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Abstract. This paper investigates the Hyers-Ulam stability of two classes of perturbed third-order nonlinear dif-
ferential equations. Using the Cauchy formula for repeated integrals, the mean value theorem for integrals, and
nonlinear Gronwall-Bellman-Bihari type inequalities, we establish sufficient conditions for Hyers-Ulam stability
and derive explicit formulas for the corresponding stability constants. The existence and uniqueness of solutions
are established under appropriate Lipschitz conditions. Several special cases, including the homogeneous case, are
analyzed. Illustrative examples are provided to demonstrate the applicability of our theoretical results.
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1. INTRODUCTION

The investigation of stability problems for functional equations originated with a question
posed by S. M. Ulam during a lecture at the University of Wisconsin in 1940 [37]: “Under
what conditions does an approximate solution of a functional equation remain close to an exact
solution?” Hyers [15] provided a partial answer for the additive Cauchy functional equation
on Banach spaces in 1941. Subsequently, Aoki [5], Bourgin [7], and Rassias [33] generalized
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this result by weakening the bound on the Cauchy difference. These stability concepts are now
known as Hyers-Ulam stability and Hyers-Ulam-Rassias stability.

The extension of Ulam stability to differential equations began with Obloza [26, 27]. Since
then, extensive research has been conducted on various classes of differential equations. For
first-order linear differential equations, stability results were established by Alsina and Ger [3],
Jung [16, 17, 18], Miura et al. [22, 23, 24], and Takahasi et al. [34, 35]. For second and third-
order linear equations, contributions include works by Abdollahpour et al. [1, 2], Gavruta et al.
[14], Jung [19], Li and Shen [20, 21], Murali [25], and Tripathy and Satapathy [36].

For nonlinear equations, Rus [31, 32], Qarawani [28, 29], Algfiary and Jung [4], Ravi et al.
[30], and Fakunle and Arawomo [8, 9, 10, 11, 12, 13] have established stability results for first
and second-order nonlinear differential equations.

In this paper, we investigate the Hyers-Ulam stability of the following perturbed third-order

nonlinear differential equations:

Y'() + (r(OR1(y(1),Y' (1)) + p(OR2(y(2),Y' (1))y' (1) +q (1) f (0 (1))

= P(t,y(1),y'(t),y" (1)),

oY)

Y'(#) 4+ p(6)Ra(y(2), Y (2))y" (1) +np(t)Q(t,y(2))y (1) +q(r) f(y(1))

= P(t,y(1),y (t),y" (1)),

2)
for all + > 0, subject to the initial conditions

3) ¥(to) = ¥'(t0) = y" (o) = 0.

The paper is organized as follows. Section 2 presents preliminary definitions and lemmas.
Section 3 establishes existence and uniqueness of solutions. Section 4 presents the main Hyers-
Ulam stability results. Section 5 provides illustrative examples, and Section 6 offers concluding

remarks.

2. PRELIMINARIES

Let I = (0,%0) and R, = [0,00). We denote by C*>(I,R) the space of thrice continuously

differentiable functions from I to R..
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Definition 1. Equation (1) has Hyers-Ulam stability if there exists a constant K; > 0 such that

for every £ > 0 and every function y € C3(I,R ) satisfying
(1) + (r(@)R (1), (1)) + P(OR2 (1), 1))y (1) +q (1) f (1))
—P(t,y(1),y'(t),Y"(1))| < &,

there exists an exact solution yg € C3(I,R,.) of (1) such that |y(¢) — yo(t)| < K1€ forall t € I.

“4)

An analogous definition holds for equation (2).

Lemma 1 (Bihari’s Inequality [6]). Let u, f € C([to,T],R4+), K >0,M >0, and let o : R, —

R be a continuous, nondecreasing function with @(u) > 0 for u > 0. If
3) ut) <K+M ttf(s)w(u(s))ds, th<t<T,
0
then for all 7 € [fy, T’] where T’ < T is such that the following expression is defined,
©6) u(t) < Q7! (Q(K)+M tt f(s)ds),
0

where Q(u) = fu‘g %, up > 0, and Q! denotes the inverse function.

Definition 2 (Cauchy Formula). For an integrable function f on [ty,t], the n-fold repeated

integral is given by

) /tot/to1 [:nlf(sn)dsn..-dslz (n_ll)!/tot(t—s)”_lf(s)ds.

Theorem 1 (Generalized Gronwall Inequality [12]). Let y,r,h,p,g € C(I,R;) be continuous
functions, and let B, @,y € ¥ be nonnegative, monotonic, nondecreasing continuous functions

with ¥ submultiplicative. If

t t t

@) ye)<p@)+A [ r(s)B(y(s))ds+B | h(s)@(y(s))ds+L | g(s)¥(y(s))ds,

o o o
for constants A,B,L > 0, then

¥(0) <pOY () +L [ gls)y(Q7! (@)

Iy

) +B Sh(a)a;(T(a))doa)T(s)) ds

fo

xQ-1<Q(1)+B/

To

t

h(s)(D(T(s))ds)T(t),



4 ILESANMI FAKUNLE

where T'(t) = F 1 (F(1) —|—Aftg r(s)ds), and F(u) = o %, Qu) = [, %, Y(u) = [, %

3. EXISTENCE AND UNIQUENESS

Before establishing stability results, we address the existence and uniqueness of solutions.

Theorem 2 (Existence and Uniqueness for Equation (1)). Assume the following conditions

hold:

(1) R{,R,,P, f,r,p,q are continuous in their respective domains.
(2) There exist Lipschitz constants Lg,Lg,,Lp,Ls > 0 such that for all arguments in a

neighborhood,

IRy (uy,uy) — Ry (uz, uy)| < Ly, (Juy — ua| 4 [}y — uj)),
R (1, 1) — Ro(uz, uy)| < L, (Juy — ua| 4 u} — uj)),
|P(t,uy,uy,uy) — P(t,uz,uy,uy)| < Lp(|uy — up| + uy — | + |uf —u5]),

|f(u1) — f(u2)| < Lyluy —ual.

(3) The functions r, p, g are bounded on 1.

(4) The initial conditions (3) are given.

Then there exists a unique solution y € 3 (I R4) to the initial value problem (1), (3) on some

interval [rg, 1o + &].

Proof. Define z(t) = (z1(t),22(t),z3(¢t)) T = (y(t),¥'(t),y"(t))". The third-order equation (1)

can be written as the first-order system
Z(t) =F(t,z(t)), z(tp) =0,

where F is Lipschitz in z under the given assumptions. By the Picard-Lindel6f theorem, there

exists a unique local solution. 0

A similar theorem holds for equation (2).
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4. MAIN RESULTS

For convenience, we state the following assumptions that will be used throughout this section:

(A1) P(t,y(t),y'(1),y" (1)) = ¢()@(y(1)h(y'(1))(y"(¢))" for some n € N, where ¢ €
C(LRy), @, he C(R4,RY).

(A2) Ry (y(1),y (1)) = v(3(1)b(y'(1))y' ()" with y,b € C(R1,R).

(A3) Ra(y(1),Y' (1)) = @(y(1)) (¥ (¢))* with © € C(R{,R.).

(A4) O(t,y(t)) =v(t)oe(y(t)) withv € C(I,R,), @ € C(R4,Ry).

(A5) There exist constants o,A,n; > 0 such that |y"”(¢)| < o, [y/(r)| < A, [y (¢)| < ny for all
tel

(A6) The following integrals are bounded as ty — oo:

t t t
Y (s)|ds <L, / o (s)ds <ny, / p(s)ds < n3,
to fo fo

/tr(s) ds < ny, /lq(S) ds < ns, /tp(s)v<s>ds < ne.

fo Io Iy

(A7) The function f is bounded on I, i.e., there exist m,M > 0 such that m < f (1) < M.
4.1. Stability for Equation (1).

Theorem 3. Under assumptions (A1)-(A3), (AS)-(A7), equation (1) has Hyers-Ulam stability.

Moreover, a Hyers-Ulam constant is given by

h(A)n A

1
K = E(L+M7m5)r1 Y(1)+n,

(10)
14

x a;(grl <Q(1)+n3?a)(T*)>T*> A

Q’1<Q(1)+n3?a)(T*)>T*,

antl
).

where T* = F 1 (F(1) +n4

Proof. From inequality (4) and assumptions (A1)-(A3), we have

—& <"+ (r(t) Y)Y Y)Y + p() () () +q(t) £ ()

—o(n@(y)h(y)(Y')" <e.

(1)
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Multiplying by y'(¢) and integrating from 7y to 7 yields

/tty’”(S)y/(S)dH tr(S)?’(y)b(y’)y’”“dH tp(S)w(y)(y’)“ds
(12) 0 Iy Iy

t t t
+ [0 f0n/ds= [ 6@0me)0" Y ds<e [ ¥ (s)ds.
0 0 0
Using the Cauchy formula and the mean value theorem for integrals, there exist £, k,1,0 €

[to,t] such that

e ([ t b(A)AMFL
)< & ([ Wolasi [ aas) + P2 [ ropiiyas
(13) 0 0 0
A h(A)n"A [t
2 [ pwoas+ "R T oa(1y)as
(02 1o o )
Applying Theorem 2 and assumptions (A5)-(A7) yields the desired bound |y(¢)| < Kj &, es-

tablishing Hyers-Ulam stability. 0

4.2. Stability for Equation (2).

Theorem 4. Under assumptions (A1)-(A7), equation (2) has Hyers-Ulam stability with constant

1 h(A)n A
K> = E(L+M/In5)Y—1 (1) +n2ﬂ
(14) X X
A ni
—1 * * —1 * *
x@(g (Q(1)+?n6a)(T ))T ) Q (Q(l)—k?néa)(T ))T ,
where T* = F~1 (F(1) 4 ny 2A " my,

4.3. Special Cases.

Theorem 5. If P(z,y,y',y") = P(t,y,y") (independent of y”), then under appropriate assump-
tions, equation (1) has Hyers-Ulam stability with constant

L MA
K5 = (——l— nS)T_I
(o) (o)

h(AH)A

Y(1)+ns

4

(@ (@) +mE o)1) o

Q! (Q(l)+n3;w(T*))T*,

2 An+l
).

where T* = F 1 (F(1) +n4
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Theorem 6. If P = 0 (homogeneous case), then under appropriate assumptions, equation (??)

reduces to
Y'+(r(OR1(3,Y) + p(OR2(3,Y)y +4q(1) f(y) =0,

which has Hyers-Ulam stability with constant

4 4
Ks = érl [m) —|—n5%f<§21 <Q(1) +n3%w(T*)>T*)} Q! (9(1) +n3%a)(T*))T*,
where T* = F~1 (F(1) 4 ny 282"

5. ILLUSTRATIVE EXAMPLES
Example 1. Consider the following third-order nonlinear differential equation:
1 " 1
Y1)+ (t—4y4<r><y'<r>>2) + PO O) +220) = PO 1), 10,

with initial conditions y(1) =y/(1) =y"(1) =0.

Here we have:

Ri(3Y)=y'0)? R(Y) =y, qat)fy) =17,
1 1
P(I,y,yl,y”):lzyz(yl>8, r(t):lj7 p(t>: 7 (P(t):t—6
The integrals satisfy:

{es) (o) 1
/ r(t)dt = / 174t = = < oo,
1 3

1
p(t)dt :/ 172dt =1 < oo,
1 1

e} [} 1

/ ¢(t)dt = / 170t = ~ < oo,
1 1 5

/ q(t)dt = / 12dt = oo (s0 this example requires modification).
1 1

To satisfy the boundedness conditions, we consider the equation on a finite interval [1,7].

Theorem 1 then guarantees Hyers-Ulam stability with an explicitly computable constant.

Example 2. Consider the equation
_ _ 1
YO+ Y () + @y () + 25 (1) = (O (), 1>0,

with initial conditions y(1) =y'(1) =y"(1) =0.
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Here p(t) =175, v(t) =12, ¢(t) = t~3. The integrals on [1,T] are bounded. Theorem 2

guarantees Hyers-Ulam stability.

6. CONCLUSION

In this paper, we have investigated the Hyers-Ulam stability of two classes of perturbed third-
order nonlinear differential equations. Using the Cauchy formula for repeated integrals, the
mean value theorem for integrals, and nonlinear Gronwall-Bellman-Bihari type inequalities, we

have:

(1) Established sufficient conditions for Hyers-Ulam stability.

(2) Derived explicit formulas for the corresponding stability constants.

(3) Addressed the existence and uniqueness of solutions under Lipschitz conditions.
(4) Analyzed several special cases, including the homogeneous case.

(5) Provided illustrative examples demonstrating the applicability of our results.

These results extend and complement existing literature on Ulam stability for higher-order
nonlinear differential equations. Future work may focus on extending these results to systems

of equations, equations with delays, or boundary value problems.
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