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Abstract. In this paper, we introduce a g-variant of integral Baskakov operator and study their approximation
properties. We establish point wise and uniform convergence theorems in ordinary approximation. The rate of

weighted approximation by means of Steklov functions in terms of a suitable modulus of smoothness is obtained.
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1. Introduction

A g—integral analogue of the g—Bernstein polynomials
- (kg
qu(fvx) - Z f Pn,k(%x), f e C[07 1]7
=" \[nlq

Puyl(g;x) = [f] qu [T'=571(1 — ¢’x) defined by Phillips [9] was introduced by Derriennic [5]
wherein she established some of their approximation properties. Motivated by the generaliza-
tion in [5] we propose the operators .7, ,(f,x) as follows:

Let Cp(Ryp) be the class of bounded and continuous functions on Ry = [0,0). For f € Cp(Ry)
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we define
/A

pn,k(q;x)/qk_lpn,k1(q;u)f(u)dqu—|— £(0)
0

k?
(I+x)5"

Mgl ) = =11, ¥

k=1

k17 okl=D/2.k
Pni(g;x) = [n+k }qq(1+x)3+)]i

[6]. The operators .#, , are linear and positive.

whenever the integral exists in Jackson sense of improper integral

In what follows, we shall use the notations @ (x) = x(1 +x), No = NU{0} and the weights
wo(x) = 1wy (x) = (1+2") "1 m € Np.
Bn(Ro) = {f - wm(X)|f(¥)| < M1},
Cs(Ro) :={f € Bi(Rp) : and fiscontinuous},
C(Ro) = { f € Cu(Ro) : and lim wy (x) f(x) = Mz},
where M| and M, depend on f only.

The m—th polynomial weighted spaces C;;,(Ry) are defined as follows:
C,,(Ro) = {f : Ro — R|wy,fis uniformly continuous and bounded onRy.}

The space Cyu(Ro) is normed by || f{|m := sup,cg, wm(x)|f(x)]. It is easy to see that C;,,(Ro) C
Cu(Ro) C Cp(Ro) C By(Rp). The set Cp,(Rp) is a Banach space under the norm ||. ||,;,-

We shall use the weighted modulus of continuity Q (f, ). This modulus has the advantage over
the usual modulus of continuity @(f,d) that they tend to zero as & — 0.

For f € C;;,(Ryp) the first and the second order weighted modulus of continuity are defined by

— —

| X f(x)| | A5 f(x)|
Q.(f,0)= su andQ,,»(f,8) = su ,
(1:0)= 580 a1 pimy dmal0) = S0P (e

respectively, where Zh f(x) and Z,Zl f(x) are the first and the second order forward differences
for step size h.

We recall some definitions of g—calculus used in this paper which can be found in [7] and
[10]. Let g be a real number satisfying 0 < g < 1 and N the set of positive integers. For n € N,
we define

% =14qg+..+¢"", g#1
[n]q =

n, q=1.
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[n]yn—1]4n—2]4.....[1]g, n=1,2,......
1, n=0.

[”]q! =

The g— binomial coefficients [}] , are given by the quotient m, 0<k<nand ] =L

The g—rising product (a+ b)y is defined by
n—1 )
(a+b)g = H(a+q]b).

J=0

The g— Jackson integrals and g— improper integrals are given by (see [6], [8])

[10dgr=(1-a ¥ flag')q"
0

n=0
and
oo /A ’
/f(x) X = ( Zf( )—A>O
0 =

respectively. It is assumed that the sums converge absolutely. For any arbitrary real function

f:R—Randgq e (0,1) the g— derivative D, f(z) is defined as

For t = 0 we take D, f(t) = lim; 0D, f(t); t = 0. The product formula for g-differentiation is

given by
Dy(f(x)g(x)) = f(gx)Dyg(g(x)) + 8(x) Dy (f (x))-
Analogous to the classical gamma and beta functions the g— gamma and g— beta functions are

introduced. The g—gamma function is given by the integral

1/(1=q)
Iy(t) = / xt_lEq_qxdqx.

=]

The g—beta function is given by

w0 /A .
B,(t,s) = K(A,1) / T o (1.1)
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where the function K(x,7) is defined by

/

%ﬂx’(l + )—lc)f](l +x); iteER

The functions I'y(¢) and By(t,s) satisfy certain properties similar to those of I'(¢) and B(t,s)

Fq(t)rq(s)
Ly(t+s)

e.g. By(t,s) = etc. and reduce to I'(z) and B(¢,s) respectively in the limit ¢ — 1.
We discuss the convergence results with the help of Korovkin type approximation theorems.
In the end section we obtain error estimates of weighted approximation in certain polynomial
weighted space. Henceforth, we shall simply use [n] in place of [n], unless otherwise stated.

Moreover, M will be a constant different at each occurrence and will be independent of n always,

but may depend on g.
2. Preliminaries and Lemmas

Lemma 1. Let us define [y (x) = My 4(t",x). Then, we have

[n][n + 1]x* + 2q(n]x
q*[n—2][n—3]

_ _Inlx _
.un70(x) = 17.un71(x) = qln—2] and .un72(x) =

Further, The following recurrence relation holds for n > m—+2:

([n]x—f— ([m+ llqil - 1)>.un,m(qx> + (pz(x)unmm(x)

p — (2.1)

My m+1 (gx) =

)k
Proof. Making use of the g—Taylor’s formula g(z) = Y7, (Z[kﬁ) g (D’;g(z))zzx for the function
g(z) = W at z = 0 together the relation (—x)% = g“*=1/2(—1)kxk we obtain
)

I = g(0) = i[n-l—k]...[n-i—l] Wi X

= (1+x)g

_ i [”Jfk] F0/2 x
q

oL k (14x)gtert
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Therefore, we get from definitions of t, ,,(x) and (1.1)

Hno(x) = [”—1]qu_1pn7k(q,x)/pn7k—1(q,t)dqu+—n+k
= (14+x)g
0
= +k—1] xF [mk-z} By(k,n—1) 4y
= [n—1] — o
;{ g(L+x)a* [ k=1 K@k 7
1
(1_|_x)n+k
o |t k=1 e
= Z|: k :|C]( )/( n+k ankQ7
k=0 q
Similarly, we get
i ] o0 /A
= 1 lntk—1 Xk
i) = Y ¢! g 1)/2/pn,kl<%t)tdqt
i L kL (1+x)g ]
_ iqkfl n+k—1] X D)2 [K]g— !
k=1 Lk L (gt [n—2]
_ X i qk(k—l)/2 [n + k]‘ Xk
gn—2] = [K]1[n = 1]1 (1 4 x)2 1+
__Inx
q[n—2]

Now, using ¢*@*(x)Dg[pnx(q:x)] = <[k] — 4 [n]X) Pni(q;qx), (see [4]) we obtain

O (%) D gt m (x) + [n]xpt (qx)
oo /A

= [n—1] Zq Klpnk qqx)/qk_lpn,k(q;”)“mdq”
0

= L+ 1L+ zsay,

where we have written the quantity [k] as ¢* + ([k— 1] — ¢*2[n]t) + ¢ [n]t and I}, I, and I3

correspond to these three quantities used in above integral. Clearly I; = pi(gx), Iz = [n]q > Upm+1(gx).
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The transformation t — gu is valid in g—integration, therefore, we get

b= " Y puaa) [ (I=1)=¢" k) puic(quyu” dyu
k=1 0
oo /A

= " Y paxler) [ ¢ 9w (Dypic(w)) dy
k=1 0

= "X puala) [ @ @ 4w 2) (D)) g
k=1
0

Using g—integration by parts we get

[ (Dapnscr)) dg = @™ pga(w)
0

— /pn’k_l(qu) (unm+1>dqu
0

0
= —[m+1] /pmk_l(qu)umdqu.
0

Hence,

L = —(m+1g "wn(gx)+[m+2g *tni1(gx)).

Combining these expressions we obtain (2.1). From this recurrence relation [, > is easily ob-

tained. 0
Lemma 2. The quantity
An=2qln) — In)[n+ 1) =26 [n)ln — 3) + g*[1—2)[n — 3]
is negative for all g and n > 4.
Proof. We have

Ay = 2q[4] - [4][5] - 24 [4] +¢*[2]

= —1—¢*—4¢ -3¢ -4 —4¢°— ¢’ <.
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Suppose the lemma holds true for a certain n. We write A,, as follows
An = 2qn) = ([3]+¢°[n=3])(13] + ¢’ [n—2]) = 2¢°([2] + ¢*[n—2])[n - 3]

+ ¢'ln—2][n—3]

= 2g[n) — 3] = Bl¢g’[n = 3] = B]¢’[n —2] = ¢*(1 = ¢)*[n — 2][n 3]

so that
A=Ay = 24" =Blg" = Blg" —¢* (1 —g)’[n—2)([n— 1] = [1—3])
= —(1+2¢°+)q" ="' (1-q)’[n—2](1+4q)
which is negative. This completes the proof. 0

Lemma 3. For the functions W, (q,x) defined by W, (q,x) = Mpq((t —x)",x), we have

B (+q"
WO(Q7X> - 17 Illl (qvx) - q[n—2] (23>
and there holds
4 2
<
WZ(%X) X q4[l’l — 2] 5n (x)7 Vx € Ro,n>3,

where $3(x) = (9%(0) + 25)):
Proof. Since, Ay 4(f ,x) are linear, (2.3) follows from (2.1) and direct calculations. Now, using
the values of 1, o(x), i1 (x) and p, 2(x) we get

coxt +cix _ co@?(x) + (c1 —co)x
q*[n—2][n—3] q*ln—2][n-3] ’

(%] ((],X) =

where co and ¢ are the coefficients in numerator given by co = [n][n + 1] — 2¢3[n][n — 3] +

g*ln—2][n —3] and ¢| = 2¢[n]. From lemma 2 we have ¢ — cy = A, < 0. And we can write

co=dao+aig+aq +...+ay 147"

Itis observed thata; <2:j=1,2...2n— 1. Hence,
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Now, [21] = (14 ¢"3)[n— 3] +¢*"~%[6]. This gives

2 1 n—3 6 2n—6
wian) < o (G i) o

4

2
< i 2]6()

Lemma 4. Forn > 2m+ 1, we have

2
g (%0 < M (ya(g,x) "2 (14222,

Proof. Since U,,(g,x) are polynomials of degree exactly m we can write W, (q,x) = Y;" akmx".

Using in the recurrence relation (2.1) we get

m-+1
"n—m—2] Zam“

= (x+x° /i)a + ([nJx+ ([m+1]g~ Zak gx)k

m

= ) “H(Vﬂ + (Im+1]g~" - l)qk>xk+ [+ Kokt }

k=0
Comparing coefficients on both sides, we get
amzi"ﬁ( [+ J] )
2 .
"o j=0 [n—j—2]
which is the largest coefficient with respect to power of [n]. Similarly,

m+l _ ([Zm]+qm_](l ))a +[n+m_1] An—1
m g*"n—m—2]

a

etc. So that
[n][n+1]...[n+m—2]

[n—2|[n—3]....n—m— 1]Mm(51)-

m —
Qp—1 =
Hence, we can write

n||n n—m £
TCEINES M(’Cmﬂn[_][z][::]ﬂ[ _1: mil Zb]x})

1 m—1 ;
< M| — bx’
( ] 2 )
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which implies

ot <0 (40 (7))

Therefore, using Holders inequality we get

—x)?
g (S) < g (1=9"0) " (g (1+72)

Wi (X)

/2
< M(walgn) 2 (1+2m) 2

Remark 1. For m < m’' € N, we have

My g(1+x"x)
MW, LX)l = su 4 -
H ’MI( m )”m xelg) (1+xm)

(142740 (pray)) < M'(mq).

< su 7
xelg) (1+xm)

Therefore, in view of the properties of positive linear operators (see [3])it follows that .,

maps Cy,(Ro) into B,y (Ro).

In order to test the convergence of the operators L, : C,, — B, in weighted approximation we

will use the following Korovkin type theorem.

Theorem 1. [1] Let L, : C,, — By, be a sequence of positive linear operators such that lim,, s ||Ly,(e,) —

erllm =0fore,=1t",r=0,1,2. Then,
1 [|Ly () — =0
for f € G (Ro)-
The following theorem due to Pop [11] will be used in our asymptotic results.

Theorem 2. Let I C R be an interval, x € I,r € N and the function f : 1 — R, f is r times

derivable in x. According to Taylor’s expansion theorem for the function f around x, we have

r (l‘—x)k

=Y

k=0

FOE) + (0 =x) (= x),

where [ is a bounded function and lim;_, u(t —x) = 0. If f (") is a continuous function on I,

then for any 8 >0 |u(t —x)| < ,l,(l+572(l—x)2)w <f(r)a5> :
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3. Convergence

It is obvious from Lemma 1 that the operators .#),, do not satisfy the conditions of the
Bohman-Korovkin theorem in case 0 < g < 1. To make this theorem applicable we can choose
a sequence (g,) in place of the number g such that lim,_,. g, = 1. With this modification we

obtain following Korovkin type theorem.

Theorem 3. Let (g,), 0 < g, < 1 be a real sequence. Then, the sequence 4y 4,(f,X) converge

uniformly to f for any f € Cp(Rp) iff lim,_eoqn = 1.

Proof. Suppose there holds the limit lim,_,. g, = 1. Then, from the definition of g—integers
we get lim,_,e[n]4, = oo. Therefore, lim, e Yin(g,x) = 0,m = 0,1,2. Thus, using Bohman-
Korovkin theorem it follows that ./, , (f,x) = f(x). Let, if possible lim, g, 7# 1. Since
(gn) is monotonically increasing and bounded by 1, it has a subsequence (g, ) converges to

some gg in (0,1). Also we get lim, o [n]4, = 1_]7. Consequently, it follows that

. . [n]g,[n+1]4 X 2qn[nl,
lim up(g,x) = lim . ! ! X
ARl = e -2, T i U2,
2(1—
_ q64x2+ ( 3q0)x%x2
90
which is contradiction. This completes the proof. U

Theorem 4. Let (q,),0 < g, < 1 be a real sequence such that lim,_,« g, = 1. Then, the sequence

M 4, (f,x) converge uniformly to f for any f € Cg(Rg) in ppy norm.

Proof. Clearly, we have ||.#), 4,e0 — eo||»n=0 and we have .#,, 4, (e1,x) —e1 = Y1 (qn,Xx) = ﬁ
n qn

1 L (Plg —gn)x
% . _ 4n n
|- #n.q,e1 = €1llm xsglg) gnln—1],, <1+x’" + 1 +xm
1 21, — " —_1\I=1/m
Ly By —am iy
qn[n - l]qn m
Consequently,

”'//’M]nel —e] ”m — 0.
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[Z]Qn qz dn [z}gn [n]qnx ( [n]l]n [}’l+ I}Qn _ 1) x2
]‘In ’

Next, we have .y q,(e2,%) — €2 = Gr—iioo + o S huar,y T \ @it 2

Therefore, we get

[0, g,(€2,%) = e2lm

< [ a2 [l (m = 1)! /7
q”[n_ I]Qn[n_z]qn mqﬁ[n_ ]‘]Qn[n_z](h
[1lg, [ +1]q, 2%/ (m —2)' 2
+ | -1
qn[n_ I]Qn[n_z]Qn m
P 021l (m = 1)1
qn[n_ I]Qn[n_z]th mqi[l’l_ 1]6["[”_2]61,1
215, 2lg, [2lg, | 22/m(m—2)! 2
qﬁ[l’l— I]Qn[n_z]% q%[l’l_ 1]‘]n q%[n_z]Qn m
Hence,
| A 4, (€2,%) — €2]|m — 0.
Therefore, the proof follows from these limits and Theorem 1. U

Theorem 5. (Voronovskaya-type) If f, f', f”" € Cg(Ry), and q,, be a sequence in (0,1) such that

lim, e g, = 1, then we have

lim (A, (£,6) = F(x)) =5 () + 2" ().

n—soo

Proof. The proof follows from lim,_eo.#y 4,((t —x)/,x),j = 1,2. Using Theorem 2 and the

limit lim,, 1 [n]y, = n, we get

lim (qu (1) — F3) — W1 (g f () — %‘l’z(‘]nax)f"(x)>

n—soo
= lim Ay, ((t —x)*u(t —x),x).

n—eo

Now, we have

Mg (1 =5t =2),2)

1/2
< My (q,x) (Mg (03 —x),0)) 2.
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Since 1 (t —x) € Cp(Ry) it follows that lim, e .2, 4, ((1*(t —x),x)) = p*(x —x) = 0. There-

fore, 1imy—sco My, 4, ((t —x)*14(t — x),x) = O implies

i (4,70~ 1) = Jim (Vi (@20 )+ S¥alans ")) (31)

n—oo n—r

‘We obtain
[n]an
’}gn ll’] (anx) - r}grolo qn[n . 2](],,
2 (3.2)
_ 1 qn _
and
r}l_rgolo II/Z(qnax)
== lim (b2 (x) — 201 (x) + x> o (x))
—tim [n]qzx ([n+1]g,x+2gn) oy [n]g,x L2
n—yeo qpln— 2]qn [n— 3]qn qnln— z]qn

1 1
zlim[ 1+3nq"_3( + )
i { [ ]q " ql;)l[n_z]ch qi‘.l[n_z]Qn

B0

dn }X2
03 [n—2]4,[n—3]g,
2 ([3]g.qn >+ [n— 3]qn)x_ 2 ([Bg.qn >+ [n— 3]qn)x2 )
qgl[n_z’]Qn [n_3]Qn qﬁ[n_z]Qn [n_3]‘h .
(3.3)

+

Therefore, the proof follows from (3.1) to (3.3). ]

4. Local Approximation

The error estimates similar to those in [4], can be obtained by methods used therein. In order

to make the paper complete, we mention two of them without proof.

Theorem 6. Let f € Cg(Ro), g € (0,1) and n > 3. We have

| Mg (fx) — f(x)] <M(D2(f»\/q4%_2]> +w(f’(1(;[L”q—i_21])x).

for every x € [0,00) and f € Cp(Ry).
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Theorem 7. Let f € Lipy, o, @ € (0,1] for x € [0,A] A > 0. Then,

25, (x) )“/ ?

| Mng(f) = FI <M (\/m

5. Weighted Approximation

Theorem 8. For f € C;,,(Ro),m € No,n > 3 there holds

2m-18,(x) \ 218, (x)
%q ) m ) .
)| Hnal5) - 8( ( ﬂ) >Q (fvﬂﬂ”—ﬂ>

2
Proof. We use Steklov functions fj, = # f f(x+ u)du as members of interpolation space be-

tween C;;,(Ro) and Cy,(Ro).
Win(x) (A g(f,3) = (1))
= 5) | (A (f = X)) + (Mg ) = f15)) + (i) = £ ()
= E| + E, + E3, say.

It is sufficient to compute E; because wy, (x)|E1| < wp(x)|E3| < || fr — f]|m- Using the smooth-

ness of fj, by writing f,(¢) = f(x) + (t —x) f;(6) where 6 lies between ¢ and x we get

wmn(X)|E2| = wm(x) |=///n,q ((t —x)f;’,(@),x)|

4
< ! — <y N,y
< et (1t =515) < | 58

By direct calculations we get || fi, — f||m < 2(1+1")Qu,(f,h) and || £} || < %(1+hm)§2m(f,h).

Therefore, we obtain

2" m 4
X) [ g (f2) = ()] < <4<1+h ) S (18, () m)ﬂmu,m

m—1
<4(1+h™) (1 + 276n(x) m ) Qun(f;h).

The proof follows by choosing = w. U
q*[n—2]
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Theorem 9. If f € C;;,(Ry),m € Ny and n > 3 then, there holds

) g (£.2) — £
2 X
< MO (30 vl + 2 (valgo) + 2D 4 G ) Qua(rwal) ).
where M = M(q,m).

Proof. Let f> j, be the Steklov function of order two corresponding to f given by

A h/2h)2
f27h(x):ﬁ//(2f(x+s+t)—f(x-l—2s+2t))dsdt.
0 0
It is known that ([2])
/! 9 m
1f2pllm < 75 (L4 A") Q2 (F, 1)
and

||f_f27h||m < 2(1 +hm)Qm(f7h)'

We define the operator . , ,(f,x) = Myn(f,x) — f(x+ yi(g,x)) + f(x) so that we can write

Man(f:x) = f(x) = [ M gn(f = fo:X)] + [ A gn(f2,0,%) = f2,1]
+ [fx+wi(g,x)) — f(x)],

Using the smoothness of f; , we write

Fan(t) = fon(x) + (1 = x) f2. + Ra(fans1,%),

Ro(fasotx) = [ (¢ =) i) () du

It follows that

x+y1(q,x)
M gn(frnX) = fon(x) = Myn (Ra(fon,1,X),x) — / (x+ wi(g,x) —u) f3 () du.
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Therefore,

)| A (%) = on(®)| < w

Now, using Lemma 3 and Lemma 4, we get

x) ‘%q,n (RZ(fZ,hat7x)7x) ‘
x+y (%x)

(x+ wi(g,x) —u) fy () du

Wi (X)

X

I+ P>, say.

R = wm(x)‘//q,n (RZ(fZ,h’t7x)7x)‘

,x)
) a)

18l (a0 - (L2 )
)

Fwm(x) (wa(g,0)) (14+22)) )

11/4(61,)6)) :

1
B < S| £2allm (v1(g,x))*.

t
< Wm(x)%q,n ( /(t_u)fél,h(u) du
< Wil (142
<
< Mil il (vala.)
< Mol f3alln (walg) +
And
Next

<
Combining these estimates we obtain
%) [ Mg (F.x) ~ £ ()]
< Ms||f = LonllmQm(f,h) + 5

h2

X Qm,Z(fah) (WZ(Q?X)+ 2

W] (q7-x> +

‘Alﬂquf(x)‘(1+wm( ))
ll’l?qvx) 1+W1 (q’x) e

(1+ 1" (¢, %)) Qun(f5 Y1 (g, %))-

4 —(1+n") x

w(q,x)) (4 YT @uF WD)

15
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Choosing i = || y1(q,%)]|, gives

Wm(x) |%n,q(f7x) _f(x)‘
9
< My (14 Y1) (3R v ) + 5 %

2 X
< (vataon+ Y 4 Rl ) Qmats wal).

This completes the proof. 0J

Conflict of Interests

The author declares that there is no conflict of interests.

Acknowledgements
The author Karunesh Kumar Singh was supported by “Council of Scientific and Industrial

Research(CSIR)-New Delhi”, India.

REFERENCES

[1] G. A. Anastassiou and O. Duman, Statistical weighted approximation to derivatives of functions by linear
operators, J. Comput. Anal. Appl. 11 (2009) 20-30.

[2] A. Aral, Approximation by ibragimov-gadjiev operators in polynomial weighted space, Proc. IMM of NAS
of Azerbaijan, 35-44 (2003).

[3] T. Coskun, Some properties of linear positive operators in the weighted spaces of unbounded functions,
Commun. Fac. Sci. Univ. Ank. Series A1, 47 (1998) 175-181.

[4] A.R. Gairola, K. K. Singh and G. Dobhal, On Certain g—Baskakov-Durrmeyer operators, Le Matematiche.,
LXVI (2011) Fasc. 11, 61-76.

[5] M. M. Derriennic, Modified Bernstein polynomials and Jacobi polynomials in g—calculus, Rend. Circ. Mat.
Palermo, Serie II (Suppl.76) 269-290 (2005).

[6] F. H. Jackson, On a g—definite integrals, Quarterly J. Pure Appl. Math. 41 (1910), 193-203.

[7] V. G. Kac and P. Cheung, Quantum Calculus, Universitext, Springer-Verlag, New York, (2002).

[8] T. H. Koornwinder, g—Special Functions, a tutorial, in: Gerstenhaber, M., J. Stasheff (eds) Deformation and
Qauntum groups with Applications of Mathematical Physics, Contemp. Math. 134 (1992), Amer. Math. Soc.
(1992).

[9] G. M. Phillips, Bernstein polynomials based on the g—integers. Annals Numer. Math. 4 (1997), 511-518.



ON THE ¢-VARIANT OF INTEGRAL BASKAKOV OPERATORS 17

[10] G. M. Phillips, Interpolation and Approximation by Polynomials. CMS Books in Mathematics, vol. 14.
Springer: Berlin, 2003.

[11] O. T. Pop, About some linear and positive operators defined by infinite sum, Demonstratio Math. 39 (2006)
377-388.



