Available online at http://scik.org
Adv. Inequal. Appl. 2014, 2014:7
ISSN: 2050-7461

EXTENSION OF STOLARSKY MEANS BY EULER-RADAU EXPANSIONS

J. JAKSETIC', J. PECARIC%3, AND G. ROQIA3*

IFaculty of Mechanical Engineering and Naval Architecture, University of Zagreb, Croatia
ZFaculty of Textile Technology, University of Zagreb, Pierottijeva 6, 10000 Zagreb, Croatia
3 Abdus Salam School of Mathematical Sciences, 68-B, New Muslim Town, Lahore 54000, PAKISTAN

Copyright (© 2014 J. Jakseti¢ et al. This is an open access article distributed under the Creative Commons Attribution License, which

permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. We present construction of exponentially convex functions via functionals that follow from some in-
equalities for convex functions. These inequalities are derived from expansions of Euler and Radau. Using fruitful
properties of exponential convexity we construct various means that have nice monotone properties over defining

parameters. We further show how known results about Cauchy means can be treated in a succinct way.
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1. Introduction

The well known Stolarsky means are defined in [12] as follows :
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where a and b are positive real numbers a # b, r and s are real numbers.
Stolarsky proved that the function E,.s(a,b) is increasing in both parameters r and s, that is for

r>pands > gq:
0.2) E.s(a,b) > Epg(a,b).

These means, since their invention, are generalized in various directions. However, in [2]

Stolarsky means are recognized as application of the linear functional

fx) = fO)
y

X

(0.3) = —

, XFY

on the family of functions {¢, : ¢ € R} (defined on (0,c0))

X [r, r#0;
logx, r=0.

0.4) ¢r(x) =

Since functional defined above is nonnegative on monotonically increasing functions, and % (x)=
x"~1' >0, r € R, then using Cauchy mean-value theorem and log-convexity we get construction
and monotonicity property of Stolarsky means, as is showed in [2]. In that paper, this idea is

further extended via application of Hermite-Hadamard functionals

(0.5) fro—— [ fwydu—r (”y )
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on a family of convex functions (see Example 3.), another two means of Stolarsky type are
constructed and monotonicity property is proved again using log-convexity.

In this paper we generalize means from [2] in several directions. First, Hermite-Hadamard
functionals are generalized using Euler and Radau expansions. Second, these functionals are
applied on new families (aside of (0.4)) of convex functions which give us quite different means.
Third, it is showed that log-convexity can be shifted on finer classes such as n—exponentially
convex and exponentially convex functions. Also, our approach give us non-trivial examples of

exponentially convex functions.

1. THEORY OVERVIEW AND AUXILIARY RESULTS

Exponentially convex functions are invented by Bernstein in [3] as a subclass of convex
functions on a given open interval. These functions have many nice properties, for example,
they are analytical on their domain. Although we will need only few of these properties we
point here that very good reference on general results about exponential convexity is [1] and
[7].

If not specified, in the sequel, / stands for an open interval in R.

Definition 1.1. For fixed n € N, a function f : I — R is n—exponentially convex in the Jensen

sense on I if

i EEif (%) >0

ij=1
for all choices of & € R, s; €1, i=1,...,n.
A function f : I — R is n-exponentially convex on I if it is n-exponentially convex in the Jensen

sense and continuous on 1.
The notion of n—exponential convexity is introduced in [8].

Remark 1.2. From Definition 1.1 it follows that 1-exponentially convex functions in the Jensen
sense are in fact nonnegative functions. It is further obvious that n-exponentially convex func-

tions in the Jensen sense are k-exponentially convex in the Jensen sense for every k € N, n > k.

By well known Sylvester criteria, we have following proposition.
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Proposition 1.3. If f is n-exponentially convex in the Jensen sense on I then the matrix

Si+s; "
f 2
ij=1
is positive semi-definite. Particularly

. . n
det [f <—Slj;s])} >0,
ij=1

wheres;cl,i=1,...,n.

Corollary 1.4.

(i) If f : 1 — (0,00) is 2-exponentially convex in the Jensen sense then f is a log-convex function
in the Jensen sense on I.

(i) If f : 1 — (0,00) is 2-exponentially convex then f is a log-convex function on I.

Proof. (i) From

s +208r (T52) + 810 20

for any &;,& € Rand all x,y € I, we conclude

(1.0 7 (57) = rwso).

for all x,y € 1.

(ii) Since f is continuous function we have

(1.2) FAx+(1=A)y) < f) ),

for all x,y € I and any A € [0, 1]. O

Definition 1.5. A function f : 1 — R is exponentially convex in the Jensen sense on I if it is
n-exponentially convex in the Jensen sense on I for each n € N.
A function f : I — R is exponentially convex if it is exponentially convex in the Jensen sense

and continuous.

Proposition 1.6. Letr & denote a set of all exponentially convex functions on open interval I.

(i) &7 is a convex cone i.e. if f,g € &rand a, B > 0 then of + Pg € &7.
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(ii) &7 is closed under multiplication i.e. if f,g € &7 then fg € &].

Proof. (i)-part follows from definition. (ii)-part follows from the next theorem (see [7]).

One of main features of exponentially convex functions is its integral representation.
Theorem 1.7. The function f : I — R exponentially convex on I if and only if
(1.3) flx)= /ooetxdo(t), xel
for some non-decreasing function ¢ : R —: O]Z%
Proof. See [1], p. 211.

Corollary 1.8. Assume that f : I — R is an exponentially convex function on I. Then

(1) for any k € N we have

o)

9@ = [ teao(o)

—o00

where 0 : R — R is some non-decreasing function;

(ii) for any k € N the function x — f (2k) (x) is exponentially convex function on I.

Proof. (i) This follows straightforward.

O

(ii) Using integral representation from (i)-part, for any choice § € R, s; €I, i = 1,...,n we

have

[e]

2
& (2k) (sitsj) — 2k l-etsi/z dt) > 0.
Y &6 () = [ (;5 )o<r>>

i,j=1

—o0

Let us point here two basic examples of exponentially convex functions.

Example 1. The function x — e”* is exponentially convex on R for any y € R. This can be

checked directly:

=1

n Si+S; n Si 2
Y & =) &2 | >0,
i=1

or we can use integral representation (1.3)

e = [ ol
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with 0(¢) = 1}y.(t) as choice of non-decreasing function.
The next example is less trivial, and integral representation (1.3) is particularly useful here.

Example 2. For every o > 0 the function
X=X
is exponentially convex on (0, ), since
x %= /ooex’ﬁdt
/¢ T
(see [7] and [11] p. 210).

We observe here that the previous integral can be rearranged as [ ¢*do(t) where 6 : R — R

—o00

is non-decreasing function defined with o(¢) = QEW (—o0,0) ()-

Remark 1.9. It is obvious that every exponentially convex function is n-exponentially convex.
. . . 3y s .
Converse is not, in general, true since for example f(x) = "~ is 2-exponentially convex on

(0,1) and not exponentially convex function on (0, 1) (see [7] for details).
The next theorem will play important role in our applications.

Theorem 1.10. Let f : I — (0,00) be log-convex, derivable function.

Let M : I x I — (0,0) be defined with

&) X—Yy .
(1.4) M(x,y) = <f(y)2 S

If x1 < xz, y1 <2 then
(1.5) M(x1,y1) < M(x2,y2).
Proof. See [7]. O

We recall the definition of divided difference, for more on this subject see [10].

Definition 1.11. The second order divided difference of f : [a,b] — R, at mutually different

knots yo, y1, y2 € [a,b] is defined recursively by

[yi;f] :f(yl')7 i=0,1,2
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[yz,yl+1,f] _ f(yl+1) :f(yl)’ l:(),l
Yi+1 =i

1,y2: /1= o, y1: f]
y2—>Yo '

Yo, y1,y2: f] =

Remark 1.12. The value [y, y1,y2; f] is independent of the order among knots yg, y1, y2. This

definition may be extended to include the case in which some or all knots coincide. Namely,

JF(y2) = f(o) — f'(yo) (y2 — o)
(y2—y0)*

0, ¥0,y2; f] Vo, y1,y2: f] = , Y2 # Yo

= lim
Y1—Yo0

provided ' exists, and furthermore,

[¥0, 0,505 /] = lim lim [yo,yl,yz;f]:f”(yO)
»27Y0Y1=Y0 2

provided " exists.

In the sequel we will study linear functionals A : C[a,b] — R that have property

(1.6) f €Cla,b] is convex = Af > 0.

Hermite-Hadamard functionals (0.5) and (0.6) from introduction are examples of functionals

A with property (1.6).

Theorem 1.13. Let A : Cla,b] — R be linear functional that satisfies (1.6), let I be any open
interval in R and let n be any positive integer. Assume that F = {f; 1t € I} is the family of
functions from Cla,b] such that t — [y, y1,Y2; fi| is n-exponentially convex in the Jensen sense

on I for every choice of three distinct knots yo,y1,y> € |a,b]. Then
(i) the function t — A(f;) is n-exponentially convex in the Jensen sense on I,
(ii) if t — A(f;) is continuous on I, then it is n-exponentially convex on I.

Proof. (1) For any éj €R,s;j €l where j=1,...,n we define

h(x) = zn: 86k sitn (%),

Jj.k=1
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Since [yo,y1,Y2; fs;+5 | is n-exponentially convex in the Jensen sense on [o, 8], we con-
2

clude

n
bo.yi,yihl =Y, &i& |:y07y1ay2;f5ﬁ;k:| > 0.
Jk=1

This means that % is a convex function from Cla, b] and (1.6) implies
n
Y &i&A ( m) =A(h) >0,
=1 2
hence t — A(f;) is n-exponentially convex in the Jensen sense on [a, D].
(i1) Follows from (i)-part and Definition 1.1.
O]

Corollary 1.14. Let A : Cla,b] — R be linear functional that satisfies (1.6) and let I be any
open interval. Assume that ¥ = {f; : t € I} is the family of functions from Cla,b| such that
t — [0,y1,Y2; ft] is exponentially convex in the Jensen sense on I for every choice of three
distinct knots yo,y1,y2 € |a,b]. Then

(i) the function t — A(f;) is also exponentially convex in the Jensen sense on I;

(ii) if t — A(f;) is continuous function on I, then the function t — A(f;) is exponentially

convex on the L.

Corollary 1.15. Let A : Cla,b] — R be linear functional that satisfies (1.6) and let I be any
open interval. Assume that ¥ = {f; : t € I} is the family of functions from Cla,b| such that
t = [y0,Y1,¥2; fi] is log-convex in the Jensen sense on I for every choice of three distinct knots

Y0,Y1,Y2 € [Cl,b]. Then

(i) the function t — A(f;) is also log-convex in the Jensen sense on I;
(ii) ift— A(f;) is continuous positive function on I, then the function t — A( f;) is log-convex
on the I;
(iii) ift — A(f;) is positive, derivable function on I, then for any p < u, g <v; p,q,u,v €I,

we have
(1.7) My q(A,F) < My 4(A,F)

where



EXTENSION OF STOLARSKY MEANS BY EULER-RADAU EXPANSIONS 9

1
A(fp) \ P—a
(A(fz)) ) P#q,
49 Moa & E) =Y )
eXp ( pA(fp) ) , p = q
Proof. (i) and (ii) parts follow from Theorem 1.13, (iii) follows from Theorem 1.10. ]

Remark 1.16. Note that the results from Theorem 1.13 and Corollary 1.14 still hold when two
of the knots yg, y1, y2 are coincide, say yq, y1, for family of differentiable functions such that the
function t — [yo,y1,Y2; fi] is n-exponentially convex in the Jensen sense (exponentially convex
in the Jensen sense, log-convex in the Jensen sense ), and furthermore, they still hold when all

three knots are coincide for family of twice differentiable functions with the same property.

Definition 1.17. For M), ,(A,F) defined with (1.8) we will refer as mean if
a<M,,AF)<b,

for p,q € 1. Otherwise we will refer it as quasi-mean with monotonicity property (1.7).

1.1. Further examples, generating families.

Here we list some families of functions F = {f; : t € I} from [7] for which we will use
Corollaries 1.14 and 1.15 in order to construct exponentially convex functions and then means.
Of course, we also need linear functional with property (1.6), and these functionals we construct
in the next section via application of Euler-Radau expansions.

Example 3. Let a,b be positive real numbers, / = R and family F; = {f; : r € I } of functions

defined with
( X
t(t—])’ t#oalv
(1.9) fi(x) =14 —logx, =0,
xlogx, t=1
\
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Since % filx) =x"2 = el=DInx, 4y j_; fi(x) is exponentially convex function by Example
1. Using Remark 1.16 we then conclude that we can apply conclusions of Corollaries 1.14 and

1.15.

Example 4. Let a,b real numbers, I = R and family F, = {f; : 1 € I, } of functions defined with

6_7 t7£07
(1.10) fi=4{"
%2, r=0

Since % filx)=€*t— j—; fi(x) is exponentially convex function by Example 1.

Example 5. Let a,b positive real numbers, I = (0,o0) and family F3 = {f; : € I3} of functions
defined on Cla, b] with

i,
(1.11) fi(x) = { log’t
ci=1

Since ¢ — j—; fi(x) =t7*, by Example 2. we know that 7 — j—;n fi(x) is exponentially convex
function on I = (0, 0).
Example 6. Let a, b be positive real numbers, I = (0,0) and family F4 = { f; : € I'} of functions
defined on Cla, b] with

e~ X1
—

(1.12) fi(x) =
In [7] it is showed that 7 — j—; fi(x) = e V1 is exponentially convex function on I = (0, o).

Remark 1.18. Families ¥|,F,,F3,F 4 are not independent: if we substitutet — —logt, fort > 0,
in (1.10) we get family F3 and if we substitute t — —/t, for t > 0, in (1.10) we get family Fy.
Observe that ¥| and ¥, are constructed as antiderivatives of basic examples of exponentially

convex functions: t — x'=2 = e1=212% gty ¢ (see Example 1.).
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1.2. Three mean value results.

In this subsection we give a few results headed to means that we will need in later part of

paper.

Theorem 1.19. Let f € C%[a,b] and let A : C|a,b] — R be a linear functional that have property
(1.6). Then there exists & € [a,b] such that

(1.13) A(f) = 1"(§)A(g0),
where go(x) = x* /2.

Proof. Let m = min f”(x), M = max f”(x). Let us observe that function @(x) = %2 -
x€[a,b] x€la,b]

f(x) =Mgo(x) — f(x) is convex function since ¢”(x) =M — f”(x) > 0. Hence, A(¢) > 0 and

we conclude
A(f) < MA(go)-
Similarly,
mA(go) < A(f) < MA(go).
Now we have (1.13). 0

Remark 1.20. If we denote powers with e;(x) = x', i = 0,1,2,..., from (1.13) it follows that
A(eg) =A(er) =0.

Corollary 1.21. Let f,g € C?[a,b], let A : C[a,b] — R be a linear and functional which satisfies
(1.6). Then there exists & € [a,b] such that

(&) A(f)
(119 $(E) " Alg)

assuming both denominators not equal zero.

S

~
~

BN

Proof. This is standard proof as in Cauchy mean value theorem. 0
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Remark 1.22. If 'i:# is an invertible function then unique number &,

/! 71
A
(1.15) ¢ = f—,, (ﬁ) :
g A(g)
represents well-known Cauchy mean. It is obvious a < & < b.

Corollary 1.23. Let I be an open interval in R, a,b € R and A : C|a,b] — R linear functional
which satisfies (1.6). Let F = {f, : t € I} be a family of functions in C*[a,b] such that t — %

is a log-convex function on I. If

d>f, =
d 2

(1.16) a< dzqu (x) < b,
dx?

forx € [a,b], p,q €1, then M, ,(A,F) is a mean.

Remark 1.24. We observe that family ¥ do satisfy condition (1.16) and families ¥,,F3,F3

don’t satisfy it.

2. EULER-RADAU MEANS AND EXPONENTIAL CONVEXITY

2.1. Euler two-point formulae. We start with Euler two-point formula (see [9] p. 558.)

Theorem 2.1. Let f : [0,1] — R be such that f’ is a continuous function of bounded variation

on [0,1]. Then for each s € [0,1/2]

1 1 1 r! ,
e | f0a =310+ =9+ [ B @ aro.
where
212, 0<r<s,
(2.2) Fi(t) =14 2> —2t42s, s<t<l1-—s,

22 —4t+2, l—s<t<I.

In the [6] the previous theorem is used to prove the following result.
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Theorem 2.2. Let f € C*[a,b]. Then for eacht € {a} U[3%L, “12] there exist some & € [a, b),

such that
fO)+fla+b—t) 1 b - |
23) : o [ fwdu= £ E)R@bi)
where
2_ 2 12
(2.4) R(a,bit) = & 6t(a+b)+a*+b° +4ab.

12

It is then observed that if @ < b then R(a,b;t) > 0 for t = a and R(a,b;t) < 0 for t €

[ﬂ a+3b

72, 45>2]. In the end the following corollary is stated.

Corollary 2.3. Let f € C?[a,b] be a convex function. Then

b —
05 P gz Ot b

foreacht € [3“4—+b, #] For t = a the above inequality is reversed.

We now define linear functional A : Cla,b] — R with

1P t)+fla+b—t
26) ()=t [ g TOTIOELZD,
a—>bJa 2
t €{a}U [3“4—%, #] According Corollary 2.7 linear functional A; satisfies (1.6) property for
(€ [Bagt, agt)

2.2. Radau-type quadratures. We proceed with similar idea of constructing linear functional

that will have property (1.6), this time using Radau-type quadratures given in [4, 5].
Theorem 2.4. Let f : [—1,1] — R be such that f" is continuous on [—1,1] and let s € (—1,0]U

{1}. Then there exists & € [—1,1] such that

2s 2 1
—1)—
l+sf( ) g

1
2.7) /_ -
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and

2s

1 /!
A1) = (=91 (=8)

3

1 2
2.8 / t)dt — ——f(—s) —
(2.8) - f@0)dr = f(=s)
In [6] the previous theorem is used to prove the following result.

Theorem 2.5. Let ¢ € C?[a,b]. Then for eacht € (a, “zib] U{b} there exist some & € |a,b], such

that

b b
9) - / O (u)du— 2222 9(@) — =20 (1) = 9" ()R (a.bir)
and for each v € [*52,b) U{a} there exist some 1 € [a,b], such that

b
210 722 [ 9(00di = F20 ()~ H520 () = 9" (m)Rafasbiv)
where

(4b+2a—6t)(b—a)

(6v—4a—2b)(b—a)
12 '

Rl(a,b;l‘): B

and Ry(a,b;v) =

Remark 2.6. Assume a < b. Observe then Ry(a,b;t) > 0 fort € (a “H’] and Ry (a,b;t) < 0 for
t = b. Also Ry(a,b;v) > 0 forv € [#,b); and Ry(a,b;v) < 0 forv=a.

Corollary 2.7. Let f € C?[a,b] be a convex function.
(i) Foreveryt € (a, %]
b
w2 [ S = 2 (@) + b2 0),

Fort = b the above inequality is reversed.

(ii) For everyv € [“52,b)

o [ 10 = 1) + 232 ).

For v = a the above inequality is reversed.

Similar to linear functional A; defined with (2.6) in Euler case, we define two linear func-

tionals A, and A3 acting on C[a, b| using Corollary 2.7:

@.11) - /f —ah f(q) —b=ap(y),
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where t € {b} U (a, “42];

b
1) M) = 325 [ 0= F70) = B2 1),

where v € {a}U[%EL,b).
Corollary 2.7 confirms that linear functionals A, and A3 do satisfy property (1.6) forz € (a, #]

and v € [f2, b) respectively.

2.3. Euler-Radau means and quasi-means. For each family F,F,,F3,F4, defined in Exam-
ples 3, 4, 5, 6 using Corollaries 1.14 and 1.14 we will construct first exponentially convex
functions.

All constructed functions have domain / = R or I = (0,0) depending on family F;,F,,F3 or

F4. Define functions y; ; : I — R with

(2.13) l[/w'(l/t) :Ai<fu)7 for fu S Fj,

i=1,2,3; j=1,2,3,4. As above defined, linear functionals A{,A,,A3 are considered for t €

[#7 #], re (a,#], Ve [“zib,b) respectively.

Theorem 2.8. Let y; ;, i=1,2,3; j=1,2,3,4 be functions on I defined with (2.13).
(i) Functions ; j are exponentially convex on I.

(i1) Forallty, €I, m=1,2,...,n, matrix [l//,] (@)} is positive semi-definite matrix.

n
k=1

Particularly

tw+y\ 1"
(2.14) det [1//,-7]-("+ ’)} > 0.
2 k=1

Proof. (1) According (i)-part of Corollary 1.14 we first conclude that y; 1,i = 1,2, 3 are exponen-

tially convex on / in Jensen sense. Direct calculation shows that y; 1,7 = 1,2,3 are continuous
on /, concluding its exponential convexity according (i)-part of Corollary 1.14.

(i1) This part follows from Proposition 1.3. UJ

Let us now define

1
llfi,_i(P))P—q

2.15 My 4(AiFj) = —— ,

o k)= (G4



16 J. JAKSETIC, I. PECARIC, AND G. ROQIA
forp,gel; i=1,2,3; j=1,2,3,4.

Now we consider limit cases for each family separately, since there are some difference between

expressions.
FAMILY F :
.
Ai(fy) 1/(p—q) ’
(Ai(f:)) ’ Pra
1-2g _ Ailfofy) —q#0,1
exp( by ), p=4q7#0,1,
(216) Mp,q(AiaFl) — < Q(q A)(f2) (fCI)
eu%l—zh%), p=4=0.
1 Al(fOfl) o
\exp ( 1 24:(f1) ) ’ r=q=1,

freF, i=1273

FAMILY F> :
(
A\ YV (p—a) 40,
(&(fj)) ’ e
(2.17) Mp4(Ai,F2) = 4 exp (A"(,(é}fg) — %) ., P=a#0,
i\Jq
Ai(erfo) —g=
\GXP ( 3Ai(lf(?> ) ) P=4=0,
81(X) :xafp €k, i=12,3.
FAMILY F5 :
(/A 1/(p—q)
Ai(fp) ,
(Ai(f:)) ’ Pra
(2.18) A@quhaF3)2:<exp<_§§2{0——qéq>, p=q#1,
_Al<elf1) = :1,
e (<)

freFs, i=1,23.
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FAMILY Fy4 :

(ﬁi(fp)>1/(P—Q) b,
(2.19) M, (A1, Fy) = "WA( N 1)
—2ilel]q p=q

Xp (zw’zAi(fq) 7
fr€Fy, i=1,2,3.

Theorem 2.9. Let p < u, g <v; p,q,u,v €l. Then
(2.20) Mp,q(AiaFj) §Mu,v(Ai,Fj),
forall f, €Fj, i=1,2,3; j=1,2,3,4.

Proof. Follows from (iii)-part of Corollary 1.15. [

According Remark 1.24, with M, ,(A;,F;) we defined means, i = 1,2,3.
M, ,(A;,F;) are quasi-means for i = 1,2,3; j = 2,3,4 that can be easily con-

verted to means using Remark 1.22:

ijq(Ai,F3) = —L(p,q) logMp,q(A,-,F3), 1= 1,2,3,

P—q
——i—_ p#gq,
where L(p,q) = { 81084
q, P=q;

Mpq(AiFa) = =(\/p+/q)logM)p 4(Ai F4), i=1,2,3,

are all means.
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2.4. Generalized Euler-Radau means and quasi-means. As we have already
seen exponentially convex functions are very base of our means and quasi-
means. Now we generalize this construction adding one more parameter in our
(quasi-)means and newly constructed (quasi-)means will retain monotonicity
property. For that purpose we need one additional, simple, property of expo-

nentially convex functions given in the next proposition.

Proposition 2.10. Let I = (0,00) or [ = R. If w : I — R is exponentially convex
function on I then for any ¢ € I the function x — Y(cx) is also exponentially

convex.

Let us now make substitutions p — %, q— %, a—a’, b— b’ for s >0 and
forthe case s <0 a — b*, b — a’ inmeans M, ,(A;,F;), i=1,2,3;j=1,2,3,4.
The parameter s that we introduce here will be in corresponding /.

For spq(p — q) # 0 we define new means with

2.21) M, . (ALF)) = (

fori=1,2,3;j=1,2,3,4.

We extend (2.21) with limit cases for every of families F,F,,F3, Fy.



EXTENSION OF STOLARSKY MEANS BY EULER-RADAU EXPANSIONS

FAMILY F; :
( 1
(P —
(wll—(S)) re : p#q,s70, s€l;
s Ailfofp) _ .
exp ( = s — Ay fp) ) p=q, sp(p—s)#0;
1 =q=0, s#0;
exp (E 2sA,-(fo)>’ pma=0s7
(2.22) MpqS(Al Fi) =<« LA
’ i(fosf1) =g= :
e (=i my).
_ 1
(Ai(gp)) P—q p#q, s=0;
Ai(gq) ’
_z_zi(elg ) = O’ :0,
exp (-5 ). e
\\/X_, p=q=s=0,
wherei =1,2,3;
eP*
gp(X) = 192
7, r=0

and A;, i = 1,2,3 stands for linear functional now acting on C[Ina, Inb].

FAMILY F» :
( 1
(P =
Wl@(;) i 617 p#q,s70, sl
via(5)
(2.23) Mpqs(A,,Fz) = < ) Ailesfr) _ .
2 v (71 A
L&(@fo)) =q=0 5#0;
(“2P <3S Ai(fo) )7 e

where i = 1,2,3 and e;(x) = x°.
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FAMILY F5 :

( 1

AR =
%3< ;) , p#q#s, s€l;
(2.24) M., (A F3) = ¢ \ via(?
1A,(egf) =q=s,

(. QY (_§ Az(fo()) )7 p=a=s

\
wherei = 1,2, 3.
FAMILY Fy4 :

PF#qFS, p,q,s€l;

225 M, (A Fg) =< \ s

J
exp [ =L — Ailesf) p=q, s€l;
P 2ps Ai(fg) ’

wherei =1,2,3.

Remark 2.11. Let us note that we can give the explicit version for means (2.19)

are obtained in [6].

Theorem 2.12. Let p < u, g <v; p,q,u,v,s € 1. Then

(226) Mt (AhF]) SMI (Ai7Fj)7

P,q:S u,vis

fori=1,2,3;j=1,2,3,4.
Proof. Follows from Proposition 2.10 and Theorem 2.9. ]
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