above table can

be rewritten in the following compact form:
Ty = QpTy_1 + (1 — Oén)T.h ?)xn, Vn > 1. (1.9)

A weak convergence theorem of the implicit iterative process (1.9) for a finite family of
asymptotically strict pseudocontractions was established; see [7] for more details.

In this paper, motivated by the above results, we consider an implicit iterative process
with mixed errors for a finite family of pseudocontractions mappings in Banach spaces.

To be more precise, we consider the following implicit iterative process:

To € K7 Tp = Qplp—1 + an;}z(n)xn + TnlUn, vn Z 17 (11())

n)

where T,, = T}, (moan) (here the mod N takes values in {1,2,--- ,N}). {a,},{6,} and{7,}
are three sequences in [0, 1] such that o, + 8, + v, = 1 and {u,} is a bounded sequence

in K.

In order to prove our main results, we need the following conceptions and lemmas.
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Recall that a space E is said to satisfy Opial’s condition [10] if, for each sequence {z,,}

in E, the convergence z,, — x weakly implies that

liminf ||z, — z| <liminf ||z, —y|, Yye E(y#x).

n—oo n—oo

Recall that a mapping 7' : K — K is semicompact if any sequence {x,} in K satisfying
lim,, o ||#n — Tx,|| = 0 has a convergent subsequence.
Recall that a mapping 7' : K — K is demiclosed at the origin if for each sequence {x,}

in K, the convergence x,, — z¢ weakly and T'z,, — 0 strongly imply that Tz, = 0.

Lemma 1.1 [12] Let {a,}, {b,} and {c,} be three nonnegative sequences satisfying the

following condition:

a1 < (14by)ay, +cn,  Vn > ng,

where ng is some nonnegative integer, Y~ b, < 0o and Y - ¢, < oo. Then the limit

lim,,—oo @, exists.

Lemma 1.2 [8] Let E be a uniformly convex Banach space, K a nonempty closed convex
subset of E and T : K — K a continuous pseudocontractive mapping. Then the mapping

I — T s demiclosed at zero.
Lemma 1.3 [13] Let E be a uniformly convex Banach space and 0 < p <t, <q <1, for
all n € N.Suppose further that {x,} and {y,} are sequences of E such that

limsup ||@,,|| < r,limsup ||y,|| < 7, Iim |[t,2z, + (1 — )y =1,
n—oo n—o0 n—oo

hold for some r > 0, then lim, o ||Tn — yn|| =0
2. Main results

Theorem 2.1. Let E be a uniformly convex Banach space satisfying Opial’s condition
and K a nonempty closed convex subset of E, T; : K — K be an uniformly L; -Lipschitz
pseudocontractive mapping with F = MY F(T;) # 0, {u,} be a bounded sequence in K.
Let {x,}2>2, be a sequence generated in (1.10). Assume that the control sequence {«,},

{B.} and {v.} in [0, 1] satisfy the following restrictions
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(a) 8oL <1, where L=max{L;: 1 <i< N}, Vn>1;
(b) an+Pn+1m=1,Vn>1;

(C) Zn 177’L<OO

(d0<a<a,<b<1,Vn>1,

Then {x,} converges weakly to some point in F.

Proof. First, we show that the sequence {z,} generated in the implicit iterative process

(1.10) is well defined. Define mappings R, : K — K by

R.(x) = aprpn_1 + Bn Z(;))x + Yy, YVre K,n>1.

Notice that

|1Ba(@) = Ru()]| = [l (a1 + BuTioy = + Yttn) = (nnr + BuTioyy + Yatin) |

SﬁnLHx_y“7 Vi,yEK.

From the restriction (a), we see that R, is a contraction for each n > 1. By Banach

contraction principle, we see that there exists a unique fixed point x,, € K such that

Tp = QpTp_1 + By Z(‘fff)xn + Ynlln, Yn > 1.

This shows that the implicit iterative process (1.10) is well defined for uniformly Lipschitz
pseudocontractions.

Second, we show lim,, . ||z, — p|| exists, for any given p € F, from the restriction (b),
we have

h n .
Hxn pH2 <an$n 1 + 571 ())mn + TnlUn — pa](xn - p)>

= (@no1 — P, j (@0 — D)) + BTy 20 — . (20 — p))

(2.1)
+ 'Yn(un - paj(xn - p)>
< aglltn-1 = pllllzn = pll + Ballzn — plI* + vallun — pllll2n = p|l-
Simplifying the above inequality, we have
2 TIn
[[2n —plI” < 201 = pllllzn — pll + [un = pllllen —pll  (2.2)
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If ||z, — p|| = 0, then the result is apparent, letting ||z, — p|| > 0, we obtain

Tn

A
[z = pll < [n-1 = pl + [un —

e S ™ o Y
< |lwp—1 = pl| + 7M.

(2.3)

where M is an appropriate constant such that M > sup,s; ||u, — p||/a. Noticing the

condition (c)and lemmal.l to (2.3), we have lim,,_,, ||z, — p|| exists. we assume that

lim ||z, — p|| = d.
n— o0

On the other hand, from (1.5)and(1.10), we see

1—a,

h(n
”xn - p” < Hxn —p+ 20, (l‘n - i(;))xn)n
- Oy, h(n h(n
1—a, h(n ")/n(l_an) h(n
Tp— 1 n n
= || . + xp — p + _[O‘nxn—l + (1 - O‘n)T}(l())xn) + /Vn(un - T}(L())
2 2 1(n 1(n
+ 20y — T2 ) 4 (1l — an)(u )
9 n i(n) Ln 2, n i(n) In
s = D) 20— D)+ i — T D)
2 2 200, in)
<13 (@t = 1) + 5 (0 = D)l + 2 — T2, |
=1y Tp—1 p 92 Tn p QOén Unp i(n) Tn)l|l-

Noticing that the condition (c¢) and (d)and (2.4), we obtain

1
lim inf ||§(xn,1 —p)+ =(z, —p)|| > d.

n—o0

On the other hand, we have

) 1
limsup || =

Combing (2.6)with (2.7),we arrive at

: 1 1
lim [|5(@n-1 = p) + 5 (20 =)l = d.

n—oo | 2
By using lemmal.3, we get

lim ||z,—1 — z,|| = 0.
n—oo

1 ) 1 1
(@01 =p) + 5 (20 = p)|| < limsup(glzn—1 —pl + Sllan —pl)) <

(2.4)

(2.6)

d. (2.7)
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That is,
lim ||z, — 2] =0,Vi€ 1,2,--- | N. (2.10)
n—oo

It follows from (1.10) that

h(n 1 n
-1 = Ty @ull = T2 = @+ o (0 = T3 )|
" (2.11)
Tn h(n
< T ey =l + Tl = T )
From the condition (c) and (d), we obtain
Jim a1 =T e = 0. (212)
On the other hand, we have
h(n h n h(n
|20 = Ty wnll < anllen-1 = T35 zall + ullun = T35 zall, (2.13)
From the condition (c) and (2.12), we see
lim |z, — T, = 0. (2.14)

Since for any positive integer n > N, it can be written as n = (h(n) —1)N +i(n), where

i(n) € {1,2,---, N}. Observe that

h(n h(n
|20 = Toall < ll2n — Tyl + 175 20 — Toa

h(n h(n
= [l — Ty 2l + 1Ty 2 — Ty

< Jlon = Tl + LTS 0 — (2.15)
h(n) n)—1 h(n)—1
< Nlan = Tl + LTS w0 = TYan ]
h(n
T - = T-syall + leuony-1 = @all).
Since for each n > N, n = (n — N)(mod N), on the other hand, we obtain from n =
(h(n) —1)N +i(n) that n — N = ((h(n) —1) = 1)N +i(n) = (h(n — N) —1)N +i(n— N).
That is,

h(n—N)=h(n)—1 and i(n— N)=1i(n).
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Notice that

h(n)—1 h(n)—1 h(n)—1 h(n)—1
‘|T’i(£z)) Tn — E(ELJN)%—N” = ‘|Ti(£z)) Tn — T;(é)) T ||
(2.16)
< Ll|zn — 2n_n]|
and
h(n)—1 h(n—N
1T o nn = Tyl = 1T Ty = Ty . (2.17)
Substituting (2.16) and (2.17) into (2.15), we arrive at
0 = Tzl < llan = T35 @all + L(Lllwn = za-vl
(2.18)
h(n—N
T T = 201l + 2ey-1 = an)-
In view of (2.10), (2.12) and (2.14), we obtain from (2.18) that
lim ||z, — Thx,| = 0. (2.19)
n— o0

Notice that
”xn - n+jan < Hxn - zn+j” + ”xnﬂ' - Tn+jxn+jH + HTnJrjanrj - Tnﬂ'an
< (1 + L)Hl‘n - aner + ”anrj - TnJrjaner7 v] € {17 2,... 7N}

It follows from (2.10) and (2.18) that
lim ||z, — Thyjzn| =0, Vje{l,2,...,N}
n—oo

Note that any subsequence of a convergent number sequence converges to the same limit.

It follows that
lim ||z, — Tixz,|| =0, Vle{l,2,...,N}. (2.20)
n—oo

Since the sequence {z,} is bounded, we see that there exists a subsequence {z,,} C {z,}

such that {z,,} converges weakly to a point z* € K. In view of (2.20), we see from

Lemma 1.2 that
z="Tz*, Vie{l,2,...,N}.
That is, * € F. Next we show {z,,} converges weakly to z*. Supposing the contrary, we

see that there exists some subsequence {z,,} of {z,} such that {z,,} converges weakly

to ™ € K, where z* # x**. Similarly, we can show z** € F'. Notice that we have proved
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that lim,,_, ||z, — p|| exists for each p € F. Assume that lim,_,« ||z, — 2*|| = d where d

is a nonnegative number. By virtue of the Opial property of H, we see that

d = liminf ||z,, — z*|| < liminf ||z,, — 2|
N —>00

Nn;— 00

= liminf ||z, — ™| < liminf ||z, —2*|| = d.
J J
This is a contradiction. Hence x** = z*. This completes the proof.

Next, we give strong convergence theorems with the help of semicompactness.

Theorem 2.2.Let E be a uniformly convex Banach space satisfying Opial’s condition
and K a nonempty closed convex subset of E, T; : K — K be an uniformly L; -Lipschitz
pseudocontractive mapping with F = NN F(T;) # 0, {u,} be a bounded sequence in K.
Let {x,}>°, be a sequence generated in (1.10). Assume that the control sequence {c,},

{Bn} and {v,} in [0,1] satisfy the following restrictions
(a) 8oL <1, where L=max{L;: 1 <i< N}, Vn>1;
(b) an+Bn+7m=1Yn>1;

(€) Do An < 00;
(d)0<a<a,<b<1,Vn>1,

)
)
)
)
If one of {11, T3, ..., Tn} is semicompact, then {x,} converges strongly to some point in

F.

Proof. Without loss of generality, we may assume that 7} is semicompact. It follows
from (2.20) that there exits a subsequence {z,,} of {x,} converging strongly to = € K.

Next, we show that = € F. Notice that

+ Hl.nz - Tlxm

o - Tiall < & — ,  [Tin, — Till, Vi€ {1,2,...,N}.

Since T; is uniformly L;-Lipschitz continuous, we obtain from (2.20) that x € F. Finally,
we claim that x,, — = as n — oo. Since lim,,_,« ||z, — p|| exits for each p € F, we can

obtain the desired conclusion easily. This completes the proof.
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