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Abstract: In this paper, we use common coupled fixed point results from (¢, ¢)-K-type contraction mappings
to address the application of the notion of C*-algebra valued fuzzy soft metric to homotopy theory. In order to
further illustrate our main discovery, we also offer an illustration. The obtained results build upon and apply to
other studies in the literature.
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1. INTRODUCTION

Numerous real-world issues deal with ambiguous data and cannot be adequately described
in classical mathematics. Fuzzy set theory, developed by Zadeh [1], and the theory of soft sets,
developed by Molodstov [2], are two types of mathematical tools that can be used to deal with
uncertainties and help with difficulties in a variety of fields.Thangaraj Beaula et al. defined
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fuzzy soft metric space in terms of fuzzy soft points in the cited work [3], and they supported
various claims. However, numerous authors have established a great deal of findings regarding
fuzzy soft sets and fuzzy soft metric spaces (see [4] -[6]).

A concept of C*- algebra valued metric space was presented in 2006 by Ma et al. in [7],
and certain fixed and coupled fixed point solutions for mapping under contraction conditions in
these spaces were established. This line of inquiry was pursued in (see [8]-[14]).

Recently, R. P. Agarwal et al. [15] were introduced the idea of C*-algebra valued fuzzy
soft metric spaces and demonstrated some associated fixed point solutions on this space (see.
[15]-[19]). The purpose of this article is to establish two pairs of @-compatible mappings
meeting (¢, ¢)-K-contractive requirements as unique common coupled fixed point theorems
in the context of C*-algebra valued fuzzy soft metric spaces. Additionally, we may provide
pertinent examples and applications for homotopy.

First, let’s review the important concepts of G,-metric spaces.

2. PRELIMINARIES

Definition 2.1: ([15]) Assume that C C Z and 2 are the absolute fuzzy soft set and
A (x) =1 for all x € 4. Let the C*-algebra be represented by C. The mapping
de: B x B — C satisfying the given constraints is known as the C*-algebra valued fuzzy soft

metric utilising fuzzy soft points.

O < de+ (e, sy ) for all oy, oy, € B.

de (o, ) = 0p & Ay, = by,

der (et o)) = dor (S, Sy )

i3) dor (g, y) = dor (S, ry) + dr (g, ) N Sy, Sy, oy € B

(i0) 0
(i1)
(i2)
(i3)
The C*-algebra valued fuzzy soft metric space (C*-AVFSMS) is made up of the fuzzy soft set
% and the fuzzy soft metric d.-. It is represented by the symbol (%, C,d+).

Remark 2.2: ([15]) It is clear that fuzzy soft metric spaces with C*-algebra valued fuzzy soft
metrics generalise the idea of fuzzy soft metric spaces by substituting the set of fuzzy soft real

numbers with C,, . The idea of a fuzzy soft metric space with C*-algebra values is similar to the

definition of real metric spaces if we assume that C;, = R.
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Example 2.3:([15]) If C and & are subsets of R, then 2 is an absolute fuzzy soft set, where
%(x) =1 for every x in %, and C is defined as M,(R(C)*). Define d.+: % x % — C by
- Kk 0

do (S, , Sy,) = , where K = inf{|,u§41 (1) —/,Lf(jfxz (t)|/t € C} and o, , o, € %.Then,
0 x

by the completeness of R(C)*, (%,C,d.+) is a complete C* algebra valued fuzzy soft metric

space. d~ is a C* - algebra valued fuzzy soft metric.

Definition 2.4:([15]) Assume that (4,C,d,+) is a C*-algebra valued fuzzy soft metric space.
According to C a sequence {.<%, } in % is defined as:

(1) C*-algebra valued fuzzy soft Cauchy sequence if, for each 66 < &, there exist 66 <4
and a positive integer N = N(&) such that ||d,« (o, , %, )|| < § implies that
”“fzka (r) —,ug,Xl (s)|| < & whenever k,I > N. That is ||de (o, <%, )||¢ — Ogas k1 — oo.
(2) C*-algebra valued fuzzy soft convergent to a point <7, € 4 if, for each Oz < &, there
exist Oz < & and a positive integer N = N(&) such that ||d (o7, )| < & implis
||[,L§{Xk (t)— “3-4. (1)|| < & whenever k > N. It is usually denoted as limy_,e, o7, = .%7,.
(3) It is referred to as being complete when a C*-algebra valued fuzzy soft metric space

(@,C‘ ,d,+) is present. If each Cauchy sequence in % converges to a fuzzy soft point in

A.

Definition 2.5:([18]) Let (,%3 .C, d;*) be a C*-algebra valued fuzzy soft metric space.

Let S: % x % — 9 be a mapping. Then an element (<, V5,) € % x A is called coupled fixed
point of S if S(#,, ¥4, ) = <%, and S(¥%,, %, ) = Y4,

Definition 2.6:([18]) Let £ be absolute fuzzy soft set and S : B x B — B and f: B — P be
two mappings. An element (.7, %, ) € B x A is called

(i) a coupled coincidence point of S and f if f.of,, = S(.%,, ¥,) and f ¥, = S(4,, %%, )
(ii) a common coupled fixed point of S and f if ., = f.o/, = S(,, ¥%,) and
Voo = [V = S(Vay o).
Definition 2.7:([18]) Let £ be absolute fuzzy soft set and S : B x B — B and f B — B.
Then {S, f} is said to be @w-compatible pairs if
S (S(ty, V2,)) = S(f Sy, [ Vry) and f (S(Pay ) = S(f Vs [ ) for all 7y, ¥4, € 9B when-
ever faty, = S(,, Y%, ) and f¥y, = S(V%,, %, ).
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Definition 2.8:([17]) Let (%,C,d.+) be a C*-algebra valued fuzzy soft metric space and
f: % — 2B be a given mapping. Then we say that f is triangular c-admissible mapping if there

exist a function o : Z x % — C. such that

(i) if o (<, , o, ) = I implies that & (f.<,, f <y, ) = Iz for all o, , o, € B

(i) if 0t (s, Hyy) = T and @ ey, i) = T imnplies o (f o, fihy) = I
v%]a%pgf)geg-

Lemma 2.9:([15]) Let C be a C*-algebra with the identity element ié and 6 be a positive

element of C. If 4 € C is such that ||1]| < 1 then for p < ¢, we have

(@) limg e B, (B = Il [(0)} ({24,
(b) X, (A O(A) — O as g — oo,

Lemma 2.10:([15]) Suppose that C is a unital C*-algebra with unit 1.

(i) If & € C;. with ||K|| < § then [ — & is invertible and ||R(— &) ~![| < 1,

—K
(ii) Suppose that K, A € € with K, A=0 ¢ and KA = A& then KA = OC,

(iii) Let C' = {k e C/&kA = Ak Y A €C}. Let k e C',if 1,0 € C with 1 = 6 > 0 and

[— & €', is an invertible operator, then (I — &) !4 = (I— &)~'6, where ¢,/ =Cc.nC.

Notice that in c*-algebra , if 0 < K, A, one can’t conclude that 0 < KA. Indeed, consider the
c*-algebra M, (R(C)*) and set
_ oy (a) <y, (a) _ 0.3 0.1 and 4 — oy (c) 9, (c) _ 04 0.5
<y, (a) oy, (b) 0.1 0.2 oy, (c) <t (d) 0.5 0.6
then clearly & = 0 and A > 0 but &,1 € M>(R(C)*), while &4 is not.

Al

For more properties of a C*-algebra valued fuzzy soft metric and C* -algebra we refer the reader
to ([15], [20]).

Now we prove our main result.

3. MAIN RESULTS

For (a, ¢)-K-contraction type mappings in C*-algebra valued fuzzy soft metric spaces, we
will demonstrate various coupled fixed point theorems in this section.
Definition 3.1: Let (%4, C,d,) be a C*-algebra valued fuzzy soft metric space and
T:%BxB— B, f:% — A be agiven mappings.Then we say that T and f are an o-admissible
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mappings if there exist a function & : % x %% — C such that

o ((fle, fy), ([ V205 [ V50)) = I

implies that

(T (e, o) T (s )T (Fa Fo) T (Vo Vo)) 2= e ¥ oy, Yoy Foy € .

7 be the class of function ¢ : C; — C satisfying the following conditions:

(a) @ is non-decreasing, continuous;

(b) @(d@) <dforac Cy and (@) =0iffa=0
Theorem 3.2: Assume that C*-algebra valued fuzzy soft metric space (%7, C,d,+) and suppose
two mappings S': BxRB— Band f: B— ABbe satisfying (o, @)-K-contraction

(D a((f%wf"z{xz)v(fﬂ//xufﬂj/xz))dz'* (S(%17%1)7S(%27%62)) = (p(k*K(%N’Q{Xpﬂj/xl?%z)k)
for all o, , ), Vays Vay € B, Where ¢ € 7 and k € C with |[k]| < 1,

c*(nyxl7f4yx2>7dc*(f4//x]7f/yxz)7

dz‘*(f%ps( X1 xl)adc*(f%p*g(%p%z))
K(%] 5%277/)6177/)62) = max C*(f/y/XHS(/y/xlv%]% c* (f/y/)CpSCVXzV!sz)?
der (F ey () Vi Nl (F 4y S( iy Fsy))
1+ C*(f'%(l7f£7x2) ’
(f%‘l 7S( X1 7%{)61 ))dc* (f%z as(%27'52f)52))
\ l+dc* (f%(] 7f7/X2) /
(3.1) S(# x B) C f(A) and f(A) is complete subspace of A,
(3.2) {S,f} is w-compatible pairs,
(3.3) S and f are - admissible mappings,
(3.4) there exists %, ¥, € % such that

O ((f g £ Vo) (S (s o) S (For i) = I

(3.5) if {fe,} {f%} C # such that o ((f,, [ S ), ([VasfVar1)) = I for
all n and fo, — fdly, [V, — [Vu € f(P) as n — oo, then there ex-
ist a subsequences { [, } { %, } of {fet, },{f7,} respectively, such that
O ([ o f ), ([Fo o Vi) ) = I For all k.
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Then, in 4, S and f have a unique common coupled fixed point.

Proof Let @/, 7;, € 2. From (3.1) we can construct the sequences {7, }°

n=1° {%n
{éxn n=1° {Cx,,} ~_; such that

n=1>

S<%n’ ) f’Q{anrl = éxn S(/y/xn“g{xn) = f/erH»l = anfor n—= O’ 172’ cte

Observes that in C*-algebra, if %.be C, and & < b implies X*KX < °bx for any ¥ € Cy, we
conveniently refer to the element Q = max {d;* (Exo Exy ), dr (Cxy» Gy )} inC.

Now we show that S and f have common coupled fixed point in 4. Assume that ()C <
der (ExyrEx,iy) and Op < des (G, Gy, ) ¥ n. Otherwise, there exists some positive integer n
such that &, = &, |, &, = (., and so (&, {y,) is a coupled fixed point of S, f, and the proof

is complete. From (3.3), S and f are a-admissible, we have

a((f%mf%l)v(f%o’f%m)):a((f%ms(%m%o))a(fﬂj/ (7/,(0,%0))) ~C~
implies that

0 ((S(gs 20) S (ays V2y))5 (S (Vs g ), S(Vays 1)) = @ ((f oy [y, (f Vg S V5)) = M

Recursively, we find that

& ((f s [ )s ([ Vs [ V1)) = T = 110 ((f s f 1)y (s SV 50)) I 21
for all n € NU{0}.
From (1), (3.3) and (3.4), we have that
dev (&xs ) = der (S(s 75,)5S (1, Vo))
= 0 (s f o) ([ S V500)) e (S 15,), S (s Vi)

@ (K*K(As,, Vans Py 1 Vi) K) -

An+17 7 Xnt1

2)

A
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Here

K(%naly/xnv@{ 7, ) = max

Xn+19 7 Xpt1

= max

A

From (2), we have

\

max {

dz‘* (f%nﬂg(%n? ) C* (f%m.l ) (%IH-I ) /y
d;* (f"f/xn,S<%n7%n)7 C* (f%nH’ (/VX,HU%

de+ (
de+ (
de+ (

d

d;* (f%mfg{xnﬂ) d;* (f%naf%n—o-l)?

d;*(f%nvs(%my/xn) ( n+17( “nt1° n+1)

1+d+ « (f g S
e (f Vion oS (Vi iy ) (f V5

Xn+1

Xn+1

Y

)
n+l’( Xn17° Xn—H)
Cr e (T T Yy 1)

éxn 17§xn) ;*(anqvcxn),
éxn 17§xn) ;*(éxn7€xn+1)7

an 1 an) ’ d::* (anu an+1)7
(éxn—l 7éxn )d:* (éxn ’éer—l )

\

d;* (an,l 7an )d;* (gxn 7§xn+1 )

U (&, &) ’

d+(

1+d:‘* (§Xn717gxn) J

‘:anwéxn)’d;*(ganvan)7 } .

d:‘* (éx,, 5 éxnﬂ )7 d;* (me an+1 )

de (8 6et) = @ (fc*max{ dcj(éx"f”éxn) i(an S }fc) :
de+ @x,, ) éanrl) (an’ anH)

3)

Similarly, we can prove that

~ B d
de (anvcan) =0 K* max y

“)

Combining (3) and (4), we get

o
max {d;* (éxn’éxn+l) ad;* (ana anﬂ)} = 0 K* max E
(

~C* (5)6,,71 ’ éxn)’ d;* (anq ) an)»
~c* (gxn ) §X11+1 )7 d~C* (anv an+l )

c Xn—1 an Y

dos
\ dC* an7€xn+l

Y

/

if d;* (éxnfl ’ éxn> j d;* (éxrﬂ éer»l ) and d:‘* (an,1 ) an) j d;* (an’ anJrl )’ then we have

Y ~

)
)
K b
)
)

)7
);
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3 i ~ % dz‘* (gxn 9 éx,, )7 -
max{d"* (éxynéxnﬂ) ;dc* (Cx,n anﬂ)} = ¢ | K" max B H K

c* (an ) an+1 )

dz‘* <5xn7 éanrl )7 %
dz’* (an ) an+1 )

< K*max

a contradiction. Accordingly, we conclude that

i i ~ % ch*(éx,H 75}6,,)7 ~
max{dc* <€xna5xn+1)adc* (megxnﬂ)} = ¢ | K" max ! K

dz‘* (anq ) an)

By the definition of ¢, we have

max d;*(éxnaéxnﬂ)a < # max dC*<§xn—l’€xn)7 z
d;* (an > an+1 ) ) - d;* (an—l s an)
< (k*)zmax d‘;*(gxn727§xn71)7 22
d;* (anfz ) anfl )
=
< (fc*)”max{ di*(gxové)q)a o
de (CX()? Cx1)
< (R*)"QR".

Soforn+1>m

d::* (éxnﬂagxm) j d;* (gxnﬂyéxn) ‘l‘d;* (éxméxn,l) +--- +d~c* (éxmﬂagxm)

< (~*)nQ1~Cn—l—(l~(*)n_1Q1~(n_l—|—---—|—(12'*)le2""
< Y (R)orf =Y (k)Q:0&k

k=m k=m
< Y (Ror)r(ikh) = Y |02k

=~

PN
- |

1. - i 1n o inpe
Q2R |l = Y 07 |PIIRIIP* I
k=m

»
Il

m
109 %A o~k s
o211 Y &%= < Q|
k=m

&[>
I=1[x]|

PN

fC~—>()C~asm—>00.
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As a result, {&,} is a Cauchy sequence in % with regard to C. We can also demonstrate
that {{, } is a Cauchy sequence with regard to C. Let’s say f(Z) the complete subspace of
(%,C,d.+). Then the sequences {&, } and {{,, } are converge to &, { respectively in f(2).
Thus there exist .27y, %y in f(28) Such that

(5)  lim&, = lim fo,,, =& = fofy and lim G, = lim £7,, = Go = f7y

n—oo

Now we claim that S(Zy, ¥y) = &y and S(¥y, &) = {v. Since by condition (3.5) and (5), we
have o (( [, f), (f Vs S ”//x/)) = I for all k, then by the use of triangle inequality and

(1) we obtain

O = (8o, S(Ay, V) = dev (B, &, )+ dov (B, S(Hi, Vi)
< o (B ) 0 (P P, (FHo o S 150) ) e (S (o V2 ) S( i, 12)
=i (&0.&0,) 0 (RK (A Vo S, T0)R)

If we assume that the relation’s limit is n — oo , we get

Oc = de (Ee, S(te, ) = lim @ (KK (A, Ve, T )R).
Here
d;*(vafxnk,f%’),d;*(f/y/)cnk7f7/x’)7
dz‘*(f%nkas(%nkv%an)adz‘*(fg{xUS(%’a/7/x’>7
lim K(e, , 7%, , v, V) = lim max d;*(f%cnkas(%cnkvﬂfxnk)ad;*(f”i/)ﬁs(%c’»%’%
e e Ao (f o S (A Vg )Vex (f A0 S(y V1))
1+dc*(fmnk,fzzfl) ’
dos (f Vion S (P s ) (f V0 S (Vg 2,1))
L 1+dc* (]Mi/xnk 7f7/x/) )
d;* (f%/,S(%/, /7/)6/)7
= max R
des (f Ve, S(Vr, )
d;* (gx'a S("(Z{x’a 7/)6/)7
= max ~
dC*(Cx’vS(%C’VQ{X’)
Therefore,

(6) O < dor (Ev,S(Hu, ¥)) < @ [ ®*max{ K
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Similarly, we can prove that

) ( {d}(éx/,sw,n),}j
N 0 2 de (Lo, SV ) < ¢ | & max k

Combining (6) and (7), we get

o
o))
IA
=
o
>
——
s &
~N =
n &
SR
]2
—_——
IA
aS)
/
=
%
=
o
>
—
QQ‘I%I
o
uh/%\
SR
]
—_——
Al
~

then we have

It is impossible and hence d.+(Ey,S( Ay, Vy)) = O¢, d o (Co, S (Y, ) = O implies that
S(ety, V) = Sy and S(Vy, ) = Cy.

Therefore, it follows S(;zfx/,”//x/) =& = faty and S(Vy, y) = v = fVy. Since {S, f} is o-
compatible pair, we have S(&yv, ) = f&v and S(Ey, &) = fCy.

Now to prove that f§, = &, and f{, = (.. Since S and f are o--admissible,

we have o ((f&v, f,,,), (f 8 [ Yans1)) = I for all n,

0 =X de+ (f&¢, v,

d ( (éx 7Cx) ( Xn+177/xn+1))
o ((f&es fyr)s (FGos [ 1)) de (S (s §) S (15 Vi)
QD( K"K éx JCX ’ xn+l7%cn+1)k)

By the definition of ¢ and taking the limit as n — oo in the above relation, we obtain

IA

IA

0¢ = de- (f&v,Ev) < ,}E};K K(Ev, Cvs Xnt19 xn+1)ﬁ'
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here
®) lim K (&g, Go, .1, )
de (f&w, f 1) des (FCas f Vo),
de (&0, 8(Ew, &) de (f by S( a1 Vi)
= r}iilgomax dZ* (fgx’a S(Cx’a éx’)adz'* (f%Cn+1 ) S(,y/an ’ %nH)?
d;* (féx’ aS(gx’ 7€x’ )zd;* (fu‘z{anrl aS(g{anrl ’%‘nﬂ ))
5 14d (féx’vfo{X,Hr] ) ’
dex (fouS(Cx/,ﬁx/))dC* (f/V-X”+1 7S(7/xn+1 a«Q{anrl ))
L Ude (fCf Yapy) )
= max{ d.(f&u. &) die (L0 L0) |-
Therefore,

()C‘ = d~c* (fgx’aéx’) = k*max{ d~c* (fgx’agx’)adz’* (fo’a Cx’) } k.

Similarly, we can prove that

()C‘ = d;*(foUCx’) = ﬁ*max{ d;*(fgx’agx’)ad;*(fgc’aCx’) }k

O < max { o (fE,E0).di(fC, o) | 2R max{ do(£&,80) de (FGo L) | R

we have
0 <max{ [|d (€. &), |1 (FEe Co)I| |
<|RF | max {1z (f&0, £l e (£Een o)l JIIRII
<11&IPmax { [z (F&v, &)L ldi- (20 LI
< max { ||z (&, £l lldie (fEun EI
It is impossible. So d+(fEy,Ey) =0and d+(f&y, L) =0 implies that fE =&y and f&v = .
Therefore, S(Ev, Cv) = & = & and S(Cv.&e) = & = G

Thus (&, ) is common coupled fixed point of S and f. The following will demonstrate the
distinctness of the common coupled fixed point in . Take into account that there is a second

coupled fixed point (&, ) for S and f. Then
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d~c* (éx’a gx”) d ( (gx’v Cx’)as(éx’U Cx”))
o ((f%x’ féx”)a (fo fgx”)) ( (éx’ Cx’) (gx”a Cx”))
¢ ( (éx/a gx”v Cx’» Cx”) 72)

Rrmax{ o (0, E0) o (GorGor) | R

AT

A

Therefore,

max { (8¢, Eo), e (G Gor) | = R max{ oo (& &), i (e, o)} R

which further induces that

max { ||di (&, £l lldi (Go Gl } < IIRIPmax{ (10 (o, £, e (G G| }
< max{ |ldi (&, &)1, 1z (Co Eo)l | ]

It is impossible. So d+(Ey,Ew) = 0 and dp({y, &) = 0 implies &y = Ew and {y = { and
hence (&, v) = (&, {) which means the coupled fixed point is unique. In order to prove

that S and f have a unique fixed point, we only have to prove & = {/. we have

dg*(éx’aCx’) :d ( (5x’7€x/)7S(Cx’7§x’))
a((féxaféx) (foafgx)) ( (ngCx) (Cx’u&x’))
=@ (kK*de (&, Cv)K)

By the definition of ¢, which further induces that

([ (&, Eo)l| < 1R des (&, G )| < [[K] | (&, G|

It follows from the fact ||&|| < 1 that ||d+(Ey, u)|| = 0, thus &y = . which means that S and
f have a unique fixed point in 2.

Corollary 3.3: Assume that complete C*-algebra valued fuzzy soft metric space (%,C,d.+)

and S: & x % — 2 be satisfying (a, ¢)-K-contraction

0 ((ay s ), (Vs Vi) de (S(ay, V), (g, Vi) 29 (KTK( ey, oy, Vg Vi )K)
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for all o, , %y, Vays Vs, € B, Where @ € . and k € C with ||K]| < 1,

)
K(%p%z?/y/xlv%z) = max dC*(/%CHS(%CH%I)? C*(/y/x S(”yxbéyxz)’
A

d;* (4//);1 ,S(%rl 7%1 ))dc* (41/)5
L 1+d;*(

(3.1) Sis a- admissible mappings,
(3.2) for o, ¥y, € % such that o ((,, ¥x,), (S(Hxy, Vxo)sS(Vags ) = I

(3.3) if {4, },{%,} € & such that & (A, %, ., ), (Vs Yx,.1)) = Iz for all n and
S — Sy, Vi, — Vo € % as n — oo, then there exist a subsequences {,Q{xnk} , {%ﬂk}
of {<#, },{74,} respectively, such that o ((%nk,%/), (Vs ”//x/)> = I~ for all k.

Then, S has a unique coupled fixed point in Z.

Corollary 3.4: Assume that complete C*-algebra valued fuzzy soft metric space (@,C‘, de+)
and S: & x % — 2 be satisfying (a, ¢)-contraction

a ((%1’%2)7 (7/)61’7/)62))‘[;* (S(%Uﬂj/xl)vs(%za 7/)62)) = ¢ (k*d;* (VQ{XU”Q{)Q)E_F k*d:?*(%ﬂv%cz)k)

for all o, , o, Ya,, Vx, € B, where ¢ € . and k € C with ||v2k]|| < 1,
(3.1) Sis a- admissible mappings,
(3.2) for @, ¥, € £ such that o ((x,, ¥x,), (S(Fg, Vxo)»S (Vo
(3.3) if {, }, {74} € 2 such that & (4, ., ). Vo, Yar)) = I ¥ m and oy, = .
Vs, — Ve € B asn— oo, then a (S, ), (Yo, Ver)) = Iz V1.,

Then, S has a unique coupled fixed point in Z.

Corollary 3.5: Assume that complete C*-algebra valued fuzzy soft metric space (%,C,d.+)
and suppose S: % x % — % be satisfying

doe (S(oy, V), S(ogs Vi) = @ (R¥die (et ) R+ R (Vi) V2 )

for all oy, , vy, Vays Yy € B, where @ € .7 and & € C with ||v/2K|| < 1, Then, S has a unique
coupled fixed point in 4.

Example 3.5: Let U = [0,%0) and % = C = [0, 1], let % be absolute fuzzy soft set, that is
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PB(x) =1 forall x € B, and C = Mp(R(C)*), be the C*-algebra.
Define dy-: 5 x 5 — C by dee (o, ) = ( inf{|4, (x) — oy (¥)|x €U} 0 )

then obviously (#,C,d,+) is a complete C*-algebra valued fuzzy soft metric space.

Gy +2V +3
{% fOI’ %1,7@16[07%)U(%a1]

We define S: # x # — % by S(y,, V) =
O fOI' @{)617 X1€{276

f: B By foty =24

o: B> x B*—C,as

V o, € 9. Now, we define the mapping

I Lyu(s
(X((f%])f%z),(f%],f”j/xz)){ NIC for %17%2a%17%26[0,2)U(6,1]

Oz for otherwise

and ¢ :C, —

C, as @(&) = X for all € € C.. Then obviously, S(%# x %) C f(%) and {8, f} is @-compatible

pair. Now observer that S and f are a-admissible mappings.

Let %17%27%1)%2 € 1@9

i 0 ((fithys Ft), (f Voo £95)) = T implies ([ (£ £ i), (F s f 1)) | 2

then o, , %, %, Y, € [0,3)U(2,1] which gives us S(a,, %,) < 1
S(Y,, ) = 1 and S(¥4,,%,) = 1 then

10 (S (s 72 ) S(Fags Yo ))s (S Wy ), S iy ) || = 1 implics

o ((S(et,, Y2,),S(9y, 15,)), (S (“//x 1 ):8(Vsys 4,))) = Is. Therefore the assertion holds. In

1
> S('Qfxzv%fz) =<1

reason of the above arguments,

o ((f5./5):(5(3,%),5G3,3)) = T= llee ((£5./3), (53,353, ) | 2
If (£} {f Yo} © B such that o ((f sy, [ty ) (fFips f Vo)) = I forall n =0,1,2.-
and ft, = [y, [V, — [V € F(B) as n— oo, then {f o/, },{f,} € [0,3)U(3,1] and
hence f.</y, ¥y C [0, %) U (%, 1], by the by the definition of «, there exist a subsequences
{ £t} {75, } C10.HUG ] such that (£, ). (F Vo £70)) = I

Now for all %, %%, %, %, € [0,3)U(2,1], we have
JC*(S(%17%€1)75(%27%€2)) = inf{|S(,, 74, )(a) — S(,, Vx,)(a)| fa € U} O)

(

- (s ey, o)
(
(

lnf{‘ 51 xz( ) + 2%61 ((1)—2“//)(2(61) |/Cl e U} O >

%infﬂfva ceU} 0 )
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+< 1nf{|M|/a6U} 0)

| -
%75 elf ol ) e (F%500 S %50)
2 - -
= %max {dC* (f'Qf;Cl 7f”Q{Xz)>dC* (f%cl 7f7/x2)}
= (KK, Sy Vi, Vi )K) -
2 0
Here k= | V5 with ||%|| = 2% < 1 Therefore, all the conditions of Theorem 3.2 satis-
0 2 vs
V5
fied and (%, %) is coupled fixed point of S and f.

3.1. Applications to Homotopy.

In this section, we study the existence of an unique solution to Homotopy theory.

Theorem 3.1.1: Let (%7’, C,d,+) be complete C*-algebra valued fuzzy soft metric space, A and
A be an open and closed subset of % such that A C A. Suppose # : A x [0,1] — Z be an
operator with following conditions are satisfying,

T0) o # (o, Oy, ), Oy # H(Oy, $,5), for each @, @, € JA and s € [0,1] (Here JA is
boundary of A in A);

1) for all @, @, 2,8, €A, s €[0,1]and ¢ € .# and & € C with ||v/2&|| < 1 such that

dc* (%(ngywms)ajf(a?x’ﬁhs)) = o (f(d;* (z@xa&x) K" + f(d;*(wmﬁx) ff*) .

) IM € C. > dp (S (00, @, 5), (0, @y, 1)) =< ||M|||s — 1|
for every o, @, € Aand s, € [0, 1].
Then 7(.,0) has a coupled fixed point <= J#(., 1) has a coupled fixed point.

Proof Let the set

%:{ s €10,1] : Ao, ®y,5) = 0y, 7 (Dy, §,5) = Oy for some @, O € A }

Suppose that .7(.,0) has a coupled fixed point in A%, we have that (0,0) € %%. So that %
is non-empty set. Now we show that Z is both closed and open in [0, 1] and hence by the
connectedness % = [0,1]. As a result, 5#(.,1) has a coupled fixed point in A. First we show

that Z closed in [0, 1]. To see this, Let {sx)} | © B with s, — s, € [0, 1] as p — co. We must
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show that s € A. Since sy, € &
for p=0,1,2,3,---, there exists sequences {pxp} , {wxp} C A with

xp = %(pxpawstxp)a Oy, = %<wxp7pxpusxp)-
Consider
d;* (pxpupxm-l) = d;‘* («%ﬂ(pxp_pwx,,_l 7Sxp_|);jf(<@xpawxpvsxp>)

d:;* ( %((@xly—l7wxp,17sx1)71)7%(pxp,wxp,sxpil) )
+d;( ey By 52, ) (s By, )

= de (%ﬂ(@xp,l;wxp,l,sxp,l);%ﬂ(ﬁxp,wxpasxp,l)) + ||M|||sxp71 — S, |-
Letting p — oo, we get

lim d;* (pxp ) le,ﬂ ) = ;grolod;* (%((@xl,_l s wxp_] ySxp_i ), %(le,, wxp 1 Sxp_ )) +0

p—re
j Ili%rr;lo(p(iad:‘*(pxpfl7(@xp)i&*+ k"d’;*<wxpfl7wxp)k*>
< lim (R (@5, 1,06, )K + R (@, B, )K7)
©) < lim R (e (25,15 ,) +doe (@, O, ) K
Similarly,
(10) l}g{}odz* (wxpa wxp+1) = plglgo K (dz* ((@xpfl ) z@xp) + d;* ((D-prl ) wxp)) K"

and now from (9) and (10), we have

5 = lim (d+(@y,,®@,,.,) +de (fx, fx,,,))

p—reo

< lim (\/Ek) (d;* ((pxp—l ) (@xp) +dz‘* (wxp—l ) pr)) (ﬁk)*

p—reo

< lim (V2&)5,_1(V2k)*

p—reo

which, together with the property: if @,b € C; and a < b implies £*Gx < ¥*D%, yields that for
each p € NU{0}.

0 =< &, < lim (V2&)8, 1 (V2&)* < --- < lim (V2&)P&o[(V2K)*]?

p—yeo p—yeo
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since ||v/2k|| < 1 it follows that
}}i_rgodc* (Joxp“@xpﬂ) = OC' and pli_rgodc*(wxp’ wxpﬂ) = GC"
Now for p € Nand any n € N,
d;* (pxpﬂn pxp) = dz* (pxlﬂ—n? ﬁxp+n—1> + d;* (‘pxpﬂ—l ’ Wx}&nﬁ) +ot d;* (fpxpﬂ ’ pxp)
d;* (wxp+ﬂ’ wxp) = dz'* (wxp-‘rn ) wxp+n—l) + d;* (wxp+n—l ’ wxp+n—2) +.. +dz'* (wxp-‘rl ) wxp) )
Consequently,

d;* ((@Xern? WXP) + d:,’* (meJrn ) wxp) j Sp+n—1 + Sp+n—2 + e + Sp
p+n—1 B
Y (V2R)"&[(V2E)]"

m=p

IA

and then

p+n—1

||d~C* ((@xpﬂnpxp) —}-d;* (wxp+n7wx1)) || < Z ||\/§k||2m50

m=p

oo ~.||2m
Jaejmg, < VIR o
L IVaRIPe <

IN

Since || K| < \/LE we have

V2"«
————— 00— 0.
1—|[V2&]| ]2
Hence { &, } and {@;, } are Cauchy sequence in C*-algebra valued fuzzy soft metric spaces

(4,C,d.+) and by the completeness of (%,C,d.+) , there exist @', 7' € & with

HdNC* (‘@xp+n’pxp) +d~c* (wxp+n’wxp) H <

;gl;lo Prpy = U = ]}glgo x, I}grolo Oy, =V = ;gr.}o Dy,

we have

de (ux'v %(ux’a Vx/,Sx/)) = [}glgodz'* (%(pr,wxp,sxl), %(ux/v vx'7sx’))

= 1im @ (Rde (o, uy ) K* + Kdes (@, vy ) &)

n—oo
< lim (Res (§x,,up) K" + Kder (@, v, ) K)

= Oc.
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It follows that 7 (uy,vy,sy) = uy. Similarly, we can prove ¢ (vy,uy,sy) = vy. Thus
sy € #B. Hence # is closed in [0,1]. Let sy, € %, then there exist g, @y, € A with
$rxy = I (x4, By, Sxy)» By = FE (D, x5 5x,)- Since A is open, then there exist 7 > 0 such
that By . (2x,,7) C A.

Choose sy € (sx, — €,8x, + €) such that |5y — sy, | < IWI_IPH < £, then for

20 € By (20:7) = {20 € BJde+ (9, 2x) < 5+ de+ (0, 425) } and

@y € By, (Bx,, F) = {@, € B/d-(@y,0,,) < 5 +dp (@, 0y,) . Now we have

de (%(Wx’v wx’usx’)u@xo) = d;* (e%((@x/, wx’ﬂx’)u%((@xoa m-xoysxo))

PN

d;* (‘%(Wx’7wx’vsx’)7%((pxlawx’asxO))
+d~C* (%(px’vwxﬂsxo)v%(pxo,wxoysxo))
j HMH|SX/ _SXO‘ +d2* (%(WXU(DX/?SXQ%%((@)CQ; (DXO7SXO))

1 ~
= Wwﬁ(%(@,mx/,sxo),%(pxo,wxmsxo)).

Letting p — oo, we obtain

dc* (%(Wx’awx’vsx’)apxo) = dC* (‘%ﬂ(px/ywx’asxo>7%(pxovwxo7sxo))
=9 (kd;* (Wx’apxo)k* + kd;*(wx’vwxo)k*)
(11) < Kde (g, ) K" + Kdpr (B, By ) K
and
(12) dZ* (%(wx,, s Sx’), wa) = deC* (px’a pxo) K" + kd;* ((D'x/, wxo) K"

and now from (11) and (12), we have
d- (A (0, B,5), Pug) + o (A (@, r0,500), Byy) < (V2K) (des (20, 01) + e (00 4209)) (V2R)'
then

||d;* (%(Wx/’wx’7sx/)apxo)+dz‘* (%(wx’7px’7sx/)awxo) H < ||\@k’|2”d::*((fﬁx’,(f9xo)+d;*(<@x/,<@xo)|‘

< 7+ ||d~c*(px0apx0)’| + ||d~c*(px0apx0)”~
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Thus for each fixed s € (sx, — €,5x, + &), H(.,8v) : Bj, (§x0:7) = B, (§x0,7),

JC(.,s¢) B, (®y,,7) = B, (@y,, 7). Then all conditions of Theorem 3.1.1 are satisfied. Thus
we conclude that 7 (.,s,) has a coupled fixed point in A’. But this must be in A2. Since (T0)
holds. Thus, sy € % for any s,» € (s, — €,5x, + €). Hence (sy, — €,5¢, + &) C A. Clearly £ is

open in [0, 1]. For the reverse implication, we use the same strategy.

4. CONCLUSIONS

In the setting up of C*-algebra valued fuzzy soft metric spaces, this work concludes several
applications to homotopy theory via coupled fixed point theorems for (o, ¢)-K-contraction type

mappings.
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