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Abstract. In this article, we introduce the notion of ordered partial modular metric spaces and derive novel
coincidence point and fixed point results for generalized (¢, y)-weak contractive type mappings, incorporating
both with and without continuity assumptions on the involved mappings. To demonstrate the applicability of our
theoretical result, we provide illustrative examples. As an application, we analyze the existence and uniqueness
of solutions to nonlinear Volterra integro-differential equation, supported by numerical simulation. Moreover, we
establish Hyers-Ulam-Rassias stability for the nonlinear Volterra integro-differential equation by employing the
fixed point technique and a numerical example is illustrated to verify the result.
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1. INTRODUCTION

Nonlinear analysis fundamentally relies on fixed point (FP) theory, which provides powerful
tools for establishing the existence and uniqueness of solutions to diverse nonlinear problems.
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Over time, J'P results have been extensively extended and developed within generalized metric
spaces (MS), leading to significant applications in nonlinear integral and differential equations.

The theory of generalized M8 has undergone significant development over the past few
decades. Matthews [14] introduced partial MS (PMS), allowing non-zero self-distances, while
Chistyakov [5] developed modular MS (MMS), thereby generalizing classical MS. Later, par-
tial modular M8 (PMMS) were modified by Das et al. [7] that generalizes both PMS and
MMS. Building on this refined framework, recent developments include PMb — MS [13] and
C*-algebra valued PMMS [18], further extending the theoretical framework.

The theory of FP has been substantially extended to partially ordered metric type structures.
Abbas and Jungck [1] established the presence of common FP, coincidence points (CP), and
unique point of coincidence (poc) for suitable contractive mappings, while Ran and Reurings
[22] established Banach P theorem in partially ordered set (poset). Subsequently, Nieto and
Lopez [20], Samet et al. [24], and Mutlu [17] extended these results to ordered MS, ordered
PMS, and partially ordered MMS, respectively. In parallel, weak contraction theory evolved
from the work of Alber and Guerre-Delabriere [2] and Rhoades [23] to later generalizations in
ordered metric frameworks by Doric [9], Radenovic and Kadelburg [21], Aydi [3] and others
[6, 8, 19, 24]. The FP method was utilized to find the HU stability by Cadariu and Radu [4]
in their investigation of the Cauchy additive functional equation. Extensive research has been
directed towards determining the stability of nonlinear Volterra integro-differential equation
(VIDE) using the FP technique (see, [11, 25]).

Motivated by the significance of these concepts, we investigate how existing FP theoretical
frameworks can be generalized. The present work develops the theory of generalized weak
contractive mappings in ordered PMMS (OPMMS), a generalization of classical MS. This
theoretical advancement enables the application of FP methods to nonlinear VIDE, expanding
the scope of nonlinear analysis techniques.

The paper consists of eight sections, arranged as follows: Introduction, Preliminaries, Conti-
nuity in PMMS, OPMMS, Main results, Application to nonlinear VIDE, Hyers-Ulam-Rassias
(HUR) stability, Conclusion.
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2. PRELIMINARIES
This section outlines the core definitions and auxiliary results that will be utilized throughout

the paper.
Definition 2.1. [5] A modular metric (MM) on a set V # 0 is a function s® : (0, 400) x VXV —
[0, 40| such that, for all v,3,v0 € V and for all B,y > 0:

s1:sg(0,3) =0&n=3;

20 59(0,3) = $9.5.1):

53059, (0.3) < s9(n,10) +59 (10, 3).

The pair (V,s®) is then called MMS.
Definition 2.2. [5] Suppose V # 0. For any vy € V, define

Vso(o) = {3 €V: lim sg(no,3) =0},
B—+eo

then Vo is called modular space centered at 1.
The set Vo is said to be MMS, since s® is a MM in V.

Definition 2.3. [7] A partial modular metric (PMM) on V # 0 is a function % : (0,~+c0) X
V xV — [0,+400) such that, for all v,3,v0 € V and for all B,y >0

1 928 (9,9) = 27 (0,9); 25 (0,3) = @5 (0,9) = @25 (3,3) S v =13;
220 25 (0,9) < 25 (1,5);
30 95 (0:3) = 25 (5:);
11 8., (0,3) < 995 (9,10) + 2y (1, 3) — 2 (10, 10).
The pair (V, ) is then called PMMS.

Definition 2.4. [7] Suppose V # 0. For any vy € V, define

Veo(o) ={3€V: lim (@E)(Uo,g) = c}, for some ¢ > 0,
B—reo

then V yo is called partial modular space centered at v).

The set Vo is said to be PMMS, since £ is a PMM in V.
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Lemma 2.1. [7] Suppose V # 0 and "V o is a PMMS. If

55 (1,3) =25 (0.3) — 25 (0,0) — 95 (3,3),
forallvy,3 €V and for all B > 0. Then, Vso is a MMS.

Definition 2.5. [7] Let {tm }men be a sequence in V0. Then,

(i) {xm} is said to converge to @ in'V yo, if and only if for every & > 0, there exists By € W

such that

5 (tm, @) — 25 (B, @) | < 8, Ym > By, V5 > 0.

Equivalently, limy,_, 4 o pg’(zcm, o) = pg’(w, o), for all B > 0.

(ii) {xm} is a Cauchy sequence (C8) in Vo, if limy j_s o pg’(zcm,zcj) =, forall B > 0and
for some ¢ > 0.
Equivalently, limy,_, | o ((Jg’(xm,;m) =limj_, | pg’(xj,xj) =¢, for all B > 0. Therefore,
c=0if{tm} isa CS in Vso.

(iii) Vo is Complete, if every C8 converges to @ in V o such that

lim pg’(zcm,zcj) = pg’(w,w), VB > 0.

m,j—+oo
Lemma 2.2. [7] Let {tm }men be a sequence in'V yo. Then,

(i) {tm}isa CS in 'V yo, provided {1y} is a C8 in Vso.
ii) V0 is Complete, provided Vso is Complete. Additionally, for all > 0,
o°

lim s§(tm,®) =0 lim O (tn,®) = lim_0F (tm,tm) = 25 (@, @)

m—>+oo m—r+eo

Lemma 2.3. [16, 15] A sequence {tm}men in Vso is a CS if for all B > 0 and for each € > 0,

there exists a positive integer Ny € N such that s%’(pm,;j) < g, forallm,j > Np.

Theorem 2.4. [16, 15] Let (V,s®) be a MMS and assume that Vso is complete. If f: Vso — Vo
is such that sg’(ft),fm) < ng’(lj,m),for all y,10 € Vo, and for all B > 0, where 0 < k < 1 and
assume that there exists 1) € Vso such that s%’(ft)o, Do) < +oo, then § has a unique FP ¢ € Vgo.

In addition, {f't} converges to this FP.
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Definition 2.6. [1] Suppose V # 0 and f,g : V — V are self-maps. Whenever fr = gr for some
r €V, then yis called a CP of f and g. For the CP ¢, if o = fr = gy, then 1o is said to be the poc
of f and g.

Definition 2.7. [1] Suppose V # 0 and f,g: V — 'V are self-maps. The mappings § and g are
said to be weakly compatible provided that fgr = gfr whenever r € V is a CP of § and g.

Proposition 2.5. [1] Suppose V # 0 and §,g : V — 'V are self-maps and assume that the map-
pings are weakly compatible on'V. If | and g possess a unique poc, where v = fr = gr for some

r €V, then 1o is the unique common FP of | and g.

Throughout this paper, we assume that PMM is bounded, that is JOE’(U, 3) < fooforallp,z €V
and for all B > 0. Additionally, N, W, R and R, denotes the sets of natural numbers, whole

numbers, real numbers, and positive real numbers, respectively.

3. CONTINUITY IN PARTIAL MODULAR METRIC SPACES

Definition 3.1. Let (V, 0%) be a PMMS and §: Vo — 'V po be a mapping. Then § is continuous

at a point )y € Vg if for a given € > 0, there exists k > 0 such that for y € V 0,

25 (9,90) < 5 (n0,90) +k = @5 (f(n),§(n0)) < 25 (F(v0),F(10)) +€,YB > 0.

Hence, § is continuous in 'V go if it is continuous at all points of V .

Proposition 3.1. Let (V, ) be a PMMS and §: 'V po — Vo be a mapping. The mapping f is
said to be continuous at a point Y) € V yo if and only if whenever a sequence {v;} is convergent to
Y in'Vyo, the sequence {§(v;)} is convergent to (1) in 'V o, that is | is sequentially continuous

at v in V. Analogously,

tim_ (1,9 = 2 (0.0) = Tim @ G(0).F(0)) = 75 (§(9).F(0)), ¥ > .

j—fo0
Example 3.1. Suppose that V = [0, 1] and pﬁ (&,8)= B LIE— ¢ +max{&, L}, forall €, €V
and for all B > 0, then (V,£%) is a PMMS and Figure (Z) illustrates the case for B =1.
Assume that B : V0 — Vo is such that BE = exp(— ) 1+§ , for & €V o and € > 0, which

is depicted in Figure (2). Let {&j} be a non-decreasing sequence converging to & in Vo such
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that & < &, for all j € W. Also, B is non-decreasing in V0. Therefore, B(&;) < B(&), for all
i€ W. Now, & — & in'V yo. Thus, there exists k > 0 such that, JOE’(@,&) - pﬁ’(é,é) <k, for
all B >0

_ %gj_gumax{éj,é}—%@—e:r—max{é,e}<k
1) = %Ié—<‘§|<k-

Now,  @(B(&),B(E)) — £ (B(E),B(E)) = }3| (&)~ B(E)| + max{B(&) B(£)}
—%Iﬁ(é)—ﬁ(é)l—max{i%(é),i%@)}
1 |exp(—08  exp(—0)E )
“Bl e are |TPEEE)
1 |exp(—0)(&—E)(E +&+EE)
B (1+E+&+EE)
< Fexp(=01(G = E)] < exp(—0)k, (From (1)

S PRBE)BE) ~ GR(BE).B(E)) <, where & = exp(—L)k > 0.

Hence, B is continuous in'V 0.

FIGURE 2. B = exp(—0)¢?

FIGURE 1. g (&, () for f=7. for £ =5.

4. ORDERED PARTIAL MODULAR METRIC SPACES

Definition 4.1. [20] A poset (V, =) consists of a set V # 0 together with a partial order relation

=, that is, a binary relation satisfying the following conditions:

(i) Reflexive: E < &, VE €V,
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(ii) Antisymmetric: £E X, { <& =E=C(,VE, L eV;
(iii) Transitive: E <, (<) =& <j,VE,L,jeV.

Definition 4.2. [20] Let (V, <) be a poset, then two elements &,{ €V are said to be comparable
ifé¢2Corl=¢&.

Definition 4.3. [6] Let (V, =) denote a poset. Consider a self mapping §:V — V. Then, § is

said to be non-decreasing if

E<C=FE =L, forE, L eV.

Definition 4.4. [6] Let (V, <) denote a poset. Consider the self mappings f, g :V — V. Then, f

is said to be g-non-decreasing if

g€ 2 g8 =& <5, for £,§ € V.

Definition 4.5. Let (V, =) be a poset and let 7 : (0,+o0) x V x V — [0,+00) be a PMM on
the set V. The triple (V, =, %) is then referred to as an OPNMMS.

Example 4.1. Let V = [0, +0) and define pﬁ’(é,g) =exp(—B)|E—C|+|E|+|C]| forallE,C €
V and B > 0. Let < be the order such that & < §, if and only if exp(&) < exp(§), then (V,=)

is a poset and (V, =, %) is OPMMS. Figure (3) illustrates a 3D surface plot ofpg’(ﬁ , ) for
B=1.

PH(E O

0

FIGURE 3. Graph of @ (§,{) =exp(—B)| — | +1&]+ L], for p =7.

Definition 4.6. Let (V, =) be a poset and let 9% : (0,4o0) x VXV — [0,4o0) be a PMM on
the set V. If (V, £°) is complete PMMS, then (V, =, ) referred to as complete OPMMS.



8 D. DAS, S. NARZARY, R. BORA, L. HAZARIKA

5. MAIN RESULT

We start this section by introducing the definition of compatibility in the framework of
PMMS that generalizes the notion of compatibility introduced by Jungck [12] and Samet et
al. [24].

Definition 5.1. Consider the PMMS, V0 and §,g9: Vo — Vo are the self-mappings. The

pair {f, g} is called partial modular compatible if:

(i) @5 (n,n) = 0= @ (av,09) =0, VB > 0;
(ii) whenever a sequence {v;} in'V go is such that, both {fy;} and {gv;} converges to v, for

some o in pr, then
lim @Y i ) =0, Vﬁ>0.
j 1 (QB (fgt)] gf‘)]>

Consider the sets of functions:
(@) = {@:]0,400) — [0,+00) | @is non-decreasing and continuous and ¢(0) = 0}, and
(b) ¥ = {y:[0,4oe) — [0,+0c0) | wis lower semi-continuous and y(0) = 0}.

Motivated by the work of Radenovic and Kadelburg [21], Aydi [3], and Samet [24], we intro-

duce the notion of generalized (¢, y)-weak contraction in the framework of OPMMS.

Definition 5.2. (Generalized (¢, y)-weak contraction). Consider the OPMMS, (V, <, £%). A
pair of self-maps §, g: "V po — V yo is termed as generalized (@, y)-weak contraction, whenever

93 = gq forall q,5 € Vo with

) o(25 (fa.13)) < @(W(q,3)) — w(W(q,3)),

where ¢ € ®, y € ¥ and

55(99,13) + 625 (93, Ta)
Wi(q,3) =max{W,‘;"(gq,%),W,‘;"(gq,fq)ufog’(%fz), e 3 s }

Lemma 5.1. Consider the OPMMS (V, <X, °). Suppose a pair of self-mappings f,g:V o —

Vo is a generalized (@, y)-weak contraction satisfying the following conditions:

(i) | is g-non-decreasing mapping with respect to <;

(ii) Vo C gV o,
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(iii) gyo = fno for some vy €V 0.

Then, a sequence {f9;},j € W in Vo isa CS in'Vyo.

Proof. Step 1: Consider an arbitrary point t)y in Ve such that gyg < fgo. As fV0 C gV
we select 1 € Vo such that gy = fyo. Similarly, we choose 1, € V0 such that gy, = f;.

Continuing this process we have a sequence {1;},j € W in Ve such that,

gvj+1 = fn;, Vi € W.

Since, gyo < fyo = gy and § is g-non-decreasing. Therefore, fyy =< f9;. Similarly, gh; = fyg <
fo1 = g2 and so fy; = fyo. Continuing this process we get, gno = gn1 = gnz = - 2 gy; =

g9j+1 = --- . Consider the case where (@E)(ijo,ij0+1) =0, for all B > 0 and for some index jj.

Under this condition, by (#£») we have, pg’(ft)jo, f9,) < pg’(ft)jo, 9i9+1) = 0.
28 (193, 1930) = 0= 25 (7950+1,9jo+1) = 0.
by ((@1) fUJo = ijoJrl = gt)j()+1 = f0j0+1~

Hence, 1,4+ is a CP. Assume now that (@E)(fljj,f\jﬂ_l) >0, VB > 0 and for all j € W and we

show that

3) Jofa)(f‘)jﬂaf‘)jﬁ) < W (41,0502) = ﬁﬁ’(fm,fnm), VB >0.

Utilizing equation (2), which is valid, since gn;, 1 and gv;, are comparable, we conclude that

) P25 (10541, 105+2)) < QW (0511,9542)) — W(WHE (0511, 9542))

and since @ is non-decreasing, it yields pg(f0j+1,f1)j+2) < WH(n;41,9i42).

WIS (1;,1,1542) = max {WE’(QUHbEUHz% 25 (9051, F0541),

55 (89541, F9512) + 255 (99542, T9j+1)
5 (052, f0i42), bdhii i }

2
55 (10, T0i+2) + 255 (F931, T0i1)
— maX{(@E’(ﬁ)jaf‘)jnLl)u@g)(ij—Haf‘)j+2)a S 5 p }
By (1), 55 (1941, 9541) = 95 (9301, F9j41), VB > 0.

By (1), 25 (195, T932) < 25 (705, F0541) + 25 (F931, Foj2)
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— 028 (19+1,79541), VB > 0.

Thus, 8 (Fj41,f0j2) < W (15,1, 9542)

®) = max{@g (1), 79j+1), 5 (F0j+1, Toj2) }-

When ﬁg)(ft)j+1,f0j+2) > W[aj)(ft)jvft)j+1) > 0, for all B > 0, then it follows that,
WH(0;11,9542) = JOE)(f‘)jHanHz), VB > 0, and condition (4) implies that, for all § > 0

@ (75 (7541, F95+2)) < (25 (F9j+1, T9302)) — W25 (701, F0542))

which can occur only if W([Og’(fnj+1,ft)j+2)) = 0. Thus, pg)(ft)ﬁ,l,fUH,z) =0, for all B > 0.
Hence a contradiction. Therefore, by (5), ﬁg’(f‘)jﬂ f0i42) < Wg(f‘)jy f9i+1), forall B > 0. In the

same manner, we obtain that ﬁg’ (F942,19543) < JOE;"(fUm ,f9j42), for all B > 0. Therefore, (3)
is satisfied for every j € N. This implies that the sequence {pﬁ’(ft)j,ft)jJrl)} is non-increasing,

so the limit

ngmpg)(ij’ij“) = jETwa’g(UjH,UHz) =k=>0,Vp >0,

must exists. Assuming k > 0, using the inequality (4), and by passing the upper limit as j

approaches infinity and applying the properties of ¢ and y, we get

¢ (k) < (k) — liminf (W (n;1,95.2)) < (k) — y(k),

j—r+eo

from which it follows that y(k) < 0, which is a contradiction. Hence, k = 0.

(6) Therefore, lim Wg(fgj,f0j+l) =0, forall > 0, for allj € W.
)=
(7) By (#2) 25 (793, 79;) < 925 (105, F0j-1) = j lim g (o, f;) = 0.
Similarly, hm pg)(ijJrl,ft)H,l) =0, Vﬁ > 0.
J—too

Step 2: To establish that the sequence {ft;} is a CS in V0. Hence, it will be enough to show
that {fn;} is a CS in Vso. Assume, contrary to our goal, that {fy;} is not a €8 in Vso. For some

fixed b > 0, there exists two subsequences {0 (g} and {f9j(e)} such thatj(0) > m(6) > 6,

(8) and sg (Dm(6)-j(e)) > b, VB > 0.
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We then select j(0) corresponding to m(6) as the smallest even integer with j(68) > m(60), for

which inequality (8) holds. Consequently,
9) sg (Fm(e), M0j(0)—1) <, VB > 0.
Using the triangle inequality of (s3) together with (9), we obtain

sg (Fm(e): Mi(e)) < ‘g(fnm 0): 1Mj(e)-1) + ‘g(fn] _1,5(0))

(10)

| /\

%’(f‘); “1.9j0))-
Applying Lemma 2.1 and for all 8 > 0, yields
sg (Fi(e)—1,i(6)) = 2498 (F0i(0)—1,f0i(0)) — #25 (i(0)— 1, T0j(6)-1)
(11) — 5 (9i(0)- Ti(0))-
Taking 6 — +o0 in (11) and invoking equations (6), (7), it follows that
(12) egTwsg(ij(G)flvaj(e)) =0,Vp>0.
Taking 8 — o0 in (10) and invoking relations (8) and (12), it follows that,
(13) 111’1’1 sﬁ (fUm 7fU](9)) = bv \V/ﬁ > 0.

Analogously,

(14) 11m6—>+oo5 (f‘)m )+1:195(0) ) =", 11m€—>+o<>5 (f‘)m )+1:195(0)—1) =D,

hm9%+°°s (ft)] lvft)m(e)) = ba VB > 0.

Again, applying Lemma 2.1 and for arbitrary 3 > 0, yields

sg (Fm(e): 19i(0)) = 2698 (Fm(6): 1i(8)) — 875 (FWm(0): TIm(0))
(15) - JOE)(ij(e)>ij(9))-

Letting 0 — o0 in (15) and invoking equations (7) and (13), it follows that

i b
(e egTwJOg(fUm(e),ij(g)) =5~ t(say).
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Similarly, applying Lemma 2.1 and invoking (7) and (14), we get

a7 limg_, 1o 95 (F9m(6)+1, 19j(6)) = £ 1iMos 40 95 (FOm(0)+1, T0j(0)—1) = £,

limg_, 4o 495 (79;(6)—1, Im(e)) =, VB > 0.

Now, as g9y, (9)+1 and gyj(g) are comparable. Thus, from (2), we have

(18) <P(W§)(f0m(e)+17f1)j(9))) < <P(Wf’g(‘)m(9)+170j(e))) - ‘I/(Wf’g(Um(e)H:Uj(e))),

WH8(6)+1:Dj(6)) Zmax{ﬁﬁ’(gnm (6)+1-89i(6)) 475 (89m(6) + 1> Tm(6)+1)

255 (89m(6)+1,T0i(0)) + 8255 (8956 FIm(6)+1)
28 (a03(6) 10y (0))—2 o e 7 0 }

= max {WE’(fUm(e),ij(e)—l),Pﬁ’(f\)m(e),f\)m(e)ﬂ),

55 (F9m0), i(0)) + 255 (95(6)—15 FIm(6)+1)
19 25 (Fo500)-1,13(0)) 2 ] 22B : }

Taking 8 — o0 in (18) and (19) and using (6), (7), (16) and (17), we get

) <o) —y() = y(E)<0=t=0

(20) =  lm 95 (T9m(6), T93(0)) =
= h=0= egTwsg(fUm(Q),ij(Q)) =0, \V/B > 0.
Which is a contradiction. Thus, {ft;} is a CS in Vso. Therefore, {ft;} is a CS in V yo. O

Theorem 5.2. Consider the complete OPMMS (V, =<, o%). Suppose a pair of self-mappings
f,0: Vo = Vo is a generalized (@, y)-weak contraction satisfying the following conditions:
(i) | is g-non-decreasing mapping with respect to <;
(ii) Vo C gV 0,
(iii) gho = fho for some vy €V go;

(iv) the pair {f,g} is partial modular compatible and continuous;

Then § and g possess a CP. Furthermore, pg’(t),t)) = (@g’(flj,flj) = pg’(gt),gt)) =0, for all
B >0.



ORDERED PARTIAL MODULAR METRIC SPACES 13

Proof. By Lemma 5.1, {fn;} is a C8 in Vo. Since Vo is complete, the sequence {ft;} con-

verges in V0. Hence, there exists ) in V0, and by Lemma 2.2 together with relation (20), we

obtain
1i w‘le' (0.7.:1- (o.7
dim g (7oj, fom) = lim g5 (Foj, foj) = Lim 5 (fo; v)
21) = 5 (0,9)=0,YB >0.

Suppose, f is continuous. Therefore,

(22) Jim g (7(fv5). o) = 5 (7. f), ¥ B > 0.

Similarly, g is continuous and lim;_, |, pﬁ’(n,fgj+1) = pg’(o, p) forall § > 0.

(23) Therefore, Jim 25 (09, 8(70i1)) = 25 (89, 99), ¥ B > 0.
Now by, (§4) 25 (g, fn) < p‘é’(gn, f(fni)) + ﬂé’(f(m), fo) — ﬂé’(f(m f(f3))

< 25 (g, f(aj+1)) + Wg(f(fn;),fn)

2

e

< 25 (g9, 9(19i+1)) +W§(9(f‘)j+l)af(90j+1))

&

Since, {f,g} is partial modular compatible, continuous, and pl‘;’(lj, y) = 0. Therefore,

25) 2 (a0, a) = 0, VB > 0.

Therefore, letting j — o0 in (24) and using equation (22), (23), (25) and (26), we get for all
B >0, g5 (gv, ) < 478 (fn,fn). Also by (42,), for all B >0,

27) 2 (79,9) < 05 (a0, fn) = @5 (99, Tv) = 25 (T, fv).

As gy is comparable to itself, by (2) we have

(28) P(25 (F9,19)) < @(W9(,9)) — y(WH(y,1)),
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where,

255 (av,fv) + @235 (99, v) }

W9 (1, ) = max {pé’(gmn),Wﬁ’(gn,fo),xog’(gmfo), 5

= max{g&g (g9,99), 75 (g0, 9) }

= max{0, & (gv. f)}, (using (25))

= 5 (av, ).
Hence, from (28) o(#5 (7,10)) < 0 (25 (99, 1n)) — w(5 (an. ),
Using (27), @(25 (a0, f0)) < @(25 (a0, 0)) — w(@5 (a9, ),
= v(5 (g9, 1)) < 0= 0 (g9,f9) =0
Also, 25 (a0.99) = 05 (a0, fn) = @5 (0, fn)
By (1), gy = fv.
Therefore, 1) is the CP. The proof of the theorem is thus complete. O

Theorem 5.3. In addition to the hypothesis of Theorem 5.2, if

(i) § and g are weakly compatible,

(ii) poc(f,g) # 0 and gy =< g(gy) for all vy €V 0,

then § and g possess a common FP.

Proof. From the Theorem 5.2 § and g possess a CP y(say). Since, poc(f,g) # 0. Thus, there

exists u € Vo such that u = gy = fy. Also, f and g are weakly compatible and therefore,

(29) fu=f(gn) = g(fn) = gu.

By hypothesis, gy < g(gn) = gu. If gy = gu, then u = gu = fu, which completes the proof.

Now, assume gy < gu. Thus, from (2), we have

(30) (@5 (fu. ) < @(WH(u,n)) — w(WH(u,n)),

where

@ (au, ) + 255 (ay, fu) }
2 Y

W19 ) = { g ). £ g 2 ().
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= 5 (fu, fy).

From (30), we get (498 (w, T9)) < (&5 (ju, fn)) — w(g (fu, fv)),

= v (8 (fu, fn)) <0,YB > 0.

Which is possible only if l//({og’(fu,flj)) = 0. Thus, pg’(fu,flj) =0, forall B > 0.

Also by (22). 25 (. Tu) < 28 (ju, fiy) = 0, Y > 0.
= @ (i.T0) = @ (u.Fo) = 2§ (fu.fuw) = 0,V > 0.
= fu=fy=u.

Therefore, by (29), we get u = fu = gu. Hence, u is a common FP of § and g. The proof of the

theorem is thus complete. H

Corollary 5.4. In addition to the hypothesis of Theorem 5.3, if poc(f,g) is unique, then the

mappings g and § possess a unique common FP.
In the subsequent theorem, we drop the condition of continuity from the mappings § and g.

Theorem 5.5. Consider the complete OPMMS (V, =<, £%). Suppose a pair of self-mappings
f,9: Vo — Vo satisfies

31) (25 (fa,13)) < (W(q,3)) — w(W(q,3)),

where ¢ € ®, v € ¥ and

(99, 13) +W§}3(ga,fq)}

(32)  W'9(q,3) = max {JOE’(gq,%),JOE’(gq,fq),Jaﬁ(ga,fa), 5

whenever g3 < gq for all q,3 € Vo, q # 3 and assume the following conditions:
(i) g-non-decreasing mapping with respect to <;
(ii) Vo C gV o and gV po is closed;
(iii) gyo =X fno for some no € V0!

(iv) if {gv;} is a non-decreasing sequence converges to gy in gV o, then gn; < gy and
gy =X g(g) forallje W. (33)
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Then § and g possess a CP. Furthermore, whenever § and g are weakly compatible, they possess

a common FP.
Proof. As in Lemma 5.1, we can construct a sequence {v;},j € W by

(34) gno <gnp <gnx << gy <@gy <o

By assuming, fy; # fp;4 and proceeding in the same way as Lemma 5.1, we can prove that
{fv;} is a €8 in Ve and since Vo is complete, so there exists tv in Vo such that, {fy;}

converges to tv in Ve such that,
35 li 2 (fv); = li 2 (fv); = 3 =0 0.
( ) j7mﬂmpﬁ (fUJanm) )JTMWB (f‘j)?m) (Wﬁ (m7m) ) VB >

Now, given that {fn;} C gV e and gV o is closed, so there is some 1) € V0 for which w = gy.
Invoking (34) alongside hypothesis (33) yields

(36) an; < g, ), gv =< g(gv).

Next, we demonstrate that 1) serves as a CP for  and g.

Now, from (36) and using (31) and (32), we get

(37) o (2 (19, 197)) < @(W(n,17)) — w(W< (1, 1)),

where,

#35(99,19;) + 25 (99;, 79) }
2 )

:max{pg’(m,fmlmg’(gn,fo),xog’(fml,fnj),

255 (w0, ;) + 4255 (79 -1, f0) }
2 b

< max {(@E)(mvﬁ)]l)n@g(gt)?ft))np[?(ﬁ)]lan]))

(38)

WS};(m,ij)+W§’(fnj_1,gn)+ﬁ§’(gn,f0)—Jgﬁ’(gmn)}
: .
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Taking limit as j — o< in (37) and (38) and invoking (35), we get
o5 (fn,0)) < ¢(25' (99,79)) — (25 (99, Tv)),
= @(25 (99,10)) < @(25 (a0, ) — w(@5 (99, 79)), (using (23) and gy = ro)

= v(g5 (av.fy)) <0,YB > 0.

Which is possible only if w(({ag’(gt),ft))) = 0 that is pg’(gt),ft)) =0, forall B > 0.

Also by (), 25 (7, 1n) < @5 (g0, ), VB > 0.
= 5 (99,19) = &5 (fn.fn) = 05 (gn,9n) =0,V > 0.
= gy = .

Hence, y is a CP of § and g. Hence, tv = gy = fy that is poc(f,g) # 0. Now, since § and g are
weakly compatible, so f(gn) = g(fy). Hence,

(39) fro = f(gn) = g(fy) = go.

By hypothesis (33), gy < g(gn) = gro. If gy = gto, then to = gro = fto, which completes the

proof. Now, assume gty < gtv. Thus, from (31), we have

(40) (5 (fro, fn)) < @(WH(1w,9)) — y(WH (10, 1)),

where WI(tv, ) = max {JOE’ (g, gn), &5 (gro, fro), @5 (g, ),

5 (gwo, fy) + @ (gv, fio) }
2

= max{@g (frv,fn), @ (fro, fro) } = @ (fro, ).
From (40), we get
¢(5 (fro, ) < @(# (fro, f)) — w (@ (fro, fy)) = w(@g (fro,fn)) <0,V > 0.
Which is possible only if w(((og’(fm, fy)) = 0O that is Jog’(fm, f)) =0,VB > 0.

Also by (), 5 (fro, fro) < @5’ (fro, fy) = 0,V > 0.

= 25 (10.10) = 25 (0. 0) = 2§ (o, o) = 0, > 0.
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= flo = fy = 1o.
Therefore, by (39), we get tv = ftv = gtv. Hence, tv is a common FP of f and g. The proof of

the theorem is thus complete. 0

Corollary 5.6. In addition to the hypothesis of Theorem 5.5, if poc(f,g) is unique, then the

mappings § and g possess a unique common FP.

Remark 5.1. The outcome established in Theorem 5.5 remains true when the contraction con-
dition (31) holds for every pair q,3 € V 0, where g3 =X gq and when condition (33) is substituted
with the following: If {gv;} is non-decreasing sequence converges to gy in gV po, then gy; = gy
and gy < g(gy) forallj € W.

Corollary 5.7. Consider the complete OPMMS (V, =<, £%). Suppose a non-decreasing self-
map §: Vo — Vo with 9o = fyo for some v in 'V o is such that for 3 < q, where q,3 € V p0,

(41) o(25 (7a,13)) < @(Wi(q,3)) — w(W(q,3)),

where, ¢ € , y € ¥ and

25 (F4,3) + 42355 (a,13)
Wi(q,3) :max{Jof;"(q,a)yxog’(fqyq)ypﬁ’(zyfz), 2 5 2 }

then the mapping § possess a FP v in Vo, provided that § is continuous. Furthermore,
JOE)(U,U) =0, forall B > 0.

Theorem 5.8. Suppose all the assumptions of Corollary (5.7) are satisfied, and assume further
that for arbitrary elements q,3 € V0, there exists some @ € 'V o such that @ = q and @ = 3.

Under these condition, the mapping | possess a unique JP.

Proof. Let q and 3 be two FP of the mapping f, that is, f(q) = q and f(3) = 3. We consider the
two cases:

(1) If g and 3 are comparable, then invoking relation (41), yields

(42) ¢(#5 (9.3)) = @(#5 (fa,73)) < ¢(W(a.3)) — w(W(a3)),

Jog’ﬁ(fq,s)Jng"ﬁ(q,fz)}
2

where Wi(q,3) = max{W,‘;"(q,a),ﬁﬁ’(fq,q),ﬁﬁ’(z,fa),
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= 5 (0,3), VB > 0.

Hence, from (42) @25 (a.3)) < @(25(a,3)) — w(#5 (0,3))
= v (#5 (4,3)) <0= @ (q,5) =0, > 0.
Also, from (21) #5(2,9) =0,V > 0.

By (1), q = 3. Therefore, q is the unique FP of f.
(ii) Now suppose that q and 3 are not comparable. Select an element @ € V0 such that g < @
and 3 < @. Since, f is non-decreasing, it follows that q = f(q) < (@) for every j € N. By
applying condition (41), we obtain

o(5 (0.70)) = o(@ (170,71~ '@)) < o(WI (7 1q,7 ' ®@))

—yW(i .7 @),

where, Wf(fj_lq,fj_lﬁ)') — max {Wg(fj_lq,fj_lw),pg’(ffj_lq,fj_lq),

O ($5— 1 p—1 O (si—1 - sci—1
(@E’(f]—lw,ﬁ:)—lw),pzﬁ(ﬁ q?f w);—pzﬁ(f q,ff (5)}
< max{pg(%flilw),((@g)(q,fja)')},

as pg’ ('@, @) approaches to zero, for all sufficiently large values of j. In a manner similar

to the proof of Lemma 5.1, it can be demonstrated that

25 (0.7®) <W(q,7~'@) < g (0,7~ @), YB > 0.

Therefore, the sequence {pﬁ’(q,fjw)} is non-increasing and converges to some limit [ > 0.

Suppose, [ > 0 and if we take the limit in the relation

o(@5 (0.7@)) < oW (q,7®)) - y(W'(q, ] @)),

we end up with a contradiction. Therefore, [ =0 that is, ﬁ)ﬁ’(q, fi@) — 0, forall B > 0. Similarly,

we can show that pg’(g,fjw) — 0, forall B > 0asj— +oo.

Then by (1) 7(0,5) < £ (0.7 @) + 7 (70.5) - o (@] @).
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Takingj — +oo, we get ({Og’(q,g,):O,VB > 0.

Also, from (21) ({og’(q,q) =0,vVB >0.

By (@1) q=3

This confirms the FP is unique. OJ

Example 5.1. Suppose that V = [0,1] and (@ﬁ (&,8) = B|§ ¢l +max{&,{},VE L €
Vand B > 0, then (V,=, %) is an OPMMS with usual order < that is { < &, if and only

if § <&. Assume that f: Vo — Ve is such that fp = eXppr , for p € Ve and £ > 0. Then,

f is non-decreasing and continuous in 'V o and also Yo < fyo forno=0€V. Let o € ®, y € ¥
such that (@) = @ and y(@) = (1 —exp(—{))@, for @ € [0,+). Let { < & then § <&. As
f is non-decreasing. Therefore, f(§) < §(&).

Liie —5¢)+ max{je 5}

Now, 8 (F€.1C) = B
Llexp(—0)&* exp(~£)§?

+§(5)

Bl (118 (1+0)

1 [exp(—0)(€ — ) +E + L&) e
SBlT U+C1E+CE) '*e"p( Oirey
< exp;‘“ €~ ¢| +exp(—0)¢

. C+€+Cé cand 5 < &im
since, C‘Fé‘f‘Cé <1 d(1+€)§§ A

— exp(—0) (3'5 ¢l max(. £}

— exp(—OAR(E)

< exp(—OWI(E, )

=WI(E, L) — (WH(E, ) —exp(—O)WI(E,0))
e GERUETD) < 0OWIE, D)~ WOWI(E, Q).

W?ﬁ(f&CHJOS’ﬁ(fS,fC)}

where WIE, L) = max{ G (.0, A G.8). B C. 1) y

As there exists elements which are comparable to both & and { in V0. So, by Theorem 5.8, f

has a unique FP, 0.
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Remark 5.2. The outcome established in Theorems 5.7 and 5.8 remains true when the continu-
ity condition is substituted by the following condition;

whenever a non-decreasing sequence {v;} converges to v in'V o, then v; <y for all j € N.

6. APPLICATION TO VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS

This section aims to demonstrate, by applying Theorem 5.8, the existence and uniqueness of

a solution for the nonlinear VIDE of the form,
@
43) 3(@) = (@) + / O(®,7,3(1))d7, 3(0)=b.
0
The solution of equation (43) is equivalent to the solution of the equation,

(44) 3(@) = b+ /O ” (s)ds + /0 B /0 "B(s, 7,3 (7)) deds,

where 3 € C'[0,4], which is the set of all continuously differentiable function on [0,4] and
b,h>0,®,1,s €[0,h], the functions [: [0,hA] — R, and U : [0, 4] x [0, k] x R — R are continuous.
Let V = C'[0, /] and define the mapping &® : (0,400) x V x V — [0, +o0), for all 31,3, € V
and >0

5 (31,32) = max (exp(—p)[31(@) — 32(@)]+max{|3: (@), [S2(@)]})-

= m

@<(0,h]
It is readily seen that (V, £%) constitutes a complete PMMS. Then, (V, <, £?) is a complete
OPMMS with usual order < that is 3; < 3, if and only if 3; < 3, or F, < 3. Define a

continuous self map P on C'[0, 4] by,
) o rs
(45) (P3)(@) = b+ / [(s)ds+ / / (s, 7,3(1))d1ds.
0 0 JO
Finding the solution of (44) is equivalent in finding the FP of (45).

Theorem 6.1. Consider the nonlinear VIDE (43). Furthermore, suppose that the following

conditions are satisfied:

(H1) The functions | and O are continuous;
(H2) forall B >0, @,s,t € [0,h], 31,32 € C'[0,h], h > 0 such that 3 and 3, are comparable

thatis 31 <35 or 35 <3 and ¢ : [0,h] x [0,h] — [0,4o0) is a non-negative function,

|U(S77781 (T)) - G(Sa T732(T)>| < ‘Sl(w) _SZ(Q)WU(& T>;
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(H3) max{|(P3)(@)],|(P372)(®@)|} < exp(—¢) max{|3(®@)|,|32(@)|}, for some £ > 0;
(H4) [ 5 195(s,T)|dsdT < exp(—£), for some £ > 0.

Under these conditions, the equation (43) has a unique solution.
Proof. For 31,3, € V and every @ € [0, ], it follows that

(PS1)(B) — (PSs) (@ ]—\b+/ ds+/ /Umsl( ))dtds
b+/ ds+/ / B(s,7,3(¢))d7ds)|
/ / 1B(s5,7,31(7)) = B(s, 7, 32(7))|dds

<13 (@) - 3 (@ |/ /(pz;srdrds
< exp(—¢) exp (B) max{[3(@)],[3.(@)[}
—exp (B) max{|(P31)(@)|,[(P32) (@)}
Lexp(—0)[31(@) —3a(@)); VB >0
= exp(—B)|(P31)(®@) — (P32)(®)| + max{[(PS1) (@), [(PS2)(@)[}
< exp(—£)(exp (—B)[31(@)—32(@)| + max{|31 (@) |, |32(®)|}).

Taking the maximum with respect to @ € [0, 4] on both sides,

(46) 25 (P31, P32) < exp(—0) 75 (31,32)
< exp(—0)WH(31,35)

=WH(31,32) — (1 —exp(—0))WF(31,32))

— O(#5 (31,P32) < 9(W(31,32)) - w(W'(31,32)),
where, W(31,55) = max {p;;(sl,sz),pg’(?sl,sl),pg<sz,ﬂ>sz>,
Jo“’ (TSI,32)+JOw (Sl,fpgz)
(47) 2P : 25 }

Where @(b) =b and y(b) = (1 —exp(—¥))b, for b € [0,+o0) and £ > 0. Therefore, by Theorem
5.8, P has a unique FP. Hence, the nonlinear VIDE (43) has a unique solution. 0J
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Example 6.1. Consider the nonlinear VIDE

48) S(w)=-————exp(-0 )—Eexp —20) —i—/ )d’c 3(0) =
Define a self-map P, as in (45), and suppose

(49) ((P3)(@)] < [[P[IS(@) e, with [[P]| <1 and [|3(@)]|- <1.

Here, (@) = 1z — 2 —exp(—®@) — 1 exp(—2®) and U(s,7,3(1)) = (S_T)ztﬂ are continuous.

The solution of equation (48) is equivalent to finding the FP of (45). Now, for all 3,3, € V

and s,7 € [0,1],
6(s,7,31(7)) — U(s,7,32(7))| = (S_Tis%(” Gl Tis%@
= (s;w’(51(7)—SZ(T))(Sl(r)+Sz(r))|

= [31(7) = 32(7)lI¢s (s, 7)];

where, ¢5(s,T) = (=) (S1(7) +32(7))
Now, |055(s,7)| = (S;T) 1B1(7)+32(7)| < % <exp(—¥), for some | € (0,In2].
Also, max{|(P31)(®@)|,|(P32)(®)|} < exp(—£) max{|3;(@)|,[32(®)|}.

Since, all of the hypotheses of Theorem 6.1 are fulfilled, we conclude that the nonlinear VIDE
(48) admits a unique solution that is the mapping P has a unique FP. The exact solution of

equation (48) is 3(®) = exp(—®@). Applying the Picard iteration method, we obtain:

3,1 (@) = (P3 _1+/ ds+// (5,7,3:(7))dds,

i=0,1,2,3.... The initial approximation is chosen as So(®@) = 1.

Table (1) presents the computed values for 3;,i = 1,2,3,... obtained using MATLAB for
various values of @ € 0,1] and also displays the corresponding absolute errors €; = |3;(@) —
S(m)|;i=1,2,3,.... Figure (4) illustrates the comparison between the exact and numerical
solutions, whereas Figure (5) illustrates the graph of the absolute error. Finally, the Figures (6)
and (7) depicts that 3;(0.7) and 3;(0.9) approaches to 3(0.7) and 3(0.9) respectively. Using

the Theorem 6.1, we have established the existence and uniqueness of the solution to nonlinear
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o —

0.1

0.2

0.3

0.4

0.5

Exact

0.904837

0.818731

0.740818

0.670320

0.606531

S1(@)

0.904839

0.818762

0.740969

0.670778

0.607610

0.904837

0.818731

0.740818

0.670320

0.606531

0.904837

0.818731

0.740818

0.670320

0.606531

0.6

0.7

0.8

0.9

1.0

0.548812

0.496585

0.449329

0.406570

0.367879

0.550974

0.500458

0.455722

0.416485

0.382525

0.548812

0.496588

0.449334

0.406581

0.367901

0.548812

0.496585

0.449329

0.406570

0.367879

0.1

0.2

0.3

0.4

0.5

0.000002

0.000031

0.000150

0.000458

0.001080

0.000000

0.000000

0.000000

0.000000

0.000000

0.000000

0.000000

0.000000

0.000000

0.000000

0.6

0.7

0.8

0.9

1.0

0.002162

0.003873

0.006393

0.009916

0.014646

0.000001

0.000002

0.000005

0.000011

0.000022

0.000000

0.000000

0.000000

0.000000

0.000000

VIDE (48). The theoretical result is further supported by a numerical investigation employing

Picard iteration.

TABLE 1.

Iterated values and the absolute errors.
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1,2, 3..

Si(w); i

0.3

0.9

08

0.7

0.6

0.5

04

~3(w)=exp(-w)
3, (w)

FIGURE 4. The graph depicts
that the iterations 3;(@) =
(P3;)(@) converges to the ex-

act solution exp(—®).

0.5005,

0.5

on

Approximate Soluti
&
o

0.497 -

0.4995

0.499

0.4985

0.498

- $,(0.7)=0.500458
- $,(0.7)=0.496588

$,(0.7)= 0.496585

0.4965
1

The convergence behaviour is depicted in the Figure (4) and the error Figure (5) illustrates
that with the increase in number of iteration for different values of @, the error decreases, which
confirms that the equation (48) admits a unique solution 3 (@) = exp(—®). Hence, exp(—®)

is the FP of the equation (45), that is P(3(®))
7. HYERS-ULAM-RASSIAS STABILITY

This section employs the P technique to demonstrate the HUR stability of the nonlinear

Iterations

FIGURE 6. 3,(0.7),i =
1,2,3... approaches  to
3(0.7).

VIDE in the framework of OPMMS.

Definition 7.1. The nonlinear VI'DE (43) is said to exhibit HUR stability if, whenever a func-

tion satisfies the inequality

(50)

L
2
o

=0
—-—=01
—-—=02
=03
@=04
@=0.5
@=0.6
@=07
@=08

=09

—-—=1

1:5 2 212 214 Zrﬁ 2?5 3
Iterations

FIGURE 5. The graph depicts
absolute errors &; = |3;(@) —
3(@)|;i = 1,2,3,... for dif-

ferent values of @ € [0, 1].

0.418

0.416

0.414f

Approximate Solution
| 'Y
S =

0.408 -

- $,(0.9)=0.416485
- $,(0.9)= 0.406581

3,(0.9)= 0.406570

0.406
1

L s s L s 1 L L f
12 14 16 18 2 22 24 26 28 3

Iterations

FIGURE 7. 3;(09),i =
1,2,3... approaches  to
3(0.9).

3(@) = exp(—@).

3@ (@)~ [ 5,531 < ),

25
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for a non-negative function Q, there exists an exact solution 3 of equation (43) and a constant

8 > 0 such that
(51) 3(@) —3o(@)| < 89(@),
where 8 is independent of 3 and 3.

Remark 7.1. If we replace Q(@) by a constant o > 0 in (50) and (51), then the nonlinear
VIDE (43) is said to exhibit HU stability. The subsequent Lemma is essential for establishing

the main result of this section.

Motivated by the works of [10] and [25], we construct the following Lemma in the framework

of OPMMS.

Lemma 7.1. Suppose (V,=, £%) is complete OPMMS. Further, let P : Vo — V0 be the
contraction mapping satisfying JOE’(T(Z,?S) < 9(@5’(5,3), E,3eVoowithG<land& <S.
Assume that there is a non-negative integer m for which pg’(i]”"“ﬁ,?m& ) < +oo for some

& € Vo, then the following conditions holds:

(i) {P"E}en converges towards E¥, a FP of P;
(ii) &* represents the unique FP of P within

Vo ={3 € Vo : 25 (P"E,3) < +oo};
(iii) if S € Vi, then £5(3,£%) < ﬁpg’(?s,i’s).

Theorem 7.2. Suppose that the conditions (H1), (H2), (H3) and (H4) holds. Additionally, if a

continuously differentiable function 3 satisfies
@
(52) S'(@)-1(@)- [ B(@,7.3()de| < A@), Vo € 0.4
0

where @, T € [0,h] and | : [0,h] = R, and G : [0,h] x [0,h] x R — R and Q : [0,h] — [0,+) are

continuous mapping with

[ o@az+exp (Bymax{ (931131} < exp (B)20(@)
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for each B > 0, some Z > 0 and define a self-map P, as in (45), then there exists a unique
solution 3¢ € C'[0,h] of (43), satisfying (44), with

Zexp (B)2(@)

3(@) - So(@)| < TR EEE

, YO € [0,h] and for some £ > 0.

Proof. Let V = C'[0, 4], and define the mapping ® : (0, +o0) x V x V — [0, +o0) by

25 (3, R) = wfgm(exp(—ﬁ)lg(w) —R(@)|+max{[3(@)|,[R(@)[}), VI, RV,

then (V, ) constitutes a complete PMMS. Also, (V,=,£?) is a complete OPMMS with
usual order < thatis 3 < R, if and only if 3 < R or R < 3. Now, from Theorem 6.1, we find

that the equation (43) has a unique solution. By equation (46), we have
5 (P3, PR) < exp(—£) g5 (3, R).

From Theorem 5.8, we infer that the operator P is a generalized (¢, y)—contraction. By fun-

damental theorem of calculus P(R) € V0, R € Vo and thus we have
exp (—B)|PR(@) — R(@)| + max{[PR(@)|, [R(D)[} <+,

for any R € Vo and @ € [0,h]. That is, ((OE’(TPSK,%) < oo, for all R € Vyo. Similarly,
exp (—B)|P3 (@) — R(@)| + max{|P3(@)|,|R(@)|} < 400, for all I € V0 and @ € [0,4],
then pﬁ’((PS,SR) < +oo, for all R € V. That is

{S €Vpo: @5 (PS,R) < +oo} =V o, YR € Vo

Now let 3 € V0. Again, by (52), for all @ € [0, /],
(53) _0(@) < 3'(@) - (@) - /szs(a;, 7,3(1))dt < (@),
Integrating each term of inequality of (53) from 0 to @, we get

- _— o

S (@) — 3(0) — /O (t)dt — /O /O (s, 7,3 (1)) dtds| < /O 0(t)dt

= IS(@) —P3(@)| <exp(B)(22(@) —max{[|PI[,|3[})
= exp (—f)[|P3(@) — S(@)| + max{|P3,[3[} < 29(@)

= 25 (P3,3) < 29(m).
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As the conditions of Lemma 7.1 are satisfied, a unique solution 3 exists satisfying

1 ® 29(m)
= a0 B S ey

Further, by the definition of PMMS, we have, for all 3,3y €V,

pg)(svs())

#8(3,30) = A (exp (=B)[3 (@) —3o(@)] + max{|S(@)],|So(@)|})

0.1
= exp (= B)|3(@) — So(@)| < @5 (3,30), V& € [0,7]
Zexp (B)9(@)
— < .
= 13 (@) —3o(@)] < T exp(—0) Vo € [0,4]
Hence, under the given conditions, the nonlinear VI'DE (43) possesses HUR stability. UJ

The subsequent corollary establishes the H{U stability result of the nonlinear VIDE (43).

Corollary 7.3. Suppose that the conditions (H1), (H2), (H3) and (H4) holds. Additionally, if a

continuously differentiable function 3 satisfies
o)
(54) 3" (@) - (@) / O(@,7,3())dr| < a, Y@ € [0,1],
0

where @,t € [0,h], [:]0,h] = R, U:[0,h] x [0,h] xR — R, o > 0, and define a self-map
P, as in (45), then there exists a unique solution 3¢ € C l[O,h] of (43), satisfying (44), with
max{|P3|,|3|} < a(Z—@exp(—P)), for each B > 0, some Z > 0, then

Zexp (B)o
IS(@) —So(@)| < T—exp(—0)’

for all @ € [0,h] and for some £ > 0.

Example 7.1. Consider the nonlinear VIDE
1 @ exp(—20) o (@ —1)3%(1)
55 )= ———— —0)— —— / —d 0)=1.
The exact solution of equation (55) is 3o(®) = exp(—®) and the numerical solution are com-
puted in Table (1). To see the HUR stability, we consider Q(®@) = exp(@) and I(®) =
—2m)
2

2 3 . .
L 0 1% L +exp(—o)+ % be any other numerical solution. Now,

!S’(w)—[(w)—/owli(w,f,S(r))dr]

 |®@? 10243&7+23exp(—a)') 257exp(—2m@) exp(—3@)
|8 49152 64 4096 576
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exp(—4®@) 9mexp(—®@) @exp(—2m) 3@’ exp(—)
65536 32 2048 32
szexp(—Z(‘D') o> exp(—®@) o> exp(—20) N g
4096 48 6144 8192 6144
ot o To° o’ o’ 25009
t 6144 7680 T 92160 32256 | 129024 589824> ’

= |£(@)| < exp(@) = (@),

forall @ € [0,1] (verified using MATLAB). The values of L(@) and D(®) = |3(@) — S0(@)|
are computed using MATLAB. Here, 3(0) = 30(0) =1 and D(0) = 0. The corresponding
values of D (@) for different values of @ are presented in the Table (2), and the graphs of L(®)
and D(®) are illustrated in Figures (8) and (9) respectively. Choose B = 0.2, { =1n2, and
Z =2 then,

[ 0@1ae+ exp (B)max{[75],[3]} = exp (@) + exp () max{ 7S], 3]}

<exp(B)Zexp(@) =exp(B)29(®@), Vo € [0,1].

0.1

0.2

0.3

0.4

0.5

0.904837

0.818731

0.740818

0.670320

0.606531

0.904839

0.818762

0.740969

0.670778

0.607610

0.000002

0.000031

0.000150

0.000458

0.001080

0.6

0.7

0.8

0.9

1.0

0.548812

0.496585

0.449329

0.406570

0.367879

0.550974

0.500458

0.455722

0.416485

0.382525

0.002162

0.003873

0.006393

0.009916

0.014646

TABLE 2.

Values of 3o(@), 3(@) and D(@).
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14 14 7

12 E(W) 12 D(W)

10 Q w) 10 SQ(W)

8 8

61 6

2: ........................ P — DU PR PR dpenaseareerees PRI .k
FIGURE 8. Comparison be- FIGURE 9. Comparison be-
tween £(®) and Q(®). tween D(®@) and SQ(@).

Since, all of the hypotheses of Theorem 7.2 are fulfilled, there exists a unique solution 3¢ ()

such that,
o o o I o
D(@) = 5(0) - So(@)| = |2 - T+ D _ L, wl20)
Zexp (B)exp(®@) _
1 —exp(—1In2) 2Zexp (B)9(@)

=89(@), Vo € [0,h], where S =2Zexp (P).

Hence, if an approximate solution 3(®) satisfies (50) for some non-negative function Q(®)

then there a unique solution 3o(@) which satisfies (51) for some constant 8§ > 0.

8. ConcLusION

In this article, we have established the existence and uniqueness results for CP and FP of
generalized (@, y)-weak contraction within the framework of OPMMS, considering cases both
with and without continuity assumptions on the involved mappings. The theoretical results were
validated through illustrative examples. Our primary contribution is the demonstration of the
applicability of our theoretical result through detailed analysis of nonlinear VIDE that guaran-
tee both the existence and uniqueness of solution. Additionally, these results are supported by
numerical example that validate our result. Furthermore, we have established the HUZR stability
for nonlinear VJDE and is validated through a numerical example. The numerical computations
and graphical illustrations were performed using MATLAB to validate the theoretical FP re-

sults.



ORDERED PARTIAL MODULAR METRIC SPACES 31

Our contribution generalize and unify, several well-known existing results in the literature,
thereby significantly extending several results in nonlinear analysis to a broader class of nonlin-
ear contraction within PMMMS. This generalization facilitates the use of P method for solving
and finding the HUR stability of nonlinear VIDE, thus deepening insights into FP and stability
theory within nonlinear analysis.

The established results can be extended to the framework of generalized metric structures,
like PIMb — MS [13] and C*-algebra valued PMMS [18]. Additionally, the application to non-
linear VIDE and HUR stability of such functional equations can be studied in these generalized

spaces.
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