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Abstract. In this paper, we give generalization of the results given in [5],[6],[7],[9] and [10] by using second order
divided differences, also discuss n-exponential convexity of different positive linear functionals defined on special
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1. Introduction and Preliminaries

Pecari¢ and Peri¢ (2012) in [11] introduced the notion of n-exponentially convex function
which is in fact generalization of exponentially convex function. In this paper, we use the

same notion of n- exponential convexity and prove it for some important results extracted
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from [5],[6],[7],[9] and [10]. These results are basically extension of weighted Favard’s and
Berwald’s inequalities and majorization type results whose details are as under.

Favard (1933) [2] proved the following result. Let f be a non-negative continuous concave

function, not identically zero on [a,b] C R and ¢ be a convex function on |0, Zﬂ C R, where

_ 1 b
== | reax

Then
1 2f 1
— dy >
7 ¢()y_b -

[ ot ax

Favard (1933) [2] also proved the following result. Let f be a non-negative concave function on

la,b] CR. If g > 1, then

Some generalizations of the Favard’s inequality and its reverse inequality are also given in [4,
p-412-413]. Moreover, Berwald (1947) [1] proved the following generalization of Favard’s in-
equality [4, p.413-414]. Let f be a non-negative continuous concave function, not identically
zero on [a,b] and y be a strictly monotonic continuous function on [0, yg], where y is suffi-

ciently large. If  is the unique positive root of the equation

04 b
o [voar= o [Cvrwa
1

then for every function ¢ : [0,y9] — R which is convex with respect to yi.e. ¢ oy~ is convex,

2 [Femar= 1 Mot

Berwald (1947) [1] also proved the following result. If f is a non-negative concave function on

we have

[a,b], then for 0 < r < s we have

L ] < [P [

The following two Theorems are generalizations of discrete weighted Favard’s and Berwald’s

Inequalities proved by Latif et al. (2012) in [5].
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Theorem 1.1. w, a and b be positive n-tuples and @ : [0,00) — R be a convex function.
Let a/b be a decreasing n-tuple. If a is an increasing n-tuple, then
n

a;
~ Y wio(=——) >0.
bw,) i_le (P(Z?Zlaiw,-)—

(A1) Zm
If b be a decreasing n-tuple then reverse inequality holds in (Al).

Let a/b be an increasing n-tuple. If b is an increasing n-tuple, then

n bi
(A2) M—Zm o) — Y, wi(

n . .
]alwl i=1 i=1 biw;

) >0.

If a be a decreasing n-tuple then reverse inequality holds in (A2).
If f is strictly convex function and a # b, then the strict inequality holds in (A1) and (A2) and

their reverse cases.

Theorem 1.2. Let w, a and b be positive n-tuples. Suppose W, @ : [0,00) — R are such that
Y is a strictly increasing continuous function and @ is a convex function with respect to Y i.e.
Qo 1;/_1 is convex.

Let 71 be such that
n n
Y wiv(zibi) =) wiv(a;)
i=1 i=1

(1) Let a/b be a decreasing n-tuple. If a is an increasing n-tuple, then
n n
(A3) Az =) wio(a1bi) = Y wie(ai) >0
i=1 i=1

If b is a decreasing n-tuple, then the reverse inequality holds in (A3).

(2) Let a/b be an increasing n-tuple. If b is an increasing n-tuple, then

(A4) A4 = Zwi(p(ai)—Zw,-(p(zl b,’) > 0.
= i=1

If a is a decreasing n-tuple, then the reverse inequality holds in (A4).

Ifpo l[/_l is strictly convex function and a # z1b, then strict inequality holds in (A3) and (A4)

and their reverse cases.

The following theorem is valid (see [9], p.32).

Theorem 1.3. Let ¢ be a convex function on an interval I C R, w be a positive n-tuple and a,



4 ASIF R. KHAN, NAVID LATIF, AND JOSIP PECARIC

b € I" satisfying
k k
Zwib,’ < Zwiai, k= 1,...,1’1—1,
i=1 i=1
and
n n
Zwibi = Zwiai.
i=1 i=1

(1) If b is decreasing n-tuple, then

(AS) As=Y wio(a;)—Y wie(b)>0.
i=1 i=1

(2) If ais increasing n-tuple, then

(A6) Ao =Y wio(bi)—Y wip(a;)>0.
i=1 i=1

If @ is strictly convex and a#b, then (AS) and (A6) are strict.

The following theorem is a slight extension of Theorem 1 in [7] which is proved by Pecari¢ and
Abramovich (1997).

Theorem 1.4. Let w, a and b be positive n-tuples. Suppose Y, @ : [0,00) — R are such that

V is a strictly increasing function and @ is a convex function with respect to W i.e., @ oy~ ! is

convex. Suppose also that

k k
ZWill/(bi) < Zwill/(ai), k=1,....,n—1,
i=1 i=1

and
n n
Y wiw(bi) =Y wiv(ai).
i=1 i=1
(1) If b is a decreasing n-tuple, then
n n
(A7) Ay =Y wig(ai) =} wip(bi) > 0.
i=1 i=1

(2) If ais an increasing n-tuple, then

(AB) Ag =Y wio(bi)—Y wig(a;)>0.
i=1 i=1
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Ifpo l//_l is strictly convex and a=b, then (A7) and (A8) are strict.
The following theorem is an extension of Theorem 3 in [10] which is proved by Pecari¢ and
Abramovich (1997).

Theorem 1.5. Let w be a weight function on |a,b] and let f and g be positive functions on [a, D).

Suppose @ : [0,00) — R is a convex function.

(1) Let f/g be a decreasing function on |a,b]. If f is an increasing function on [a,b], then

N W R VA
A A9_/a"’<f:g<r>w<r>dr> o /a(p(fff(ﬂvv(t)dt) (D=0

If g is a decreasing function on [a,b), then the reverse inequality holds in (A9).

(2) Let f/g be an increasing function on [a,b). If g is an increasing function on |a,b|, then

O R Y AW
A0 A]O_/ﬂt(P(fff(r)W(t)dt) D /a"’<ffg<r>w<t>dr> (e =0

If f is a decreasing function on |a,b], then the reverse inequality holds in (A10).

If @ is strictly convex function and f # g (a.e.), then the strict inequality holds in (A9) and

(A10) and their reverse cases.

The following theorem is a slight extension of Theorem 2 in [10] which is proved by Pecari¢
and Abramovich (1997).

Theorem 1.6. Let w be a weight function on [a,Db] and let f and g be positive functions on [a,D).
Suppose @,y : [0,00) — R are such that y is a strictly increasing function and @ is a convex

—1

function with respect to Y i.e., @ o Yy~ " is convex. Suppose also that

[ v wod < [ ye) w)dr, x € la.bl, and

b b
| v o) wod = [ ysw) wir

(1) If f is a decreasing function on |a,b], then

(A1) An = /ab(p(g(t)) w(t)dt—/ab(p(f(t)) w(t)dr > 0.

(2) If g is an increasing function on [a,b), then

b b
(A12) Apy = / () w(t)di — [ (g(t)) wlt)di = 0.

a
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If @ oy is strictly convex function and f # g (a.e.), then the strict inequality holds in (A11)
and (A12).

The following theorem is a slight extension of Lemma 2 in [7] which is proved by Maligranda
et al. (1995).
Theorem 1.7. Let w be a weight function on |a,b] and let f and g be positive functions on [a, D).

Suppose that @ : [0,00) — R is a convex function and that

/ fOyw(t)dt < /xg(t)w(t)dt, x € [a,b] and

/a " ) wit)dr = / ’ () wl)d.

(1) If f is a decreasing function on |a,b], then

(Al3) M= [ ota) wiydr— [ 9 (7)) wieyar =0

(2) If g is an increasing function on [a,b), then

b
(A14) A14:/ o (f(t)) w(r)dr— / 0(g t)dt > 0.
If @ is strictly convex function and f # g (a.e.), then (A13) and (A14) are strict.

Theorem 1.8. [7] Let w be a weight function on [a,b] and let f and g be positive functions on
la,D]. Suppose @,y :[0,00) — R are such that y is a strictly increasing continuous function

and @ is a convex function with respect to W i.e. @ oy~ is convex.

b b
| vs@)wd = [Cy(ro) v

(1) Let f/g be a decreasing function on |a,b]. If f is an increasing function on [a,b], then

Let 71 be such that

b
(A15) A15:/ 0 (z18(t)) w(t)dr — /(p t)dt > 0.

If g is a decreasing function on [a,b), then the reverse inequality holds in (A15).

(2) Let f/g be an increasing function on [a,b). If g is an increasing function on |a,b|, then

b
(A16) Aio= [ @ (£(1)) wir)dr - /(p 218(t)) wlt)dt > 0.

If f is a decreasing function on |a,b], then the reverse inequality holds in (A16).
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If o w1 is strictly convex function and f # z1g (a.e.), then the strict inequality holds in
(A15) and (A16) and their reverse cases.

This paper is divided into four sections. In “Introduction and Preliminaries” section, we have
extracted some important results from [5],[6],[7],[9] and [10]. With the help of these results
we have defined positive linear functionals Ay,...,Ajg in Al,...,A16 resp. In “n-Exponential
Convexity” section, we give some definitions from [11] and we prove n-exponential convexity
of the functionals by using different classes defined in D17D27D3,151,152,153 etc. In third sec-
tion, we discuss Cauchy means for a few linear functionals. The last section is of “Examples”,
in this section we use different classes of functions and prove exponential convexity of linear

functionals for these classes and also construct some means in terms of weighted power means.
2. n-Exponential Convexity

The following definitions and results are extracted from [11]. Throughout this section J is an
interval of R and n € N.
Definition 2.1. A function ¢ : J — R is n-exponentially convex in the Jensen sense on the

interval J if

n
Y ooy <xk;xl> >0

k=1
holds for oy e Rand x;, € J; k=1,2,...,n.
A function ¢ : J — R is n-exponentially convex if it is n-exponentially convex in the Jensen

sense and continuous on J.

Remark 2.2. From the definition it is clear that 1-exponentially convex functions in the Jensen
sense are in fact nonnegative functions. Also, n-exponentially convex functions in the Jensen

sense are m-exponentially convex in the Jensen sense for every m € Nym < n.

Proposition 2.3. If ¢ : J — R is an n-exponentially convex function in the Jensen sense on J,

m
then the matrix [d) (@) } is a positive semi-definite matrix for all m € N;m < n. Partic-
k=1

ularly,
m
(23]
k=1
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forallmeN, m<n.

Definition 2.4. A function ¢ : / — R is exponentially convex in the Jensen sense on J if it is
n-exponentially convex in the Jensen sense for all n € N. A function ¢ : J — R is exponentially

convex if it is exponentially convex in the Jensen sense and continuous.
Definition 2.5. A function ¢ : J — R™, is said to be log-convex if log ¢ is convex, or equiva-

lently if for all x,y € Jand all A € [0, 1],

o (Ax+(1-A)y) <o) () *.

Proposition 2.6. If ¢ : J — R is exponentially convex function, then ¢ is a log-convex func-

tion.

Remark 2.7. It is easy to show that ¢ : J — R™ is log-convex in the Jensen sense if and only if

() +20p0 (737) + B00) 20

holds for every o, B € R and x,y € [a,b]. It follows that a function is log-convex in the Jensen-
sense if and only if it is 2-exponentially convex in the Jensen sense. Also, using basic convexity

theory it follows that a function is log-convex if and only if it is 2-exponentially convex.

Remark 2.8. If convex functions in Jensen sense are continuous then these are convex and this
is also true for log i.e., if log-convex functions in Jensen sense are continuous then these are

log-convex.

Definition 2.9. [12, p.2] A function y is convex on an interval J C R, if

(3 —x2) W(x1) + (31 —x3) W(x2) + (32 —x1) w(xz) 2 0
holds for every x; < xp < x3; X1, X2, x3 € J.
Let f be a real-valued function defined on [a,b], a second order divided difference of f at
distinct points zo, 21,22 € [a,b] is defined (as in [12, p.14]) recursively by
zis /1= f(z), for i=0,1,2;

[ZivzH-l;f] = f(ZH_l)_f(Zi)? for l:();la
Zi+1 — %
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and

[z1,22; f] — [ZOJIQf].

22 —20

[z0,21,22; f] =

The value [z9,z1,22; f] is independent of the order of the points zp,z], and z,. By taking limits
this definition may be extended to include the cases in which any two or all three points coincide

as follows: Yz, z1, 22 € [a, D]

/

f(z2) = f(z0) = f (z0)(z2 — 20)

[20,20,22; f] = lim [z0,21,22; f] = 5 , 2F#20
21—20 (ZZ _ZO)
given that f” exist on [a,b] and
. Z .
20,270,205 f] = lim [z0,21,22; f] = I (20) fori=1,2
Zi—20 2

provided that f” exist on [a,b].

Let us define some classes to be used in the following theorem and let us denote Domain of f;
by D(f;) where D(f;) varies from functional to functional.

For an interval J C R.

D) ={f; :t € J} be aclass of functions such that the function  — [z9,z1,22; f;] is n-exponentially
convex in the Jensen sense on J for every three mutually distinct points zg, 21,22 € D(f;).

D, ={f; :t € J} be a class of differentiable functions such that the function # — [z9, z0,22; f7] is
n-exponentially convex in the Jensen sense on J for any two distinct points zg,z2 € D(f).

D3 ={f;:t € J} be aclass of twice differentiable functions such that the function # — [zg, zo, 20; fi]
is n-exponentially convex in the Jensen sense on J for any point zg € D(f;).

We use an idea from [3] to give an elegant method of producing an n-exponentially convex
functions and exponentially convex functions applying the functionals Ay, k =1,...,16 on a

given family with the same property.

Theorem 2.10. Let Ay be linear functionals fork=1,2,5,6,9,10,13, 14 as defined in (A1), (A2), (AS), (A6), (A9),

Let J be an interval in R and f; € Dj; j=1,2,3;t € J. Then the following statements are valid
for A; k=1,2,5,6,9,10,13,14:
(a) The function t — A (f;) is an n-exponentially convex function in the Jensen sense on J.
(b) If the function t — Ai(f;) is continuous on J, then the function t — Ai(f;) is an n-

exponentially convex function on J.
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Proof.

(a) Fixk=1,2,5,6,9,10,13,14.
Let us define the function

Q)= Y, bibwfuim (2),

I,m=1

where ”J’% el;beR1=1,2,...,n.
Since the function ¢t — [z0,z1,22; f;] is n-exponentially convex in the Jensen sense, we

have

n
[20,21,22:Q] = ) blbm[ZOaZhZZ;f’l*#] >0,

I,m=1
which implies that Q is convex function on D(f;) and therefore we have Az (Q) > 0.

Hence

n
) bkblAk(ffﬁ%) > 0.

[,m=1
We conclude that the function r — Ag(f;) is an n-exponentially convex function on J in
Jensen sense.

(b) This part is easily followed by definition of n-exponentially convex function.

As a consequence of the above theorem we can give the following corollaries for different class-
es of functions.

Dy = {f; :t € J} be a class of functions such that the function ¢ — [z9,z1,22; f;] is an exponen-
tially convex in the Jensen sense on J for every three mutually distinct points zg,z1,22 € D(f;).
Dy = {f; :t € J} be aclass of differentiable functions such that the function ¢ — [z9,z0,22; f7] is
an exponentially convex in the Jensen sense on J for any two distinct points zo,z2 € D(f7).

D3 ={f; :t €J} be aclass of twice differentiable functions such that the function  — [z9, 20, 20; f;]

is an exponentially convex in the Jensen sense on J for any point zo € D(f;).

Corollary 2.11. Let Ay, be linear functionals for k =1,2,5,6,9,10, 13,14 as defined in (A1), (A2), (AS), (A6), (A9)
Let J be an interval in R and f; € D i» J=1,2,3;t € J. Then the following statements are valid

for A; k=1,2,5,6,9,10,13,14:

(a) The function t — Ay (f;) is an exponentially convex function in the Jensen sense on J.
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b) If the function t — Ay (f;) is continuous on J, then the function t — Ai(f;) is an expo-
k k P

nentially convex function on J.

Proof. Proof follows directly from Theorem 2.10 and Proposition 2.3.

Dy ={f;:t €J} be aclass of functions such that the function # — [z9,21,22; f;] is 2-exponentially
convex in the Jensen sense on J for every three mutually distinct points zg,z1,22 € D(f}).

Dy = {f, :1 € J} be a class of differentiable functions such that the function ¢ — [z9,z0,22; f;] is
2-exponentially convex in the Jensen sense on J for any two distinct points zg,z2 € D(f;).

D3 ={f,:t €J} be aclass of twice differentiable functions such that the function 7 — (20,0, 20; /]

is 2-exponentially convex in the Jensen sense on J for any point zg € D(f;).

Corollary 2.12. Let Ay be linear functionals fork =1,2,5,6,9,10,13, 14 as defined in (A1), (A2), (AS), (A6), (A9)
Let J be an interval in R and f; € 13, Jj=1,2,3;t € J. Then the following statements are valid
for A; k=1,2,5,6,9,10,13,14:

r m
(a) Forty,...,ty, € I, the matrix | Ay (ft,;t]) ]ij_l is a positive semi-definite for all m €

r m
det | Ay <f1i+zj >:| >0
L 2

ij=1

N,m < n. Particularly,

forallme N, m < n.

(b) If the function t — Ay (f;) is strictly positive continuous on J, then it is 2-exponentially
convex on J and thus log convex function.

(c) If the function t — A(f;) is strictly positive and differentiable on J, then for every
s, t,u,v € J, such that s <u andt < v, we have

~ ~

(1) Ust (A, D) < Wuy(Ag,Dj)
where
1
Ar(fs) | s~
~ A (ft) 9 s 7£ tv
2) Hst(Ax,Dj) = ( k )Akm)
exp (—"j\k(ﬂj ) ,S=t

for fs,fi € Dj for j=1,2,3.

Proof.
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(a) Direct consequence of Proposition 2.3.
(b) It follows directly form Theorem 2.10 and Remark 2.7.

(c) From the definition of convex function ¢, we have the following inequality [12, p.2]

3) 0(5) —0() 90w —90)

s —1 u—vy

Vs,t,u,v€Jsuchthats <u,t <v,s#t,u#v.
Since by (b), Ax(fs) is log-convex, so set ¢ (x) = log Ax(fy) in (3) we have

log Ai(fs) —1ogAx(f)) _ log Ax(fu) ~ log Ax(:)
s—1 - u—v

“4)

fors <u,t <v,s#t,u#v, which equivalent to (2). The cases fors=¢,and /oru=v

are easily followed from (4) by taking respective limits.

Dy = {f, :t € J} be aclass of functions such that the function

t > [20,21,225 f; o w~!] is n-exponentially convex in the Jensen sense on J for every three mutu-
ally distinct points zg,z1,22 € [0,°0) where the function  is strictly increasing (and continuous
also for functionals Ay, k =3,4,11,12).

D, = {f, :t € J} be aclass of differentiable functions such that the function

t — [20,20,22; f; o W~ 1] is n-exponentially convex in the Jensen sense on J for any two distinct
points zg,z2 € [0,00) where the function y is strictly increasing (and continuous also for func-
tionals Ay, k=3,4,11,12).

Dsy= {f; 1t € J} be a class of twice differentiable functions such that the function 7 — [zo, 20, 20; f; ©
v~ '] is n-exponentially convex in the Jensen sense on J for any point zo € [0, o) where the func-

tion v is strictly increasing (and continuous also for functionals Ay, k = 3,4,11,12).

Theorem 2.13. Let A be linear functionals fork=3,4,7,8,11,12,15,16 as defined in (A3), (A4), (A7), (A8), (A1l
Let J be an interval in R and f; € ljj,' j=1,2,3;t €J. Then the following statements are valid
for A k=3,4,7,8,11,12,15,16:

(a) The function t — Ay(f;) is an n-exponentially convex function in the Jensen sense on J.

(b) If the function t — A(f;) is continuous on J, then the function t — Ai(f;) is an n-

exponentially convex function on J.

Proof.
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(a) Fixk=3,4,7,8,11,12,15, 16.
Let us define the function
n
Q) =Y. bibmfyim(2),
I,m=1 2
where ”J“% el;beR1=1,2,...,n.
which implies that
n
Qoy ()= Y bibwfyimow ' (2),
I,m=1 2
Since the function  — [z9,21,22; f; © W~ !] is n-exponentially convex in the Jensen sense,
we have
1 < 1
[z0:21,22: QoW | = Y bibw[z0,21,22 furm 0 Y] 20,
I,m=1 2
which implies that Qo y~! is convex function on [0,) and therefore we have
Ar(Q) > 0.
Hence

n
) bkblAk(fW%) > 0.

[,m=1

We conclude that the function r — Ag(f;) is an n-exponentially convex function on J in
Jensen sense.

(b) This part is easily followed by definition of n-exponentially convex function.

As a consequence of the above theorem we can give the following corollaries for different class-
es of functions.

Dy = {f, :t € J} be a class of functions such that the function

t + [20,21,22; f o W~ 1] is an exponentially convex in the Jensen sense on J for every three mutu-
ally distinct points zg, 71,22 € [0,0) where the function  is strictly increasing (and continuous
also for functionals Ay, k =3,4,11,12).

D, = {f, :t € J} be a class of differentiable functions such that the function

t — [20,20,22; f; o w~!] is an exponentially convex in the Jensen sense on J for any two distinct
points zg,z2 € [0,00) where the function y is strictly increasing (and continuous also for func-

tionals Ay, k = 3,4,11,12).
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D3 = {f; :t € J} be aclass of twice differentiable functions such that the function 7 — [zo, 20, 20; f; ©
v~ !] is an exponentially convex in the Jensen sense on J for any point zg € [0,%0) where the

function v is strictly increasing (and continuous also for functionals Ay, k =3,4,11,12).

Corollary 2.14. Let Ay, be linear functionals for k =3,4,7,8,11,12,15,16 as defined in (A3), (A4), (A7), (A8), (Al
Let J be an interval in R and f; € Dj,' Jj=1,2,3;t € J. Then the following statements are valid

for Ay, k=3,4,7,8,11,12,15,16:

(a) The function t — A (f;) is an exponentially convex function in the Jensen sense on J.
(b) If the function t — Ay (f;) is continuous on J, then the function t — Ay (f;) is an expo-

nentially convex function on J.

Proof. Proof follows directly from Theorem 2.13 and Proposition 2.3.

Dy = {f; :t €J} be aclass of functions such that the function

t > [20,21,22; f; o W~ '] is 2-exponentially convex in the Jensen sense on J for every three mutu-
ally distinct points zg,z1,22 € [0,°0) where the function y is strictly increasing (and continuous
also for functionals Ay, k=3,4,11,12).

D, = {f; :t € J} be aclass of differentiable functions such that the function

t = [20,20,22; f; o W~ 1] is 2-exponentially convex in the Jensen sense on J for any two distinct
points zg,z € [0,00) where the function y is strictly increasing (and continuous also for func-
tionals Ag, k =3,4,11,12).

D3 = {f; :t € J} be a class of twice differentiable functions such that the function 7 — [z0, 20, 20; f; ©
v~ 1] is 2-exponentially convex in the Jensen sense on J for any point zg € [0, ) where the func-

tion Y is strictly increasing (and continuous also for functionals Ay, k =3,4,11,12).

Corollary 2.15. Let Ay be linear functionals for k =3,4,7,8,11,12,15,16 as defined in (A3), (A4), (A7), (A8), (Al
Let J be an interval in R and f; € DJ-, Jj=1,2,3,t € J.Then the following statements are valid
for A; k=5,6,7,8,13,14,15,16:

r m

(a) For ty,...,ty € I, the matrix |Ay (fm> ]ij ) is a positive semi-definite for all m €
L 2 y =

N,m < n. Particularly,

r m
det | Ay <ft,~+zj >:| >0
L 2

i,j=1
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forallme N, m <n.
(b) If the function t — Ay(f;) is strictly positive continuous on J, then it is 2-exponentially
convex on J, and thus log convex function.
(c) If the function t — A (f;) is strictly positive and differentiable on J, then for every

s,t,u,v € J, such that s < u andt < v, we have

(5) ,us,t(AIij) < ,uu,v(AkaDj)

where

1
Ak(fs) st
- A (fz) ) s 7é tv
(©) Hsa (A D) = (& )Ak( "
on (248 5=

for f, fi Gf)jforj: 1,2,3.

Proof.

(a) Direct consequence of Proposition 2.3.
(b) It follows directly form Theorem 2.13 and Remark 2.7.

(c) Similar to the proof of part-(c) of Corollary 2.12.

3. Cauchy Means

For the sake of completion we only state here two theorems which will be used in our exam-

ples. For the idea of the proof of the theorems see [11].

Theorem 3.1. Let Ay, be linear functionals for k = 5,6 as defined in (A5),(A6) and ¢ € C*(I),

where I is a compact interval in R. Then there exist &, € I such that

Ae(@) = @Ak((po), where @y(x) =x*; k=35,6.

Theorem 3.2. Let Ay be linear functionals for k = 5,6 as defined in (AS),(A6) and ¢,0 €

C%(I), where I is a compact interval in R. Then there exist & € I such that

o) 9"(E)
AB)  07(E) T

provided that the denominator of the left-hand side is non-zero.
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"
Remark 3.3. If the inverse of % exists, then from the above mean value theorems we can give

generalized means

o'\ (Alo)
7 = —_ : k = .
( ) ék (9//) (~k(9) ” 576

Remark 3.4. For the functionals Ag; k= 1,2,3,4,7,8,..,16 (as defined in

(A1),(A2),(A3),(A4),(A7)(A8),...,(A16)) similar results as given in Theorems 3.1 and 3.2
can be find in [5] and [6]. In the similar way, we can use Remark 3.3 for these functionals as

well.
4. Examples

In this section we will vary on choice of a family D = {f; : t € J} in order to construct
different examples of exponentially convex functions and construct some means. Let us define

M;(x) for x = (xq,...,X;,...,x,) as follows:

This mean will be used in all examples.
Example 4.1. Let
D;={y;:R—[0,00) : t € R}

be a family of functions defined by

v (x) =

X

DI— =

er, t#£0;
2
)

Here we observe that y; is convex with respect to y(x) = x which is strictly increasing and
continuous. Since, Y;(x) is a convex function on R and t — [;‘l—;l//,(x) is exponentially convex
function [3]. Using analogous arguing as in the proof of Theorems 2.10 and 2.13, we have that
t — [y0,Y1,Y2; W] is exponentially convex (and so exponentially convex in the Jensen sense).
Using Corollary 2.11 and 2.14 we conclude that 7 — Ax(y;); k = 1,...,16 are exponentially

convex in the Jensen sense. It is easy to see that these mappings are continuous, so they are
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exponentially convex.
Assume that t — Ax(y;) >0 fork=1,2,...,16. By using convex functions y; in (7) we obtain
the following means:

Fork=1,2,...,16

Vi
fms,r(/\k,b\;) = %—%, s=t#0;
W e
In particular for k = 1 we have
(i) (i)
mts,t(/\l,bv])zﬁln ;_;Z?:M’ie M;,(,b) —Liiwie im : 5151 #0;

ms,s(/\lab\;): : b

S(Mib S(M ))
D) =1 2 Xiywie MOV oy wie M@
ms,O(AlaDl) - s'ln s M%(b) M%(“) ’ > ?é 0

MI(b) M3 (a)

M3 (b) B M3 (a)

Mi(b) M (a)
"MZ(b)  M3(a)
MI(b) M7 (a)

Mo.o(A1,D;) =

a

[OSII

Since Mg, (Ak,bvl) =Inpy,, (Ak,bvl) (k=1,2,...,16), so by (1) these means are monotonic.
Example 4.2. Let
Dy ={@ :(0,00) > R:1 € R}

be a family of functions defined by,

X . .
ma t %071,
3) ¢ (x) = ¢ —lnx; t=0;

xlnx, t=1.

. . . 42 . .
Since @(x) is a convex function for x € R* and # — <5 ¢,(x) is exponentially convex, so by
the same arguments given in previous example we conclude that Ag(¢@,); k = 1,2,...,16 are

exponentially convex. We assume that Ag(¢,) > 0; k=1,2,...,16.
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For this family of convex functions we can give the following means:

Fork=1,2,...,16

(Afe) s#
%_fs — Ak(q"""’”); s=t#0,1;

f-):né‘,l‘ (Ak7va) =

A(@o91) . .
—1—2’€Ak((pll)>, s=t=1.

la

In particular for k = 1 we have

~ t(t—1) M{(b) Mj(a) .

mSJ(Al?DZ) — S(S—l)) Mt}(b)th%(a) 5 S#t,s,t #0,
M (b) M (a)
b; b; o

~ Z:’lzlwi([\/[ Eb))xln(M Eb))fZ?:]w[(M [( ))sln(M E )) 251

M s(A1,D2) = exp 1 T —— s ) R R GRS
M{(b) ~ Mi(a)
Mg(b)  M(a) s

. Mi(b) M;(a)

M o0(A1,D2) = L. ! : — ;s #£0,1;
s, ( ) ) s(1—s) Y wi ln(Mféb) )—Xi Wi ln(M ‘(a> ) )

9ﬁs,l(/\la/Dv2> = (s(sl_l)- n b;

=~ Y2 wiln? () =Y wiln? ()
Moo(A1,D2) =exp | 5. nl 5 I mia) ).
. wlln(Mlzm)—Zl:] wiln( 37 Ea))
n b; 2(_b n aj 2, a
—~ Zi:l Wl(M lb )ln (M Ib ) Zllei(M i )lIl (M i )
My 1 (A1, Dy) = exp | 4. 2o im il T S0 P ine ),
Lioiwi Ml(b))ln(m)i i=lwi(M1(a))ln(M1(a))
b; b a;
1

My 0(A1,D2) =

Since M, (Ak,i)vz) = ,uS,,(Ak,sz) (k=1,2,...,16), so by (1) these means are monotonic.

Example 4.3. Let
D3 ={6;: (0,00) = (0,00) : 1 € (0,00)}

be family of functions defined by

. 2 . . .
Since t — %O, (x) = eV s exponentially convex, being the Laplace transform of a non-

negative function [3]. So by same argument given in Example 4.1 we conclude that A;(6;); k=

1,2,...,16 are exponentially convex. We assume that A;(¢;) > 0; k=1,2,...,16.
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For this family of functions we have the following possible cases of ,LLSJ(Ak,l/)\g):

Fork=1,2,...,16

1
Ar(05) \ 5 .
(&) st
Ay (id. ) 1

.u'S,l(Akab\;) -
exP(‘ NI ?>’ =06

In particular for £k = 1 we have

(s (= s\ s—f

A B (o D Y g e
Ho(A1, D) = { & (s IVE i |
Y wie MOy e Mi@)

b; a \”
— L wilgripy)e MO T (g )e

1 i=1 i\ M (b) i=1"1\ M| (a) 1

.us,s(AlaD?)) = &Xp _m' : b; ,1 2‘“i s

i wie (9 Mfz;.gl wie M@V

Monotonicity of ,uSJ((Ak,l/)vg )) is followed by (1). By (7)
My (Ak, D3) = —(v/s+ /1) Inptes (A, D3) (k=1,2,...,16)

defines a class of means.
Example 4.4. Let
Dy ={¢:: (0,00) = (0,00) : 1 € (0,00)}

be family of functions defined by

t—* .
¢[(x) _ (Inf)2? t#1;

Since ;—;@ (x) =t = ¢~ > (, for x > 0, so by same argument given in Example 4.1 we
conclude that t — Ax(¢); k= 1,2,...,16 are exponentially convex. We assume that Ag(¢;) >
0; k=1,2,...,16.

For this family of functions we have the following possible cases of ,LLSJ(Ak,l/)Z):

Fork=1,2,...,16

.us,t(Ak;b\:l) =4 exp (— A"(i;'q’“‘) — L>7 s=t#1;
(
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In particular for k = 1 we have

— i T s
Mz (Al,D4) = (m)z-):’*] wis A

(Ins)

= ; s#Et; st # 1,

B RESNAVA0 Sy 2 .
Uss(A1,Dsq) =exp | —5. 5 a0 — s | s# 1,

~ 2 Wi Low;
u&l (Al 7D4) = (lIlS)z . Mz(b) M2<a) )

M3 (b) M7 (a)

w11 (A1, Dg) = —

[OSTEE

Monotonicity of pi (Ak,bva,) is followed by (1). By (7)
My, (Ar,Da) = —L(s,6) Iny,(Ay,Dg) (k=1,2,...,16)

defines a class of means, where L(s,?) is Logarithmic mean defined as:

S—1 s #t;

L(S,l) _ Ins—Int >
s, S=t.
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