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Abstract. In [4], [Fixed Point Theory and Applications (2018) 2018:6], W. Phuengrattana and K. Lerkchaiyaphum
obtained some results on solving split generalized equilibrium problem and fixed point of multi-valued nonexpan-
sive mappings in real Hilbert spaces. We observed a gap in the proof of their main result, Theorem 3.1. Motivated
by their result, we first correct the observed error and study in this article, approximation of solution of generalized
split equilibrium problem and common fixed point problem for a finite family of multi-valued demicontractive-type

mappings in real Hilbert spaces.
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1. INTRODUCTION

Let H be a real Hilbert space with inner product (,) and norm ||.||. Let C be a nonempty closed

convex subset of H Suppose that F, ¢ : C x C — R are bi-functions, that is, F (u,u) = @(u.u) =
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0,Vu € C. The generalized equilibrium problem is to find x € C such that
(1.1) F(x,y)+@(x,y) >0, ¥y € C.

We denote the set of solution of problem (1.1) by GEP(F,¢). The generalized equilibrium
problem is a unifying problem for many important problems araising from fixed point theory,
physics, economics, optimization and so on (see e.g., [6, 7, 8]).

In 2013, Kazmi and Rizvi [9] introduced and studied the following split generalized equilibrium
problem. Let Hy, H, be two real Hilbert spaces and C C Hy and Q C Hp, let F1,¢; : CxC — R
and F>, @, : QO x QO — R be nonlinear bifunctions, and let A : H; — H, be a bounded linear

operator. The split generalized equilibrium problem is to find £ € C such that

(1.2) Fi(&E,y)+¢1(&,y) > 0Vy € C and such that

(1.3) y*=A& € Qsolves B (y*,y)+ ¢ (y*,y) >0VyeC

The solution set of the split generalized equilibrium problem is denoted bySGEP(Fy, @1, F>, ¢2).
That is:

SGEP(Fl,(pl,Fz,(pz) = {g eC: g € GEP(Fl,(pl) andAé < GEP(Fz,(pz)}.

The authors gave an iterative algorithm to find a common element of the solution set of the
split generalized equilibrium problem in real Hilbert spaces; (see e.g. [9, 10, 11]). For
¢1 = 0 and@, = 0, the split generalized equilibrium problem reduces to the split equilibrium
problem studied by Moudafi [13] and Suantai et.al. [20]. For F, = 0 and ¢, = 0, the split
generalized equilibrium problem reduces to the equilibrium problem which has been studied
extensively by many authors (see for instance, [6, 11, 15] ).

Iterative approximation of fixed points of nonlinear mappings has been studied widely in the
literature, (see e.g., [3, 12] and the references therein ). One iterative method that has been used
successfully to approximate fixed points of nonexpansive mappings is the shrinking projection
method which was introduced by Takahashi et al. [16].This method has been studied and devel-
oped by many researchers under different settings, (see, for example, [14, 19]).

Recently, W. Phuengrattana and K . Lerkchaiyaphum, [4] proposed an iterative algorithm based
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on the shrinking projection method for finding a common element of the set of solutions of split
generalized equilibrium problems and the set of common fixed points of a countable family of
nonexpansive multivalued mappings in real Hilbert spaces. They proved strong convergence
theorems that extend and improve the corresponding results of Kazmi and Rizvi [9], Suantai et
al. [20], and others.

In the proof of the main result, Theorem 3.1 of [4], we observed some gap in their argument.

It is known that the study of multivalued mappings is in general more demanding than that of
single-valued mappings. Motivated by the work of Kazmi and Rizvi [9], Takahashi et al. [16],
W. Phuengrattana and K . Lerkchaiyaphum, [4] and the ongoing research in this direction, it is
our purpose in this manuscript to first correct the observed error in the proof of Theorem 3.1
of W. Phuengrattana and K . Lerkchaiyaphum, [4]. Next, we propose an iterative algorithm
based on the shrinking projection method for approximating a solution of split generalized
equilibrium problem and a common fixed point of a finite family of multi-valued demicontrac-
tive -type mappings (see definition below) in real Hilbert spaces. The class of multi-valued
demicontractive-type mappings is known to be more general than the class of multivalued non-
expansive mappings. Our result complements the result of Kazmi and Rizvi [9], improves and
generalizes the results of W. Phuengrattana and K . Lerkchaiyaphum, [4] and many of other

important results.

2. PRELIMINARIES

Let X be a normed space. and C C X. Amap T : C — C is called nonexpansive if

2.1) ITx—Ty|[ < |lx—yl|Vx,y€C

T is said to be quasi-nonexpansive if F(7T') # 0 and

(2.2) ||Tx—Tpl|| <|[x—p||VxeC,p e F(T), where F(T) denotes the fixed point set of 7.

In real Hilbert space H, Hicks and Kubicek [21] introduced the class of demicontractive map-
pings as follows;

Amap T :C C H — C is called demicontractive if F(T') # 0 and there exists k € [0, 1) such that

(2.3) ||T)C—Tp||2 < \|x—p||2+k||x—Tx||2Vx€C, pEF(T)
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It is known that the class of demicontractive mappings is more general than the class of quasi
nonexpansive mappings. Some researchers have studied this class of maps and obtained differ-
ent important results (see for instance [3]). For a nonempty subset C of X, let CB(C) denote the
family of nonempty, closed and bounded subsets subsets of C. We denote the identity map on X
by I, the weak topology of X by o(X,X*), and the norm (or strong) topology of X by (X, ||.||).
The Hausdorff metric on CB(C) induced by metric d on X is defined by

H(A,B) = max{supaeAd(a,B),Zugd(b,A)} forall A,B € CB(C).

€

Let T :D(T) C X — CB(X) be a multi-valued mapping on X. A point x € D(T) is called a fixed
point of T if x € Tx. The fixed points set of T is denoted by F (7). A point x € D(T) is called
a strict fixed point of T if Tx = {x}. The set F5(T) = {x € D(T) : Tx = {x}} is called the strict
fixed point set of 7.
A multi-valued mapping 7 : D(T) C X — CB(X) is called L— Lipschitzian if there exists L > 0

such that
(2.4) H(Tx,Ty) < L|[x—y|| Vx,y € D(T).

When L € (0,1) in (2.4), we say that T is a contraction, and 7 is called nonexpansive if L = 1.

T is called quasi-nonexpansive mapping if F(7) # 0, with
(2.5) H(Tx,Tp) <||x—pl|| Vx,e D(T), and Vp € F(T).

Clearly every multivalued nonexpansive mapping with nonempty fixed point set is multivalued
quasi-nonexpansive.

Several papers have been published that deal with the problem of approximating fixed points of
single valued and multi-valued nonexpansive mappings (see, for example [1, 2] and the refer-
ences therein).

Recently, Isiogugu and Osilike [5] introduced and studied the class of multi-valued

demicontractive-type mappings. Precisely, they gave the following definition.

Definition 2.1. Let X be a real normed space. A mapping T : D(T) C X — 2X is said to be
demicontractive-type in the terminology of Hicks and Kubicek [21] if F(T) # @ and for all
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p € F(T),x € D(T) there exists k € [0,1) such that
(2.6) H*(Tx,Tp) < ||x— p||* + kd*(x, Tx),

where H*(Tx,Tp) = [H(Tx,Tp))?> and d*(x,p) = [d(x,p)]>. If k=1 in (2.6), then T is called

a hemicontractive-type mapping.

The following are some examples of multivalued demicontractive-type mappings.
Example 2.2. Every multivalued quasi-nonexpansive mapping is demicontractive-type.
Example 2.3. Let X = R (the reals with usual metric). Define 7 : R — 2 by

5 .
—3x,—3x], if x € (—o0,0],
2.7) Tx—= 2 | |

[—3x,—3x], if x € (0,0).

Then F(T) = {0}. Now

H*(Tx,T0) = |-3x—0*=9[x—0]*=|x—0*+8|x—0?
5 7 49 4
d*(x,Tx) = |x—(—§)C)|2=IQXI2=Z|X|2;‘IXI2=Ed2(x,TX)
32
8|x]? = Edz(x,Tx).Hence7
2 2 2 2 32 2
H*(Tx,T0) = |x—0|"+8]x—0|"=[x—0]"+ -=d"(x,Tx)

49

IN

32
lx—0>+ Edz(x, Tx)
Thus, T is demicontractive-type mapping with k = 431_3' However, forx=1,p =0,
H*(Tx,T0) = 9x—0=3%x—0>>1=|x—0. ie.
H(Tx,T0) > |x—0|.
Therefore, T is not quasi-nonexpansive. So the class of multivalued demicontractive-type map-
pings contains the class of multi-valued quasi-nonexpansive mappings, and also the class of

multivalued nonexpansive mappings with fixed points. For more examples and details about the

class of demicontractive-type mappings, see [5].
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Lemma 2.4. ([17]) Let C be a nonempty closed convex subset of a real Hilbert space H, and

let Pc : H — C be the metric projection. Then
(2.8) Iy = Pex|* + [lx — Pex|? < [lx—y|*, Vx € H,y € C.

Lemma 2.5. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Given
x,y,2 € H and also given a € R, the set {v € C: ||y —v||* < ||x—v||*+ (z,v) +a} is convex and

closed.

For solving the generalized equilibrium problem, we assume that the bifunctions 1 : C xC — R
and @; : C x C — C satisfy the following assumption.

Assumption 2.6 Let C be nonempty closed and convex subset of a real Hilbert space H; . Let
F1:CxC—=Rand ¢ : C xC — C be two bifunctions satisfy the following conditions:

(A1) Fi(x,x) =0 forall x € C,

(A2) F is monotone, that is Fy (x,y) + F1(y,x) <0 for all x,y € C,

(A3) F} is upper hemicontinuous, that is, for each x,y,z € C, Zt%Fl (tz+ (1 =1)x,y) < Fi(x,y).
(A4) F(x,.) is convex and lower semi-continuous for each x € C,

(A5) @1 (x,x) >0forallx € C,

(A6) for each y € C,x — ¢ (x,y) is upper semicontinuous,

(A7) for each x € C,y — ¢ (x,y) is convex and lower semicontinuous,

and assume that for fixed r > 0 and z € C, there exists a nonempty compact convex subset K of

H; and x € CN K such that

(2.9 Fl(y,x)+(p1(yx)+%<y—x,x—z><0Vy€C\K.

Lemma 2.6. ([18]) Let C be nonempty closed and convex subset of a real Hilbert space H;. Let
Fi:CxC— Rand ¢ : C xC — R be two bifunctions satisfing Assumption 2.6. Assume that
@1 is monotone. Forr > 0 0 and x € Hy, define a mapping T,(Fl’(m : Hy — C as follows:
L () = {z€ C: Fi(2y) + @i1(2y) + 10— 2,2-x) 20, ye €}

for all x € Hy. Then the following conclusions hold:

(1) for each x € Hl,Tr(Fl’q)l)(x) #0,

(2) Tr(Fl’(Pl) is single- valued,
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(3) Tr(Fh(Pl) is firmly nonexpansive, i.e. ||Tr(Fl’¢1)x— Tr(FMPl)yH < (Tr(Fl’(Pl)x— Tr(Fh(Pl)y,x_y)

4) F(T."")) = GMEP(Fy, ¢1),
(5) GMEP(Fy, @) is compact and convex.

Further, assume that /> : Q x Q — R and ¢, : O x QO — R satisfy Assumption 2.6, where Q
is a nonempty closed and convex subset of a real Hilbert space H,. For all s > 0 and w € H>,

Tr(F27(P2)

define the mapping : Hy — C as follows:

L (0) = {6 € Q: B(Ey) + ¢a(8.0) + Hy— 8.6 —v) 20, yeC)

for all x € H,.

Then we have:

(1) for each v € Hy, Tr(F“(pl)(v) £ 0,

2) Tr(Fz’(PZ) is single- valued,

3) Tr(Fz’(PZ) is firmly nonexpansive, i.e. |\7}(F2’(P2)x — Tr(FZ’(PZ)yH < (Tr(Fz’(pZ)x — Tr(Fz’(PZ)y,x —y)
@ F(1,")) = GMEP(F>, ¢»),

(5) GMEP(F,, ;) is compact and convex,

where GEP(F,, ) is the solution set of the following generalized equilibrium problem:

Find y* € Q : such that > (y*,y) 4+ ¢>(y*,y) > 0 for all y € Q. Moreover, SGEP(Fy, ¢, F>, @)

is a closed and convex set.

Lemma 2.7. ([19]) Let H be a real Hilbert space and {x;,i = 1,2,...m} C H. For
0; €(0,1),i=1,2,---,m, such that 1" | o; = 1,the following identity holds:

X" o> = L "a|lxil>— L Moga|lxi — x|

3. MAIN RESULTS

Remark 3.1. (1). Lemma 2.2 of the paper of Phuengrattana et. al. [4] holds for finitely many
vectors in a real Hilbert space and finitely many scalars too. This Lemma played key role in
obtaining many conclusions in the proof of their main result. For instance, conclutions (3.8),
(3.9) and (3.10) all follow from the Lemma 2.2. This reduces their Theorem to the case of finite

family of the operators considered and not countably infinite family as claimed by the authors.
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(2). In order to prove step 5 of their main result, the authors made the following estimates

d(q,5q) < |lg—un||+|jun—yi|| +d (5, Siq)
(3.1 < Hq—unH—l—dist(un,Siun)+%(Siun,Siq)

< 2||q — un||+ dist (uy, Siun)

IN

2||61_Zn|| + ||Zn _xn|| + dist (un, Sitty).

By inequality (3.1), the authors claim that ||u, —',|| < dist (uy,Siu,), ¥, € Sju,. This certainly,
is not correct. However, the conclusion they got using this wrong assumption can be obtained

without the assumption as follows.

d(q,8:q9) < |lg—unl|+||un— 5| +d (5. Siq)

(3.2) < Nlg = uall + llitn =yl + 5 (Siun, Siq)

< 2|lg — un|| + | |un — ¥5|

< 2(llg = zall +llzn = xull) + [t = 3.

Since  limp 002y = ¢, and from (3.7) and (3.14) of their proof, lim, e ||z, — X,|| =

0 and lim,, e, ||u, — ', || = 0, respectively, it follows that d(g,S;q) = 0 as required.

Now we prove our main result.

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space Hy, and let Q
be a nonempty closed convex subset of a real Hilbert space H, . Let A : Hy — H, be a bounded
linear operator, and let {S;}" | be a finite family of demicontractive-type multivalued mappings
of C into CB(C), with k € (0,1). Let F1,0; : CxC = R, F5,¢0, : O x Q — R be bifunctions
satisfying Assumption 2.6. Let @1, @2 be monotone, Q1 be upper hemicontinuous, and F, and
¢ be upper semicontinuous in the first argument. Assume that F(S;) is nonempty, closed and
convex for eachi=1,2,--- ,m. For Q=N |F(S;), suppose I := QNSGEP(Fi,¢1,F>, ) # 0
with Tip = {p} for each p € Q. Let x| € C with C; = C, and let {x,} be a sequence generated
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by
)
U, = Tr(FMPl) ([_ ’}/A*(I— TrE,FZ’(pz))A)xn,
in = a}SO)”n + al’(l])yl(’ll) +- ar(lm)y’(im)’ yl(ii) € Siup,
3.3)
Cor1 ={2€Ca: [lzn—2z|| < | — 2]},
\an = PCnHXl,n S N,
where k = max{k; i = 1,2,--- ,m} {Ocn } C (k,1) satisfies Y. oo‘n = L{r,} C (0,00), and

y € (0, ) where L is the spectral radius of A*A, and A* is the adjoint of A. Assume that the
following conditions hold:
(1) The limy_se 0 € (0,1) exists for all i > 0,

(2) liminf,—sery > 0. Then the sequence {x,} generated by (3.24) converges strongly to Prx;.

Proof. We divide the proof into steps.

Step 1. We show that {x, } is well-defined for every n € N.

Since we assume that Q is a closed and convex subset of C. Then, by Lemma 2.6 we obtain
that I" is a closed and convex subset of C. Also, from Lemma 2.5, C,, is closed and convex for
eachn € N.

Let x* € T, then using the nonexpansiveness of T( Fi.g1) (I—yA*(I- TrEIF“(P))A, we get
||un—x*|| _ ||TrF1 91) (I—’}/A (I T(Fh ))Axn T(FM(PI)(I }/A*(I T(FI» ))AX*H
< e — x|

Since Six* = {x*} forallx* € NI' | F(S;) we have:

m
0 L
=212 < ol —x 12+ Y b | — |
i=1
(0) 2 V0 2 v i 12 2
= Oy |luy— x| +Zan [y — x| _ZaOO‘n,iH”n_)’ZH Zanzanjnyn yn”
i=1 i=1 i,j=1,i#j
(0) 0" (0 - :
1
S Oy ||Mn_X*||2+ZO‘n HZ(SiumSix*)—Z%an,i\lun—y2\|2
i=1 i=1
(0) m (.) m
1
<0 [y =X NP+ Y 00" [l — X+ Kid® (1t Sitan)] — Y 000 |14 — 7, |12

i=1 i=1
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m
O . . .
o =1+ Y 00 it — 1% + il luan — Yl 2] = Y 0to il — ¥
i=1 i=1

IN

m

m . .
(3.4) = =P+ (k=00 Y o, — ¥ 2
i=1

IN

o — 1>

This shows that x* € C,,+1 and hence I C C,,1; C C,,. Therefore,P¢; x| is well-defined for
every x; € C. Hence, {x,} is well-defined.
Step 2: We show that lim ||x, — p|| exists, for some p € C.

n—soo

Since x, = Pc,x1 and x,41 € Cy41 C C, V' n > 0. We have

(3.5 [0 =21 [| < [loeng 1 — x|

Forx* € I' C C,41 C Cy, we have

(3.6) e = 21| < [l = xa ]

From (3.5) and (3.6) , we have that {||x, —x; ||} is a non-decreasing and bounded sequence.
Therefore, lim ||x, — x| exists.

n—oo
We show that the sequence {x, } converges strongly to p € C. Since x,, = Pc,x; € G, C C,, for

m > n we obtain from Lemma 2.4, we have that
(3.7 [t = X |* < [l — 21 ][> = [0 —x1 ||

Since lim ||x, — x| exists, we have from(3.7) that
n—oo
lim [|x,, — x,|| =0
n—oo
Thus {x,} is a Cauchy sequence. By the completeness of H and the closedness of C there exists

p € C such that {x,} converges to p.

Step 3: We show that li_r>n ||y,(f) —xu|| =0,i=1,2,...,m. Since x,, 1 € Cy41, from (3.1), we have
n—oo

||xn _ZnH < Hxn —Xn+1 H + ||xn+1 _ZnH

< 2||xp —xp+1]] = 0, as n — oo.



SPLIT GENERALIZED EQUILIBRIUM AND FIXED POINT PROBLEMS 11

From (3.4), we have

m
0 i j
(0 = 1) Y 06t — Y1 <t — )% =[] 2 — 2
i=1
*”2

<l =27 = flan =1

and foreachi=1,2,...,m, we have

(3.8)

(0)

(0" — k) il 14 — Y5712 < oo — 21> = [12n —x*| 2

< M||xp, —zn|| = 0, as n — oo,

Where M = sup{||x, —x*|| + ||zn — x*||}-
n>0

Using conditions (i) and (i1) in (3.8) , we have

(3.9)

tim [l — v 2 =0,i=1,2,....m
n—soo

Claim: [imy_ol| |ty —xn|| = 0. Let x* € T, then

[t — 27

+ I+ AN+ A A A

IN

T30 (1 — yA* (1 = TP Ay ) — TP 2
(7= A (1 = T3V ) Ax,) — x| 2

o = x|+ PIA = T2 ) A2 4 270" — 3, A (1 = T %) Ay
ln — x* |2+ P (Ax, — T2 Ax,, AA* (-T2 Ax,)

27(A(X" —xp),Ax, — T,&Fz’%)Ax@

2Y(A(x" —xp) +Axp, — TrEle’%)Axn —Ax, — Trin’%)Axn,Axn — Trin’(PZ)Ax,)
[ — x*[[2 + LY | Ay — T > %) Ay |2

2y((Ax" — Trgle’(Pz)Axn,Axn — T,EIFZ’%)Ax@ — ||Ax, — TrSle’(pZ)Aanz)

P,

[t — |2+ L || Axy — T2 %) A, |2

F,

1
275 1A% — 1> | P = || Ax, — T )

* F7
[t — x| 2+ YLy — 1)]|Ax, — T2 A | 2.
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Observe that from (3.4),

m

m
lea=x |7 < anollun — x>+ Y o illln — x>+ kil [ =yl ] = Y 0000 il 14 — ¥ ||
i=1 i=1
2 C 2
(3.10) < Gy ollxn — x| +ZOCn,i||Mn—X*||
i=1
R 2 (F2.92) 2
< 00l = x|+ Y 0l e — P+ V(LY — )| Axy — T, % A | 2]
i=1
- (Fa.02)
= [P =P+ V(LY = 1) Y 0 il [Ax, — T, 7 A |?
i=1
(.11 = =22 = 7(1 = LY) (1 = tn0)||Axy — T2 A, | 2.

Using condition (1) and the fact that y(1 — Ly) > 0, we get from (3.10) that

(3.12) lim ||Ax, — T/ Ax,|| = 0.

n—soo

But Tr(nFl’(Pl) is firmly nonexpansive and (I — yA*(I — Trin’(PZ))) is nonexpansive, so

[l =P = ||T) (1= A" (1 = T A, ) — T2

< (GO (1A (- )Ax,) - T (- At (- TP ))Ax, - x)

=ty —x*, (I —yA* (1 - T%))Ax, — )
< 3 (P 10— A" (0= T Ay |t — 0 — 1A (= T, )
< 5 (U =1+ =271 = (Ol = 3l 2+ P14 = T, )

(B13) = 29wy —xn, A (I = TP Ax,)).

Hence

tw =1 < 10 =22 = {1t = | |2 4 271t — 20, A% (T = T, ) A, )

£ * F7
(3.14) <t =P = [t — 50l [+ 29 100 — [ |4 (1 = T ) A |
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Using (3.14) in (3.10), we obtain

llan —*|* - <

<
(3.15) +
Hence
(1= an0)||ttn
(3.16)
Thus,
(3.17)

m m
G olttn =1+ Y Ol — 271>+ Kil e — Y| *) = Y o 0l — 3 I
=1 i=1

1=

m
* F7
00l — X112+ Y il 6 — 27| = 10— 2l I 4 271t — || [A* (T = T %)) A | ]
i=1

[ =12 = (1 = @tn0) 1t — x|

27(1 — 04,0)K||A* (I — T,%))Ax, ||, where K = sup{||un — x, ||}

Pon — |2 = [lzn — 212 +27(1 — 0 0)K|A* (1 — T %)) Ax, |

IN

*anz

IN

[t = 2l ([ = | 4 ln = 2°[1) +27(1 — @ 0)K[JA* (1 = T %) Ax .

lim ||u, —x,|| = 0.
n—yeo

From (3.17) and (3.9) , we get that

(3.18)

fim [y — x| =0
n—oo

completing the proof of step 3.

Step 4. We prove that p € N F(T;).

Foreachi=1

(3.19)

a27"' , 1,

d(p,Sip) < ||p—un||+||un—y|| +d (5, Sip)

IN

1P = ttal| + [t =y || + H (Sittn, Sip)

IN

1P~ nl |+ litn = yp|| + H?(Sittn, Sip)
< 1P = ttal| 4 1t = Yyl | + 1t = pII* + kd® (14, Siitn)

1= ttal [+ 2t = V3| 4 et = pI2 4 Kl 20 — 38|

IN
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Observe that
(3.20) llp—unll < |lp—2zal|+||2n — Xnl| +||xn — tn|| — 0 as n — oo. Hence,
(321)  |lp—un| — 0, asn— oo,

Furthermore, from (3.9), we have that k||u, — y,(j) 12— 0asn— oo.
Consequently, d(p,S;p) =0, and so, p € " | F(T;).
The rest of the proof follows the same argument as steps 6 and 7 of [4]. We give details here,
for completion.
Step 6. We show that p € SGEP(Fy, @1, F>, ®,). First, we show that p € GEP(Fy,¢;). Since
U, = TrgFl’(Pl) (I— YA*(I — Trng’%))A)xn, we have

Fi(un,y) + @1 (un,y) + %@— tns iy — X — YA (I = T %)) Axy) > 0, Wy €€,

which implies that

1 1
Fi(t.3) + @1 (,) =~ =ttty =) = — (3=, YA (L= T ™) )Axs) > 0, ¥y € C,

n I'n
It follows from the monotonicity of F; and ¢; that

1 1 .
—(y — Up, Uy — Xn) — —(y — ty, YA™ (I — Trin’%))Axﬁ > Fi(y,un) + @1 (y,un), Yy € C,

'n n
Using conclusion (3.17)and the fact that and lim,_,.x, = p we get that lim, . u, = p. It fol-
lows by Condition (2) , (3.12), (3.10), Assumption 2.7, (A4) and (A7), that 0 > Fi(y,p) +
©1(y,p) VyeC.Puty, =ty+ (1 —t)pVt € (0,1] andy € C. Consequently, we get y, € C, and
hence Fi(y;,p) + @1 (ys, p) < 0. So by Assumption 2.7, (A1) — (A7), we have
0 < Fi(y,y)+@1(e;)r)
< (A () + @101,) + (1 =1) (Fi (v, p) + 01 (31, 1))
< t(Fi0ny) +0101,Y) + (1) (Fi (p,y1) + @1(p,yr)

< F1(y,y) +01(yr,)-

Hence we have Fi(y;,y) + ¢@1(y:,y) >0, Vy € C.
Letting r — 0, by Assumption 2.7 (A3) and the upper hemicontinuity of ¢; we have Fi(p,y) +
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¢1(p,y) >0, Yy e C. This implies that p € GEP(Fy, ¢;).

Since A is a bounded linear operator, we have Ax,, — Ap. Then, it follows from (3.12) that
(3.22) 729 A%, — Ap.
By the definition of Trin’(mAxn, we have

1
(T3 A, 3) + 02T, P A y) + — (0= TP A, TP, — Ax) 2 0, vy € 0.

n

Since F; and ¢, are upper semicontinuous in the first argument, it follows by (3.22) that

(3.23) F(Ap,y) +@2(Ap,y) >0, ¥y Q.

This shows that Ap € GEP(F,, ¢,). Therefore p € SGEP(Fy,¢1,F2, ¢2).

Step 7. Finally, we show that p = Prx;.

Since x, = Pcx1, and I' C C,, we get (x| — xu,x, —x*) > 0 Vx* € I Hence,
(x; — p,p —x*) > 0 Vx* € I'. This shows that p = Prx;. So we conclude that {x,} con-

verges strongly to Prx;. O

As we observed earlier, every multivalued nonexpansive mapping with nonempty fixed
point set is a multivalued demicontractive-type mapping. Consequently, we obtain the main

result of Phuengrattana et. al. [4] as a corollary of the main result of our work.

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space Hy, and let Q
be a nonempty closed convex subset of a real Hilbert space Hy . Let A : H| — H> be a bounded
linear operator, and let {S;} be a finite family of multivalued nonexpansive mappings of C into
CB(C).Let F1,0; :CxC — R, F, ¢, : QO x Q — R be bifunctions satisfying Assumption 2.6. Let
@1, Q2 be monotone, Q| be upper hemicontinuous, and F, and @, be upper semicontinuous in
the first argument. Assume that F (S;) is nonempty for each i =1,2,--- ,m. For Q = (" | F(S;),
suppose T := QN SGEP(Fy, @1, F>, ¢y) # 0 with S;p = {p} for each p € Q. Let x| € C with
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C| =C, and let {x,} be a sequence generated by

.

y = TP (1= yA* (1= T ) A) 3,

2 =0y + o a3 € S,

(3.24)
Cor1 =1{2€Cp: ||z — 2| < |Jxn — 2|},

\xn—H = PCn+1x17n € N;

where {oc,Si)} C (k, 1) satisfies Y, ) = 1L{ra} € (0,0), and y € (0, 1), where L is the spectral
radius of A*A, and A* is the adjoint of A. Assume that the following conditions hold:
(1) The lim;,_o (X,Si) € (0,1) exists forall i > 0,

(2) liminf,—ern > 0. Then the sequence {x,} generated by (3.24) converges strongly to Prx;.

Remark 3.4. (1) The main result of our work Theorem 3.1 extends the main result of Phuen-
grattana and Lerkchaiyaphum [4] and many others, from the class of multivalued nonexpansive
mappings to the class multivalued demicontractive-type mappings.

(2) It is our view that the authors of [4] either do not misunderstood the Ceasaro mean as was
used in [11] or misapplied it in their main result and claimed that their results hold for countably

infinite family of the class of operators they studied.
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