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1. Introduction

In last few decades, considerable interests has been shown in developing various aspect of
the fractional differential and integral equations both for their own sake and for their appli-
cation in science and technology; for detail, see [2, 13, 14, 15] and the references therein. In

recent years, many authors have worked on fractional differential and integral inequalities using
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Riemann-Liouville and Caputo fractional integrals; see [3, 6, 7, 8, 9, 12, 13] and the references
therein. Ahmed Anber ef al. established fractional integral inequality using Riemann-Liouville
fractional integration; for more details, see [1]. In the literature, few results were obtained on
some fractional integral inequalities using Hadamard fractional integral; see [4, 5]. Motivated
by the results presented in [1], we prove some new results using Hadamard fractional integral
operator. The paper is organized as follows. In Section 2, basic definitions and propositions
related to Hadamard fractional derivatives and integrals are given. In Section 3, the results on

fractional integral inequality using fractional Hadamard integral are presented.
2. Preliminaries

The necessary details of fractional Hadamard calculus are given in Kilbas [14] and Samko et

al. [15]. Here we present some definitions of Hadamard derivative and integral as given in [2].

Definition 2.1. The Hadamard fractional integral of order & € R™ of function f(x), forall x > 1

is defined as,
X dt

WD) = g im0 (2.1)

t t
where ['(at) = [5" e “u®*"'du.

Definition 2.2. The Hadmard fractional derivative of order & € [n— 1,n), n € Z™T, of function

f(x) is given as follows

1

AP () = g ) [ e

?. (2.2)
From the above definitions, we can see obviously the difference between Hadamard fraction-
al and Riemann-Liouville fractional derivative and integrals, which include two aspects. The
kernel in the Hadamard integral has the form of In(7) instead of the form of (x —¢), which is
involves both in the Riemann-Liouville and Caputo integral. The Hadamard derivative has the
operator(xdix)”, whose construction is well suited to the case of the half-axis and is invariant
relation to dilation [15, p.330], while the Riemann-Liouville derivative has the operator (dix)".
We give some image formulas under the operator (2.1) and (2.2), which would be used in the

derivation of our main result.
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Proposition 2.1. [2] If 0 < o < 1, the following equalities hold:

#Dy % (Inx)P 1 = %(mx)ﬁml, (2.3)
and

#DY (Inx)P 1 = r(g(—f)a)(mx)ﬁ“l, (2.4)
respectively.

For the convenience of establishing the result, we give the semigroup property,

Dy ) (D) P)f(x) =u D]\ “P) r(). (2.5)

3. Main results

Now, we are in a position to give the main result.

Theorem 3.1. Let ¢ >0, p > 1, %%—% = 1 and let f, g be two positive functions on [0,c|, such

that for all t >0, yD [ f(t) < oo, yD;'g(t) <oo. If0 <m < % <M < oo, T € [0,t], then we

have the following

-
IN

w020 507 %0] " < (s [r 2(r(0) 0] G

Proof. Since 22 < M, 7 € [0,¢[,# > 0, we find that

5(0)
g())7 = M7 [f(D)]s (3.2)
and S |
f(D)rlg(n)]e =M [f(T)]a[f(7)]
> M [f(2))5 (33)
> M7 ()]
Multiplying both sides of (3.3) by 20" which is positive because 7 € (0,7), 7 > 0, we

(o)

integrate resulting identity with respect to T from 1 to ¢ ge that

1 t

o [y @ 2w o [ oL, e
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which implies that
WD PO s))7] <M T [aD771(0)]. (3.5)
It follows that
(u07% [ s ) <M [udrr0)]”. (36)
Notice that mg(7) < f(7), T € [0,¢], ¢ > 0. It follows that

[F(D)]P > mp[g(1)]r. (3.7)

1
Multiplying the equation (3.7) by [g(7)]4, we arrive at

<=

[F(2)]7[8(x)]7 > mo[g(x)]7[g(z)]7 = mP[g(7)] (3.8)

ryo—1
Multiplying both sides of (3.8) by (lnf(f()()x) , which is positive because 7 € (0,7), t > 0, we

integrate resulting identity with respect to T from 1 to ¢ obtaining that

o [ i@ E L [t ®, 39)

[(a T T [« T T
that is,
#Dyf [FO) 80| <mr [aD; 25()] (3.10)
Hence we have
(uDr# [0 e@)¥]) < [y 2(0)] " G

Multiplying the equation (3.6) and (3.11), we can draw the desired conclusion easily.

Lemma 3.2. Let o0 >0, f and g be two positive functions on [0, |, such that for all yDy [ fP(t) <

oo, HDIf‘gq(t) <oo,t>0.If0<m< ;’;EQZ <M < oo, T € [0,t], then we have

=

wore o] [aoiseo] < DA [prsgoen]. G

1 1 _
where p > 1, 1—)+5_1.

Proof. Replacing f(7) and g(7) by f(7)? and g(7)9, T € [0,¢], ¢ > 0 in theorem 3.1, we find the

desired result. This completes the proof.
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Lemma 3.3. Let oo > 0 and let f, g be two positive functions on [0,0[, such that f is nonde-

creasing and g is non-increasing. Then

INa+1)

HD;,? y(t)gs(t)g (Inf)@

) Dy 10D £ 1) (3.13)
foranyt>0y>00 >0.

Proof. Let 7,p € [0,¢], ¢ > 0, for any 6 > 0, y > 0. Then we have

(1) = 7)) (£°(p) ~ (1)) = 0 (3.14)
and
()88 (p) ~ F1(2)6° () — f(p)(&° (P) + 1 (P)g° (7) > 0. (3.15)
It follows that
183 (0) + 1(p)(&2(p) < F1(Dg° (p) + f1(p)g% (1), (3.16)

tyyo—1
Now, multiplying both sides of (3.16) by (In(%))

ﬂz(a) , which is positive because 7 € (0,7), ¢ > 0,

we integrate resulting identity with respect to T from 1 to ¢ find that

uDy (0% (1) + 1 (p) (& (P)uDy (1) < &% (P)u Dy f7(1) + £ (p)uDy 8% (1), (3.17)

In(L a—1
Again, multiplying both sides of (3.17) by %, which is positive because p € (0,7),1 >0,

we integrate resulting identity with respect to p from 1 to 7 obtaining that
Dy 11 0)8° (O Dy (1) +4 Dy f7(1) (8% (1)nDy (1)

<1 Dy %¢%()uD; # Y (t) + f1(1)uD; #6° (1)

It follows that

—a 1 —a —a
2uDy; fy(t)g(S(t) < WZHDIJ fy(t)HDl,t ga(t)

This completes the proof.

Theorem 3.4. Let f, g be two positive functions on [0,00[, such that f is nondecreasing and g

is non-increasing. Then for allt >0y > 006 > 0, we have

(np)? 5 (ln)* 4 5
WHD“ fr()g° (1) + mHDu fr()g° (1) a1

< (D170 (1D 78 (0)) + (uDif8° ) (uD1 L F10)).
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In(L))B-1
Proof. Multiplying both sides of the equation (3.17) %, p € (0,1),t > o which is positive,

we integrate resulting identity with respective to p from 1 to 7 finding that

WD P08 0 [ (PP s [ )P ) (02 D)

I'(B p p T(B) p P
L an(lyB-148(0) 9P po (i1 v 4P s
< F(ﬁ)/l (1 (p)) g°(p) ) uDy; fY(ZH_F(ﬁ)/l (1 (p)) (p) . HDl"g((;)l'%

which implies (3.18). This completes proof.
Remark 3.1. Applying theorem 3.4 for oo = 3, we obtain theorem 3.3 immediately.

Theorem 3.5. Let f >0, g > 0 be two functions defined on [0,0|, such that g is non-decreasing.
If
uDEf(t) > uDy2g(t),t > o. (3.20)

then, forallx >0, y>0,8 >0and y— 6 > 0,

uD 70 (6) < wDy (180 (0). (3.21)

Proof. In view of the arithmetic-geometric inequality, for y > 0, § > 0, we have

B AP PR A YRR
TS0 e N < g (1), Te (0 >0 (32)
Now, multiplying both sides of (3.22) by (]nr(li()g:;il , which is positive, we have
y (n()* "' s § (In(£)*' s (In(§))*"! s
— <t 7 ) )
s O s a0 (@), (3:23)

Integrating (3.23) with respective to 7 from 1 to ¢, we obtain

Y 1 4 t a—1 17— art 5 1 ! 1t -1 _v—8 drt
mm/lln(g) f7 (T)7—y_—5m/lln(;) g’ (0)—

< e | @ @

(3.24)

It follows that

)/——3HD17Z fy_é(f) — }/THDI_J gy_é(f) < HDl_;xfy(t)g_é(t), (3.25)
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which implies that

v

0
mHDE?fY‘5<t> < D P f1(0)g 0 (1) + —< uD; 1e" 0 (1) (3.26)

y—39

and

oy -0 _ O o
uDy [ f7 o) < YTHDL?fy(’)g S(f)JF;HDl,zafy °(t).

This completes the proof.
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