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Abstract. By the use of some nonnegative Hermitian forms defined for n-tuple of bounded linear operators on the

Hilbert space (H;〈·, ·〉) we establish new numerical radius and operator norm inequalities for sum of products of

operators. We obtain among others that
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)
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∥∥∥∥∥ n

∑
j=1

∣∣Tj
∣∣2∥∥∥∥∥
∥∥∥∥∥ n
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∥∥∥∥∥
for any n-tuple of operators (T1, ...,Tn) , (V1, ...,Vn) . Applications for power series of normal operators with exam-

ples are given as well.
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1. INTRODUCTION

The numerical radius w(T ) of an operator T on H is given by [15, p. 8]:

(1.1) w(T ) = sup{|λ | ,λ ∈W (T )}= sup{|〈T x,x〉| ,‖x‖= 1} .

It is well known that w(·) is a norm on the Banach algebra B (H) of all bounded linear operators

T : H→H. This norm is equivalent with the operator norm. In fact, the following more precise

result holds [15, p. 9]:

Theorem 1 (Equivalent norm). For any T ∈B (H) one has

(1.2) w(T )≤ ‖T‖ ≤ 2w(T ) .

Some improvements of (1.2) are as follows:

Theorem 2 (Kittaneh, 2003 [20]). For any operator T ∈B (H) we have the following refine-

ment of the first inequality in (1.2)

(1.3) w(T )≤ 1
2

(
‖T‖+

∥∥T 2∥∥1/2
)
.

From a different perspective, we have the following result as well:

Theorem 3 (Dragomir, 2007 [6]). For any operator T ∈B (H) we have

(1.4) w2 (T )≤ 1
2

[
w
(
T 2)+‖T‖2

]
.

The following general result for the product of two operators holds [15, p. 37]:

Theorem 4 (Holbrook, 1969 [17]). If A,B are two bounded linear operators on the Hilbert s-

pace (H,〈·, ·〉) , then w(AB)≤ 4w(A)w(B) . In the case that AB=BA, then w(AB)≤ 2w(A)w(B) .

The constant 2 is best possible here.

The following results are also well known [15, p. 38].

Theorem 5 (Holbrook, 1969 [17]). If A is a unitary operator that commutes with another op-

erator B, then

(1.5) w(AB)≤ w(B) .
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If A is an isometry and AB = BA, then (1.5) also holds true.

For other results on numerical radius inequalities see [1], [3]-[7], [9]-[12], [14] and [18]-[23].

Let X be a linear space over the real or complex number field K and let us denote by H (X)

the class of all positive semi-definite Hermitian forms on X , or, for simplicity, nonnegative

forms on X , i.e., the mapping (·, ·) : X×X →K belongs to H (X) if it satisfies the conditions

(i) (x,x)≥ 0 for all x in X ;

(ii) (αx+βy,z) = α (x,z)+β (y,z) for all x,y ∈ X and α,β ∈K;

(iii) (y,x) = (x,y) for all x,y ∈ X .

If (·, ·) ∈H (X) , then the following equivalent versions of Schwarz’s inequality hold:

(1.6) ‖x‖2 ‖y‖2 ≥ |(x,y)|2 or ‖x‖‖y‖ ≥ |(x,y)|

for any x,y ∈ X .

A simple consequence of the Schwarz inequality is the functional ‖·‖= (·, ·)
1
2 is a semi-norm

on X , i.e. we have the properties

(n) ‖x‖ ≥ 0 for all x in X ;

(nn) ‖αx‖= |α|‖x‖ for all x ∈ X and α ∈K;

(nnn) ‖x+ y‖ ≤ ‖x‖+‖y‖ for all x,y ∈ X (the triangle inequality).

Now, let us observe that H (X) is a convex cone in the linear space of all mappings defined

on X2 with values in K, i.e.,

(e) (·, ·)1 ,(·, ·)2 ∈H (X) implies that (·, ·)1 +(·, ·)2 ∈H (X) ;

(ee) α ≥ 0 and (·, ·) ∈H (X) implies that α (·, ·) ∈H (X) .

For various properties and new results for nonnegative Hermitian forms, see the book [8]

In this paper, by the use of some nonnegative Hermitian forms defined for n-tuple of bounded

linear operators on the Hilbert space (H;〈·, ·〉) we establish some new numerical radius and op-

erator norm inequalities for sums and sum of products of operators. Applications for functions

defined by power series of operators are given. Some applications related for the exponential

function, trigonometric functions and the functions f (z) := (1− z)−1 and g(z) := ln(1− z)−1

are also provided.
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2. INEQUALITIES FOR SUMS

Following Popescu’s work [24], we can consider the following norm on B(H)(n) := B(H)×

·· ·×B(H) , by setting

(2.1) ‖(T1, . . . ,Tn)‖e := sup
(λ1,...,λn)∈Bn

‖λ1T1 + · · ·+λnTn‖

where Bn is the closed unit ball in Cn.

Notice that ‖·‖e is a norm on B(H)(n) and

(2.2) ‖(T1, . . . ,Tn)‖e = ‖(T
∗

1 , . . . ,T
∗

n )‖e .

Now, if we denote by ‖[T1, . . . ,Tn]‖ the square root of the norm ‖∑n
i=1 TiT ∗i ‖ , i.e.,

(2.3) ‖[T1, . . . ,Tn]‖ :=

∥∥∥∥∥ n

∑
i=1

TiT ∗i

∥∥∥∥∥
1
2

,

then we can present the following result due to G. Popescu [24] concerning some sharp inequal-

ities between the norms ‖[T1, . . . ,Tn]‖ and ‖(T1, . . . ,Tn)‖e:

Theorem 6 (Popescu, 2004). If (T1, . . . ,Tn) ∈ B(H)(n) , then

(2.4)
1√
n
‖[T1, . . . ,Tn]‖ ≤ ‖(T1, . . . ,Tn)‖e ≤ ‖[T1, . . . ,Tn]‖ ,

where the constants 1√
n and 1 are best possible in (2.4).

Let (T1, ...,Tn) ∈B (H)× ...×B (H) := B(n) (H) be an n-tuple of bounded linear operators

on the Hilbert space (H;〈·, ·〉) and (p1, ..., pn) ∈ R∗n+ an n-tuple of nonnegative weights not all

of them equal to zero. For an x ∈ H, x 6= 0 we define

(2.5) 〈T,V 〉p,x :=
n

∑
j=1

p j
〈
Tjx,Vjx

〉
=

〈(
n

∑
j=1

p jV ∗j Tj

)
x,x

〉

where T = (T1, ...,Tn) ,V = (V1, ...,Vn) ∈B(n) (H) .

We can then state the following result:

Lemma 1. For any x ∈ H, x 6= 0 and (p1, ..., pn) ∈ R∗n+ we have that 〈·, ·〉p,x is a nonnegative

Hermitian form on B(n) (H).
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Proof. We have that

(2.6) 〈T,T 〉p,x =

〈(
n

∑
j=1

p jT ∗j Tj

)
x,x

〉
=

〈(
n

∑
j=1

p j
∣∣Tj
∣∣2)x,x

〉
≥ 0,

for any T = (T1, ...,Tn) ∈ B(n) (H) , where the operator modulus is defined by |A|2 = A∗A,

A ∈B (H) .

The functional 〈·, ·〉p,x is linear in the first variable and

〈V,T 〉p,x =

〈(
n

∑
j=1

p jT ∗j Vj

)
x,x

〉
=

〈
x,

(
n

∑
j=1

p jT ∗j Vj

)
x

〉
(2.7)

=

〈(
n

∑
j=1

p jT ∗j Vj

)∗
x,x

〉
=

〈(
n

∑
j=1

p jV ∗j Tj

)
x,x

〉
= 〈T,V 〉p,x

for any T = (T1, ...,Tn) ,V = (V1, ...,Vn) ∈B(n) (H) . �

If p = (1, ...,1) , then we denote 〈·, ·〉p,x by 〈·, ·〉x .

Theorem 7. For any T = (T1, ...,Tn) ,V = (V1, ...,Vn) ∈B(n) (H) we have the inequalities

(2.8) w2

(
n

∑
j=1

V ∗j Tj

)
≤

∥∥∥∥∥ n

∑
j=1

∣∣Tj
∣∣2∥∥∥∥∥
∥∥∥∥∥ n

∑
j=1

∣∣Vj
∣∣2∥∥∥∥∥

and

(2.9)

∥∥∥∥∥ n

∑
j=1

∣∣Tj +Vj
∣∣2∥∥∥∥∥

1/2

≤

∥∥∥∥∥ n

∑
j=1

∣∣Tj
∣∣2∥∥∥∥∥

1/2

+

∥∥∥∥∥ n

∑
j=1

∣∣Vj
∣∣2∥∥∥∥∥

1/2

.

Proof. Let x ∈ H, x 6= 0. Writing the Schwarz inequality for the nonnegative Hermitian form

〈·, ·〉x we have

(2.10)

∣∣∣∣∣
〈(

n

∑
j=1

V ∗j Tj

)
x,x

〉∣∣∣∣∣
2

≤

〈(
n

∑
j=1

∣∣Tj
∣∣2)x,x

〉〈(
n

∑
j=1

∣∣Vj
∣∣2)x,x

〉
.
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Taking the supremum over x ∈ H,‖x‖= 1 we have

w2

(
n

∑
j=1

V ∗j Tj

)
= sup
‖x‖=1

∣∣∣∣∣
〈(

n

∑
j=1

V ∗j Tj

)
x,x

〉∣∣∣∣∣
2

≤ sup
‖x‖=1

{〈(
n

∑
j=1

∣∣Tj
∣∣2)x,x

〉〈(
n

∑
j=1

∣∣Vj
∣∣2)x,x

〉}

≤ sup
‖x‖=1

〈(
n

∑
j=1

∣∣Tj
∣∣2)x,x

〉
sup
‖x‖=1

〈(
n

∑
j=1

∣∣Vj
∣∣2)x,x

〉

=

∥∥∥∥∥ n

∑
j=1

∣∣Tj
∣∣2∥∥∥∥∥
∥∥∥∥∥ n

∑
j=1

∣∣Vj
∣∣2∥∥∥∥∥

and the inequality (2.8) is obtained.

Let x ∈ H, x 6= 0. Utilising the triangle inequality for the nonnegative Hermitian form 〈·, ·〉x
we also have

〈(
n

∑
j=1

∣∣Tj +Vj
∣∣2)x,x

〉1/2

(2.11)

≤

〈(
n

∑
j=1

∣∣Tj
∣∣2)x,x

〉1/2

+

〈(
n

∑
j=1

∣∣Vj
∣∣2)x,x

〉1/2

.

Taking the supremum over x ∈ H,‖x‖= 1 we have

∥∥∥∥∥ n

∑
j=1

∣∣Tj +Vj
∣∣2∥∥∥∥∥

1/2

= sup
‖x‖=1

〈(
n

∑
j=1

∣∣Tj +Vj
∣∣2)x,x

〉1/2

≤ sup
‖x‖=1

〈( n

∑
j=1

∣∣Tj
∣∣2)x,x

〉1/2

+

〈(
n

∑
j=1

∣∣Vj
∣∣2)x,x

〉1/2


≤ sup
‖x‖=1

〈(
n

∑
j=1

∣∣Tj
∣∣2)x,x

〉1/2

+ sup
‖x‖=1

〈(
n

∑
j=1

∣∣Vj
∣∣2)x,x

〉1/2

=

∥∥∥∥∥ n

∑
j=1

∣∣Tj
∣∣2∥∥∥∥∥

1/2

+

∥∥∥∥∥ n

∑
j=1

∣∣Vj
∣∣2∥∥∥∥∥

1/2

which proves the inequality (2.9). �
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Corollary 1. For any T = (T1, ...,Tn) ,V = (V1, ...,Vn) ∈B(n) (H) with ∑
n
j=1

∣∣Tj +Vj
∣∣2 6= 0 we

have the following refinement of the triangle inequality∥∥∥∥∥ n

∑
j=1

∣∣Tj +Vj
∣∣2∥∥∥∥∥

1/2

(2.12)

≤
w
(

∑
n
j=1

∣∣Tj
∣∣2 +∑

n
j=1V ∗j Tj

)
+w

(
∑

n
j=1 T ∗j Vj +∑

n
j=1

∣∣Vj
∣∣2)∥∥∥∑

n
j=1

∣∣Tj +Vj
∣∣2∥∥∥1/2

≤

∥∥∥∥∥ n

∑
j=1

∣∣Tj
∣∣2∥∥∥∥∥

1/2

+

∥∥∥∥∥ n

∑
j=1

∣∣Vj
∣∣2∥∥∥∥∥

1/2

.

Proof. Utilising (2.8) we have∥∥∥∥∥ n

∑
j=1

∣∣Tj +Vj
∣∣2∥∥∥∥∥= w

(
n

∑
j=1

∣∣Tj +Vj
∣∣2)= w

(
n

∑
j=1

(
T ∗j +V ∗j

)(
Tj +Vj

))
(2.13)

= w

(
n

∑
j=1

(
Tj +Vj

)∗Tj +
n

∑
j=1

(
Tj +Vj

)∗Vj

)

≤ w

(
n

∑
j=1

(
Tj +Vj

)∗Tj

)
+w

(
n

∑
j=1

(
Tj +Vj

)∗Vj

)

≤

∥∥∥∥∥ n

∑
j=1

∣∣Tj +Vj
∣∣2∥∥∥∥∥

1/2
∥∥∥∥∥ n

∑
j=1

∣∣Tj
∣∣2∥∥∥∥∥

1/2

+

∥∥∥∥∥ n

∑
j=1

∣∣Vj
∣∣2∥∥∥∥∥

1/2


and since

w

(
n

∑
j=1

(
Tj +Vj

)∗Tj

)
= w

(
n

∑
j=1

∣∣Tj
∣∣2 + n

∑
j=1

V ∗j Tj

)
and

w

(
n

∑
j=1

(
Tj +Vj

)∗Vj

)
= w

(
n

∑
j=1

T ∗j Vj +
n

∑
j=1

∣∣Vj
∣∣2) ,

then by dividing (2.13) with
∥∥∥∑

n
j=1

∣∣Tj +Vj
∣∣2∥∥∥ 6= 0 we deduce the desired result (2.12) �

Corollary 2. For any T = (T1, ...,Tn) ∈B(n) (H) we have the inequalities

(2.14) w2

(
n

∑
j=1

T 2
j

)
≤

∥∥∥∥∥ n

∑
j=1

∣∣Tj
∣∣2∥∥∥∥∥
∥∥∥∥∥ n

∑
j=1

∣∣T ∗j ∣∣2
∥∥∥∥∥
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and

(2.15)

∥∥∥∥∥ n

∑
j=1

(
Tj +T ∗j

)2

∥∥∥∥∥
1/2

≤

∥∥∥∥∥ n

∑
j=1

∣∣Tj
∣∣2∥∥∥∥∥

1/2

+

∥∥∥∥∥ n

∑
j=1

∣∣T ∗j ∣∣2
∥∥∥∥∥

1/2

.

Remark 1. If we take Vj = I for all j ∈ {1, ...,n} in (2.8) then we get

(2.16) w2

(
n

∑
j=1

Tj

)
≤ n

∥∥∥∥∥ n

∑
j=1

∣∣Tj
∣∣2∥∥∥∥∥ ,

for any (T1, ...,Tn) ∈B(n) (H) .

Also, if we take Tj :=
A j+A∗j

2 and Vj :=
A j−A∗j

2 for all j ∈ {1, ...,n} , in (2.9), then we get

(2.17)

∥∥∥∥∥ n

∑
j=1

∣∣A j
∣∣2∥∥∥∥∥

1/2

≤

∥∥∥∥∥ n

∑
j=1

(A j +A∗j
2

)2
∥∥∥∥∥

1/2

+

∥∥∥∥∥ n

∑
j=1

(A j−A∗j
2

)2
∥∥∥∥∥

1/2

for any (A1, ...,An) ∈B(n) (H) .

Remark 2. If we take T = (A,B) and V = (B∗,±A∗) in (2.8), where A,B ∈B (H) , then we

have

(2.18) w(BA±AB)≤
∥∥∥|A|2 + |B|2∥∥∥1/2∥∥∥|A∗|2 + |B∗|2∥∥∥1/2

.

In particular, for B = A∗ we get

(2.19) w(A∗A±AA∗)≤
∥∥∥|A|2 + |A∗|2∥∥∥ .

If we take T = (A,A∗) and V = (A∗,A) in (2.9), where A,B ∈B (H) , then we have

‖A+A∗‖ ≤
√

2
∥∥∥|A|2 + |A∗|2∥∥∥1/2

which is equivalent with

(2.20)
∥∥∥∥A+A∗

2

∥∥∥∥2

≤

∥∥∥∥∥ |A|2 + |A∗|22

∥∥∥∥∥ .
Similarly, if we take T = (A,−A∗) and V = (−A∗,A) in (2.9), where A,B ∈B (H) , then we

have

(2.21)
∥∥∥∥A−A∗

2

∥∥∥∥2

≤

∥∥∥∥∥ |A|2 + |A∗|22

∥∥∥∥∥ .
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Now, if we apply the inequality (2.8) for T = (C, I) and V = (I,±D∗) where C,D ∈B (H) ,

then we get

(2.22) w(C±D)≤
∥∥∥|C|2 + I

∥∥∥1/2∥∥∥|D∗|2 + I
∥∥∥1/2

and by taking in this inequality C = BA and D = AB where A,B ∈B (H) , then we get

(2.23) w(BA±AB)≤
∥∥∥|BA|2 + I

∥∥∥1/2∥∥∥|B∗A∗|2 + I
∥∥∥1/2

and, in particular, for B = A∗

w(A∗A±AA∗)≤
∥∥∥|A|4 + I

∥∥∥1/2∥∥∥|A∗|4 + I
∥∥∥1/2

.

If we choose T = (B, I) and V =
(
A∗,(AB)∗

)
in (2.8), where A,B ∈B (H) , then we get

4w2 (AB)≤
∥∥∥|B|2 + I

∥∥∥∥∥∥|A∗|2 + ∣∣(AB)∗
∣∣2∥∥∥ .

Since

|A∗|2 +
∣∣(AB)∗

∣∣2 = AA∗+ABB∗A∗ = A
(

I + |B∗|2
)

A∗

then we have

(2.24) w(AB)≤

∥∥∥∥∥I + |B|2

2

∥∥∥∥∥
1/2∥∥∥∥∥A

(
I + |B∗|2

2

)
A∗
∥∥∥∥∥

1/2

for any A,B ∈B (H) .

If we take in (2.24) A = I, then we have

(2.25) w(B)≤

∥∥∥∥∥I + |B|2

2

∥∥∥∥∥
1/2∥∥∥∥∥I + |B∗|2

2

∥∥∥∥∥
1/2

for any B ∈B (H) .

If we choose A = B in (2.24) then we get

(2.26) w
(
B2)≤ ∥∥∥∥∥I + |B|2

2

∥∥∥∥∥
1/2∥∥∥∥∥B

(
I + |B∗|2

2

)
B∗
∥∥∥∥∥

1/2

while for A = B∗ we get

(2.27) ‖B‖2 ≤

∥∥∥∥∥I + |B|2

2

∥∥∥∥∥
1/2∥∥∥∥∥B∗

(
I + |B∗|2

2

)
B

∥∥∥∥∥
1/2

for any B ∈B (H) .
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Remark 3. Let C = A+ iB be the Cartesian decomposition of the operator C. Then A and B

are selfadjoint and

A2 +B2 =
1
2
(C∗C+CC∗) =

1
2

(
|C|2 + |C∗|2

)
.

Moreover

A =
C+C∗

2
and B =

C−C∗

2i
.

If we apply the inequality (2.8) for T = (A, iI) ,V = (I,B) then we get

(2.28) w(C)≤
∥∥∥|A|2 + I

∥∥∥1/2∥∥∥|B|2 + I
∥∥∥1/2

.

For an n-tuple of operators T = (T1, ...,Tn) ∈ B(n) (H) we consider the weighted s-norms

defined as follows:

(2.29) ‖T‖p,s :=

(
n

∑
j=1

p j
∥∥Tj
∥∥s

)1/s

if s≥ 1

where ‖·‖ is the usual operator norm on B (H) and p = (p1, ..., pn) ∈ R∗n+ is a given sequence.

Proposition 1. The mapping ‖(·, ..., ·)‖p,` : B(n) (H)→ [0,∞) defined by

‖T‖p,` := ‖(T1, ...,Tn)‖p,` :=

∥∥∥∥∥ n

∑
j=1

p j
∣∣Tj
∣∣2∥∥∥∥∥

1/2

is a norm on B(n) (H) and

(2.30) max
k∈{1,...,n}

{
p1/2

k ‖Tk‖
}
≤ ‖T‖p,` ≤ ‖T‖p,2 .

Proof. The fact that ‖αT‖p,` := |α|‖T‖p,` follows by the definition while the triangle inequality

can be obtained from (2.9) written for the sequences
√

pkTk and
√

pkVk, k ∈ {1, ...,n} .

We observe that
n

∑
j=1

p j
∣∣Tj
∣∣2 ≥ pk |Tk|2

in the operator order of B (H) for any k ∈ {1, ...,n} . This implies∥∥∥∥∥ n

∑
j=1

p j
∣∣Tj
∣∣2∥∥∥∥∥≥ ∥∥∥pk |Tk|2

∥∥∥= pk ‖Tk‖2
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for any k ∈ {1, ...,n}, which implies that∥∥∥∥∥ n

∑
j=1

p j
∣∣Tj
∣∣2∥∥∥∥∥

1/2

≥ max
k∈{1,...,n}

{
p1/2

k ‖Tk‖
}

and the first inequality in (2.30).

By the triangle inequality for the operator norm we also have∥∥∥∥∥ n

∑
j=1

p j
∣∣Tj
∣∣2∥∥∥∥∥≤ n

∑
j=1

∥∥∥p j
∣∣Tj
∣∣2∥∥∥= n

∑
j=1

p j
∥∥Tj
∥∥2

which implies that ∥∥∥∥∥ n

∑
j=1

p j
∣∣Tj
∣∣2∥∥∥∥∥

1/2

≤

(
n

∑
j=1

p j
∥∥Tj
∥∥2

)1/2

and the corollary is proved. �

Remark 4. We observe that for p = (1, ...,1) we have

‖(T1, ...,Tn)‖p,` :=

∥∥∥∥∥ n

∑
j=1

∣∣Tj
∣∣2∥∥∥∥∥

1/2

= ‖[T ∗1 , . . . ,T ∗n ]‖

with the notation from (2.3), which satisfies the inequalities (2.4).

We have the alternative inequality as follows:

Theorem 8. For any T = (T1, ...,Tn) ,V = (V1, ...,Vn) ∈B(n) (H) we have the inequalities

(2.31) w

(
n

∑
j=1

V ∗j Tj

)
≤

∥∥∥∥∥ n

∑
j=1

∣∣Tj
∣∣2 + ∣∣Vj

∣∣2
2

∥∥∥∥∥
and

(2.32)

∥∥∥∥∥ n

∑
j=1

∣∣∣∣Tj +Vj

2

∣∣∣∣2
∥∥∥∥∥≤

∥∥∥∥∥ n

∑
j=1

∣∣Tj
∣∣2 + ∣∣Vj

∣∣2
2

∥∥∥∥∥ .
Proof. Let x ∈ H, x 6= 0. Taking the square root in (2.10) and utilising the arithmetic mean-

geometric mean inequality we have∣∣∣∣∣
〈(

n

∑
j=1

V ∗j Tj

)
x,x

〉∣∣∣∣∣≤
〈(

n

∑
j=1

∣∣Tj
∣∣2)x,x

〉1/2〈( n

∑
j=1

∣∣Vj
∣∣2)x,x

〉1/2

≤

〈(
n

∑
j=1

∣∣Tj
∣∣2 + ∣∣Vj

∣∣2
2

)
x,x

〉
.
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Taking the supremum over x ∈ H,‖x‖= 1 we obtain the desired inequality (2.31).

Now, if we take the square in the inequality (2.11) we get〈(
n

∑
j=1

∣∣Tj +Vj
∣∣2)x,x

〉

≤

〈( n

∑
j=1

∣∣Tj
∣∣2)x,x

〉1/2

+

〈(
n

∑
j=1

∣∣Vj
∣∣2)x,x

〉1/2
2

=

〈(
n

∑
j=1

[∣∣Tj
∣∣2 + ∣∣Vj

∣∣2])x,x

〉
+2

〈(
n

∑
j=1

∣∣Tj
∣∣2)x,x

〉1/2〈( n

∑
j=1

∣∣Vj
∣∣2)x,x

〉1/2

and since, as above,

2

〈(
n

∑
j=1

∣∣Tj
∣∣2)x,x

〉1/2〈( n

∑
j=1

∣∣Vj
∣∣2)x,x

〉1/2

≤

〈(
n

∑
j=1

[∣∣Tj
∣∣2 + ∣∣Vj

∣∣2])x,x

〉
.

then we get 〈(
n

∑
j=1

∣∣Tj +Vj
∣∣2)x,x

〉
≤ 2

〈(
n

∑
j=1

[∣∣Tj
∣∣2 + ∣∣Vj

∣∣2])x,x

〉
for any x ∈ H, x 6= 0.

Taking the supremum over x ∈ H,‖x‖= 1 we obtain the desired inequality (2.32). �

Corollary 3. For any T = (T1, ...,Tn) ∈B(n) (H) we have the inequalities

(2.33) w

(
n

∑
j=1

T 2
j

)
≤

∥∥∥∥∥∥∥
n

∑
j=1

∣∣Tj
∣∣2 + ∣∣∣T ∗j ∣∣∣2

2

∥∥∥∥∥∥∥
and

(2.34)

∥∥∥∥∥ n

∑
j=1

∣∣∣∣Tj±T ∗j
2

∣∣∣∣2
∥∥∥∥∥≤

∥∥∥∥∥∥∥
n

∑
j=1

∣∣Tj
∣∣2 + ∣∣∣T ∗j ∣∣∣2

2

∥∥∥∥∥∥∥ .
Remark 5. If we take Vj = I for all j ∈ {1, ...,n} in (2.31) then we get

(2.35) w

(
n

∑
j=1

Tj

)
≤

∥∥∥∥∥ n

∑
j=1

∣∣Tj
∣∣2 + I
2

∥∥∥∥∥
for any (T1, ...,Tn) ∈B(n) (H) .
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Remark 6. If we take T = (A,B) and V = (B∗,±A∗) in the inequality (2.31), where A,B ∈

B (H) , then we get

(2.36) w(BA±AB)≤

∥∥∥∥∥ |A|2 + |A∗|2 + |B|2 + |B∗|22

∥∥∥∥∥ ,
which was obtained in [21] as a particular case of a different result. In particular, for B = A∗

we recapture (2.19).

Now, if we apply the inequality (2.31) for T = (C, I) and V = (I,±D∗) , where C,D∈B (H) ,

then we get

(2.37) w(C±D)≤

∥∥∥∥∥ |C|2 + |D∗|22
+ I

∥∥∥∥∥
and by taking in this inequality C = BA and D = AB, where A,B ∈B (H) , then we get

(2.38) w(BA±AB)≤

∥∥∥∥∥ |BA|2 + |B∗A∗|2

2
+ I

∥∥∥∥∥
and, in particular, for B = A∗

(2.39) w(A∗A±AA∗)≤

∥∥∥∥∥ |A|4 + |A∗|42
+ I

∥∥∥∥∥ .
If we choose T = (B, I) and V =

(
A∗,(AB)∗

)
in (2.31), where A,B ∈B (H) , then we get

(2.40) w(AB)≤

∥∥∥∥∥ |B|2 + I + |A∗|2 +
∣∣(AB)∗

∣∣2
4

∥∥∥∥∥
or, equivalently

(2.41) w(AB)≤

∥∥∥∥∥∥
I + |B|2 +A

(
I + |B∗|2

)
A∗

4

∥∥∥∥∥∥ ,
for any A,B ∈B (H) .

If we choose A = I in (2.41), then we get

(2.42) w(B)≤

∥∥∥∥∥1
2

I +
|B|2 + |B∗|2

4

∥∥∥∥∥ ,
for any B ∈B (H) , while, if we choose B = I in the same inequality, then we have

w(A)≤

∥∥∥∥∥I + |A∗|2

2

∥∥∥∥∥ ,
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for any A ∈B (H) . If in this inequality we take A∗ instead of A and use the fact that w(A) =

w(A∗), then we get

(2.43) w(A)≤min

{∥∥∥∥∥I + |A∗|2

2

∥∥∥∥∥ ,
∥∥∥∥∥I + |A|2

2

∥∥∥∥∥
}

for any A ∈B (H) .

Moreover, if we take A = B in (2.41), then we get

(2.44) w
(
B2)≤

∥∥∥∥∥∥
I + |B|2 +B

(
I + |B∗|2

)
B∗

4

∥∥∥∥∥∥ ,
while if we take A = B∗ in the same inequality, then we have

(2.45) ‖B‖ ≤

∥∥∥∥∥∥
I + |B|2 +B∗

(
I + |B∗|2

)
B

4

∥∥∥∥∥∥
1/2

,

for any B ∈B (H) .

3. APPLICATIONS FOR FUNCTIONS OF NORMAL OPERATORS

From the inequalities (2.8) and (2.9) we have the weighted inequalities

(3.1) w2

(
n

∑
j=1

p jVjTj

)
≤

∥∥∥∥∥ n

∑
j=1

p j
∣∣Tj
∣∣2∥∥∥∥∥
∥∥∥∥∥ n

∑
j=1

p j
∣∣V ∗j ∣∣2

∥∥∥∥∥
and

(3.2)

∥∥∥∥∥ n

∑
j=1

p j
∣∣Tj +V ∗j

∣∣2∥∥∥∥∥
1/2

≤

∥∥∥∥∥ n

∑
j=1

p j
∣∣Tj
∣∣2∥∥∥∥∥

1/2

+

∥∥∥∥∥ n

∑
j=1

p j
∣∣V ∗j ∣∣2

∥∥∥∥∥
1/2

,

while from the inequalities (2.31) and (2.32) we have

(3.3) w

(
n

∑
j=1

p jVjTj

)
≤

∥∥∥∥∥∥∥
n

∑
j=1

p j


∣∣Tj
∣∣2 + ∣∣∣V ∗j ∣∣∣2

2


∥∥∥∥∥∥∥

and

(3.4)

∥∥∥∥∥ n

∑
j=1

p j

∣∣∣∣Tj +V ∗j
2

∣∣∣∣2
∥∥∥∥∥≤

∥∥∥∥∥∥∥
n

∑
j=1

p j


∣∣Tj
∣∣2 + ∣∣∣V ∗j ∣∣∣2

2


∥∥∥∥∥∥∥ ,

where T = (T1, ...,Tn) ,V = (V1, ...,Vn) ∈B(n) (H) ,(p1, ..., pn) ∈ R∗n+ .
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These inequalities will be used in the follows to obtain some results for functions of normal

operators.

Theorem 9. Let f (z) := ∑
∞
j=0 p jz j a power series with nonnegative coefficients and convergent

on the open disk D(0,R) ,R > 0. If T and V are two normal and commuting operators with

‖T‖2 ,‖V‖2 < R, then we have the inequalities

(3.5) w( f (V T ))≤
∥∥∥ f
(
|T |2

)∥∥∥1/2∥∥∥ f
(
|V |2

)∥∥∥1/2

and ∥∥∥ f
(
|T |2

)
+ f (V T )+ f (V ∗T ∗)+ f

(
|V |2

)∥∥∥1/2
(3.6)

≤
∥∥∥ f
(
|T |2

)∥∥∥1/2
+
∥∥∥ f
(
|V |2

)∥∥∥1/2
,

and the inequalities

(3.7) w( f (V T ))≤

∥∥∥∥∥∥
f
(
|T |2

)
+ f

(
|V |2

)
2

∥∥∥∥∥∥
and

(3.8)

∥∥∥∥∥∥
f
(
|T |2

)
+ f (V T )+ f (V ∗T ∗)+ f

(
|V |2

)
4

∥∥∥∥∥∥≤
∥∥∥∥∥∥

f
(
|T |2

)
+ f

(
|V |2

)
2

∥∥∥∥∥∥ .
Proof. If we use the inequality (3.1) for the powers of operators we have

(3.9) w2

(
m

∑
j=0

p jV jT j

)
≤

∥∥∥∥∥ m

∑
j=0

p j
∣∣T j∣∣2∥∥∥∥∥

∥∥∥∥∥ m

∑
j=0

p j

∣∣∣(V ∗) j
∣∣∣2∥∥∥∥∥

for any m≥ 1.

Since V and T are normal we have
∣∣T j
∣∣2 = |T |2 j and

∣∣∣(V ∗) j
∣∣∣2 = |V |2 j for any j ∈ {0, ...,m}

and by the commutativity of V and T we also have V jT j = (V T ) j for any j ∈ {0, ...,m} .

Therefore from (3.9) we have

(3.10) w2

(
m

∑
j=0

p j (V T ) j

)
≤

∥∥∥∥∥ m

∑
j=0

p j |T |2 j

∥∥∥∥∥
∥∥∥∥∥ m

∑
j=0

p j |V |2 j

∥∥∥∥∥
for any m≥ 1.

Since all the series whose partial sums are involved in the inequality (3.10) are convergent

then by letting m→ ∞ in (3.10) we get (3.5).
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By the normality and commutativity of V and T we have

m

∑
j=0

p j

∣∣∣T j +(V ∗) j
∣∣∣2 = m

∑
j=0

p j

[
|T |2 j +(V T ) j +(V ∗T ∗) j + |V |2 j

]
.

Then from (3.6) we have∥∥∥∥∥ m

∑
j=0

p j

[
|T |2 j +(V T ) j +(V ∗T ∗) j + |V |2 j

]∥∥∥∥∥
1/2

(3.11)

≤

∥∥∥∥∥ m

∑
j=0

p j |T |2 j

∥∥∥∥∥
1/2

+

∥∥∥∥∥ m

∑
j=0

p j |V |2 j

∥∥∥∥∥
1/2

for any m≥ 1.

Since all the series whose partial sums are involved in the inequality (3.11) are convergent

then by letting m→ ∞ in (3.11) we get (3.6).

The other two inequalities follow in a similar way and the details are omitted. �

Corollary 4. Let f (z) :=∑
∞
j=0 p jz j a power series with nonnegative coefficients and convergent

on the open disk D(0,R) ,R > 0. If T and V are two selfadjoint and commuting operators with

‖T‖2 ,‖V‖2 < R, then we have the inequalities

(3.12) ‖ f (V T )‖ ≤
∥∥ f
(
T 2)∥∥1/2∥∥ f

(
V 2)∥∥1/2

and

(3.13)
∥∥ f
(
T 2)+2 f (V T )+ f

(
V 2)∥∥1/2 ≤

∥∥ f
(
T 2)∥∥1/2

+
∥∥ f
(
V 2)∥∥1/2

,

and the inequalities

(3.14) ‖ f (V T )‖ ≤

∥∥∥∥∥ f
(
T 2)+ f

(
V 2)

2

∥∥∥∥∥
and

(3.15)

∥∥∥∥∥ f
(
T 2)+2 f (V T )+ f

(
V 2)

4

∥∥∥∥∥≤
∥∥∥∥∥ f
(
T 2)+ f

(
V 2)

2

∥∥∥∥∥ .
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Proof. If T and V are two selfadjoint and commuting operators, then

f ∗ (V T ) =

(
lim
n→∞

n

∑
j=0

p j (V T ) j

)∗
= lim

n→∞

n

∑
j=0

p j

(
(V T ) j

)∗
= lim

n→∞

n

∑
j=0

p j
(
(V T )∗

) j
= lim

n→∞

n

∑
j=0

p j (T ∗V ∗)
j

= lim
n→∞

n

∑
j=0

p j (TV ) j = lim
n→∞

n

∑
j=0

p j (V T ) j = f (V T )

showing that f (V T ) is selfadjoint. Then w( f (V T )) = ‖ f (V T )‖ and by Theorem 9 we get the

desired results. �

4. OTHER APPLICATIONS FOR POWER SERIES

Now, by the help of power series f (z) = ∑
∞
n=0 anzn we can naturally construct another power

series which will have as coefficients the absolute values of the coefficient of the original series,

namely, fa (z) := ∑
∞
n=0 |an|zn. It is obvious that this new power series will have the same radius

of convergence as the original series. We also notice that if all coefficients an ≥ 0, then fa = f .

Theorem 10. Let f (z) := ∑
∞
j=0 a jz j be a power series with complex coefficients and convergent

on the open disk D(0,R) ,R > 0. If A ∈B (H) is such that

(4.1)

∥∥∥∥∥I + |A∗|2

2

∥∥∥∥∥ ,
∥∥∥∥∥I + |A|2

2

∥∥∥∥∥< R

then

(4.2) w( f (A))≤min

{
fa

(∥∥∥∥∥I + |A∗|2

2

∥∥∥∥∥
)
, fa

(∥∥∥∥∥I + |A|2

2

∥∥∥∥∥
)}

.

Proof. Let m≥ 1. Utilising the properties of the numerical radius we have

(4.3) w

(
m

∑
n=0

anAn

)
≤

m

∑
n=0
|an|w(An)≤

m

∑
n=0
|an|wn (A) .

On making use of the inequality (2.43) we have

wn (A)≤min

{∥∥∥∥∥I + |A∗|2

2

∥∥∥∥∥
n

,

∥∥∥∥∥I + |A|2

2

∥∥∥∥∥
n}
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which implies

(4.4)
m

∑
n=0
|an|wn (A)≤

m

∑
n=0
|an|min

{∥∥∥∥∥I + |A∗|2

2

∥∥∥∥∥
n

,

∥∥∥∥∥I + |A|2

2

∥∥∥∥∥
n}

.

Utilising the elementary inequality for nonnegative numbers p j,c j,d j with j∈{0, ...,m} ,m≥

1
m

∑
j=0

p j min
{

c j,d j
}
≤min

{
m

∑
j=0

p jc j,
m

∑
j=0

p jd j

}
,

we have

m

∑
n=0
|an|min

{∥∥∥∥∥I + |A∗|2

2

∥∥∥∥∥
n

,

∥∥∥∥∥I + |A|2

2

∥∥∥∥∥
n}

(4.5)

≤min

{
m

∑
n=0
|an|

∥∥∥∥∥I + |A∗|2

2

∥∥∥∥∥
n

,
m

∑
n=0
|an|

∥∥∥∥∥I + |A|2

2

∥∥∥∥∥
n}

.

By the inequalities (4.3)-(4.5) we conclude that

(4.6) w

(
m

∑
n=0

anAn

)
≤min

{
m

∑
n=0
|an|

∥∥∥∥∥I + |A∗|2

2

∥∥∥∥∥
n

,
m

∑
n=0
|an|

∥∥∥∥∥I + |A|2

2

∥∥∥∥∥
n}

for any m≥ 1.

Since all the series whose partial sums are involved in (4.6) are convergent, then by letting

m→ ∞ in (4.6) we deduce the desired result (4.2). �

Remark 7. Since ∥∥∥∥∥I + |A∗|2

2

∥∥∥∥∥ ,
∥∥∥∥∥I + |A|2

2

∥∥∥∥∥≤ 1+‖A‖2

2

and if we assume that the convergence radius R > 1, then by the monotonicity and convexity of

the power series fa (z) := ∑
∞
n=0 |an|zn on (0,R) we also have the inequality

max

{
fa

(∥∥∥∥∥I + |A∗|2

2

∥∥∥∥∥
)
, fa

(∥∥∥∥∥I + |A|2

2

∥∥∥∥∥
)}

(4.7)

≤
fa (1)+ fa

(
‖A‖2

)
2

,

provided ‖A‖2 < R.



INEQUALITIES FOR SUMS 19

Theorem 11. Let f (z) := ∑
∞
j=0 a jz j be a power series with complex coefficients and convergent

on the open disk D(0,R) ,R > 1. If A,B ∈B (H) are such that ‖A‖2 ,‖B‖2 ,‖AB‖2 < R, then

w( f (AB)) ≤ fa

(∥∥∥∥∥I + |B|2 + |A∗|2 +
∣∣(AB)∗

∣∣2
4

∥∥∥∥∥
)

(4.8)

≤ 1
4

[
fa (1)+ fa

(
‖A‖2

)
+ fa

(
‖B‖2

)
+ fa

(
‖AB‖2

)]
.

Proof. Let m≥ 1. Utilising the properties of the numerical radius we have

w

(
m

∑
n=0

an (AB)n

)
≤

m

∑
n=0
|an|w((AB)n)≤

m

∑
n=0
|an|wn (AB) .

On making use of the inequality (2.40) we have

m

∑
n=0
|an|wn (AB)≤

m

∑
n=0
|an|

∥∥∥∥∥I + |B|2 + |A∗|2 +
∣∣(AB)∗

∣∣2
4

∥∥∥∥∥
n

.

Since

∥∥∥∥∥I + |B|2 + |A∗|2 +
∣∣(AB)∗

∣∣2
4

∥∥∥∥∥≤ 1
4

(
1+‖A‖2 +‖B‖2 +‖AB‖2

)
< R,

it follows that the series whose partial sums are involved above are convergent and the first part

of (4.8) holds true.

The second part follows by the monotonicity and convexity of fa on (0,R) . �

Corollary 5. Let f (z) := ∑
∞
j=0 a jz j be a power series with complex coefficients and convergent

on the open disk D(0,R) ,R > 1. If B ∈B (H) is such that ‖B‖2 < R, then

(4.9) w( f (B))≤ fa

(∥∥∥∥∥1
2

I +
|B|2 + |B∗|2

4

∥∥∥∥∥
)
≤ 1

2

[
fa (1)+ fa

(
‖B‖2

)]
.
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5. SOME EXAMPLES

We recall some examples of functions defined by power series with nonnegative coefficients

1
1− z

=
∞

∑
n=0

zn, z ∈ D(0,1) ;(5.1)

coshz =
∞

∑
n=0

1
(2n)!

z2n, z ∈ C;

sinhz =
∞

∑
n=0

1
(2n+1)!

z2n+1, z ∈ C;

ln
1

1− z
=

∞

∑
n=1

1
n!

zn, z ∈ D(0,1) .

Other important examples of functions as power series representations with nonnegative coeffi-

cients are:

exp(z) =
∞

∑
n=0

1
n!

zn, z ∈ C;(5.2)

1
2

ln
(

1+ z
1− z

)
=

∞

∑
n=1

1
2n−1

z2n−1, z ∈ D(0,1) ;

sin−1 (z) =
∞

∑
n=0

Γ
(
n+ 1

2

)
√

π (2n+1)n!
z2n+1, z ∈ D(0,1) ;

tanh−1 (z) =
∞

∑
n=1

1
2n−1

z2n−1, z ∈ D(0,1) ;

2F1 (α,β ,γ,z) =
∞

∑
n=0

Γ(n+α)Γ(n+β )Γ(γ)

n!Γ(α)Γ(β )Γ(n+ γ)
zn,α,β ,γ > 0,

z ∈ D(0,1) ;

where Γ is Gamma function.

Now, if we use, for instance, the inequality (3.5) we have the following inequalities

w
(
(I−V T )−1

)
≤
∥∥∥∥(I−|T |2

)−1
∥∥∥∥1/2∥∥∥∥(I−|V |2

)−1
∥∥∥∥1/2

,

and

w
(

ln(I−V T )−1
)
≤
∥∥∥∥ln
(

I−|T |2
)−1

∥∥∥∥1/2∥∥∥∥ln
(

I−|V |2
)−1

∥∥∥∥1/2

,

for any T and V two normal and commuting operators with ‖T‖ ,‖V‖< 1.
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If T and V are normal and commuting operators, then we also have

w(exp(V T ))≤
∥∥∥exp

(
|T |2

)∥∥∥1/2∥∥∥exp
(
|V |2

)∥∥∥1/2
,

and

w(sinh(V T ))≤
∥∥∥sinh

(
|T |2

)∥∥∥1/2∥∥∥sinh
(
|V |2

)∥∥∥1/2
.

If we use the inequality (3.7) then we get

w
(
(I−V T )−1

)
≤

∥∥∥∥∥∥∥
(

1−|T |2
)−1

+
(

I−|V |2
)−1

2

∥∥∥∥∥∥∥ ,
and

w
(

ln(I−V T )−1
)
≤

∥∥∥∥∥∥∥
ln
(

I−|T |2
)−1

+ ln
(

I−|V |2
)−1

2

∥∥∥∥∥∥∥ ,
for any T and V two normal and commuting operators with ‖T‖ ,‖V‖< 1.

If T and V are normal and commuting operators, then we also have

w(exp(V T ))≤

∥∥∥∥∥∥
exp
(
|T |2

)
+ exp

(
|V |2

)
2

∥∥∥∥∥∥ ,
and

w(cosh(V T ))≤

∥∥∥∥∥∥
cosh

(
|T |2

)
+ cosh

(
|V |2

)
2

∥∥∥∥∥∥ .
We notice that if

f (z) =
∞

∑
n=1

(−1)n

n
zn = ln

1
1+ z

, z ∈ D(0,1) ;(5.3)

g(z) =
∞

∑
n=0

(−1)n

(2n)!
z2n = cosz, z ∈ C;

h(z) =
∞

∑
n=0

(−1)n

(2n+1)!
z2n+1 = sinz, z ∈ C;

l (z) =
∞

∑
n=0

(−1)n zn =
1

1+ z
, z ∈ D(0,1) ;
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then the corresponding functions constructed by the use of the absolute values of the coefficients

are

fa (z) =
∞

∑
n=1

1
n!

zn = ln
1

1− z
, z ∈ D(0,1) ;(5.4)

ga (z) =
∞

∑
n=0

1
(2n)!

z2n = coshz, z ∈ C;

ha (z) =
∞

∑
n=0

1
(2n+1)!

z2n+1 = sinhz, z ∈ C;

la (z) =
∞

∑
n=0

zn =
1

1− z
, z ∈ D(0,1) .

On making use of the inequality (4.2) we have

w
(
(I±A)−1

)
≤min


(

1−

∥∥∥∥∥I + |A∗|2

2

∥∥∥∥∥
)−1

,

(
1−

∥∥∥∥∥I + |A|2

2

∥∥∥∥∥
)−1


for any A ∈B (H) with ‖A‖< 1.

By the inequalities (4.2) and (4.7) we also have

w(exp(A))≤min

{(
exp

(∥∥∥∥∥I + |A∗|2

2

∥∥∥∥∥
))

,exp

(∥∥∥∥∥I + |A|2

2

∥∥∥∥∥
)}

and

w(sin(A))≤min

{(
sinh

(∥∥∥∥∥I + |A∗|2

2

∥∥∥∥∥
))

,sinh

(∥∥∥∥∥I + |A|2

2

∥∥∥∥∥
)}

for any A ∈B (H) .

The interested reader may state further similar results by utilising the other general inequal-

ities obtained above or other examples of functions defined by power series. The details are

omitted.
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[22] V. MÜLLER, The numerical radius of a commuting product, Michigan Math. J. 39 (1988), 255-260.

[23] K. OKUBO and T. ANDO, Operator radii of commuting products, Proc. Amer. Math. Soc. 56 (1976), 203-

210.

[24] G. POPESCU, Unitary invariants in multivariable operator theory. Mem. Amer. Math. Soc. 200 (2009), no.

941, vi+91 pp. ISBN: 978-0-8218-4396-3 , Preprint, Arχiv.math.04/0410492.


