Available online at http://scik.org
Adv. Inequal. Appl. 2014, 2014:10
ISSN: 2050-7461

NOOR ITERATION FOR FIXED POINT AND VARIATIONAL INCLUSION
PROBLEMS

Z.J.ZHU

Institute of Mathematics and Information Science, Hubei, China

Copyright (©) 2013 Z.J. Zhu. This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this article, Noor iteration is considered for finding a common element in the set of fixed points
of a non-expansive mapping and in the set of solutions of a variational inclusion problem. Strong convergence

theorems are established in the framework of Hilbert spaces.

Keywords: monotone operator; nonexpansive mapping; fixed point; Noor iteration.

2000 AMS Subject Classification: 47H05, 47H09, 47H10

1. Introduction-Preliminaries

Variational inclusion problems are being used as mathematical programming models to study
a large number of optimization problems arising in finance, economics, network, transportation,
and engineering sciences; see [1-21] and the references therein.

Let H be a real Hilbert space H and A a mapping on H. Recall that A is said to be monotone
if

<Ax—Ay,X—y>ZO7 Vx:)’GH,
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A 1s said to be a-strongly monotone if there exists a constant ¢ > 0 such that
(Ax—Ay,x—y) > alx—y|]*, Vx,y€H;
A 1s said to be a-strongly anti-monotone if there exists a constant & > 0 such that
(Ax—Ay,x—y) < (—a)|lx—y|?, Vx,yeH;
A is said to be L-Lipschitz continuous if there exits a constant such that L > 0 such that
|Ax = Ayl| < Llx—yl[, Vx,y € H;
A is said to be nonexpansive if
|Ax —Ay[| < [lx—=yll,  Vx,y€H.
A is said to be strictly pseudocontractive if
1A —Ay|]* < [le—yI? + K[| (I = A)x— (I = AP, ¥x,y€H.

Let C be a nonempty, closed and convex subset of H. Recall that the classical variational

inequality problem is to find u € C such that
(Au,v—u) >0, YveC. (1.1)

One can see that the variational inequality problem (1.1) is equivalent to a fixed point problem.
u € C is a solution of the variational inequality (1.1) if and only if u € C is a fixed point of the
mapping Pc(I — AA), where [ is the identity mapping and A > 0 is a constant.

Recently, Noor and Huang [15] consider a three-step iterative method for finding a common
element in the set of fixed points of a non-expansive mapping and in the set of solutions of the
variational inequality problem (1.1) in a real Hilbert space. To be more precise, they introduced

the following algorithm:

xg € C,
zn = (1—=cp)xn+cnSPc(x, — pTxy),

Yn = (1= bp)xn +bpSPc(yn — PTYn),

Xn+1 = (1 _an>xn +anSPC(yn —PT)’n), Vn >0
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where {a,}, {b,} and {c,} are sequences in [0,1] for all n > 0, S is a non-expansive mapping
and T is a monotone-type operator. They showed that the sequence {x, } generated by the above
iterative sequence converges strongly to a common element in the set of fixed points of a non-
expansive mapping S and in the set of solutions of the variational inequality problem (1.1); see
[15] for details.

In [16], Noor and Huang considered the following variational inclusion problem. Find an

u € H such that
0€Au+Tu, (1.2)

where T and A are monotone operators. They also consider the following three-step iterative

algorithm:

(
X0 € H,
Zn = (1 —cp)xn+cnSIa(xn — pTxy),

Yn = (1= by)xn +bpSIa(yn — PTyn),

\xn+1 = (1—ap)xn+anSIas(yn—pTyn), Vn>0

where {a,}, {b,} and {c,} are sequences in [0, 1] for all n > 0, § is a non-expansive mapping,
Jy = (I+pA)~1. They showed that the sequence {x,} generated by the above iterative sequence
converges strongly to a common element in the set of fixed points of a non-expansive mapping
S and in the set of solutions of the variational inclusion problem (1.2); see [16] for details.

Motivated by the recent research work, we continue to study the problem of finding a solution
of the problem by a Noor iteration.
Lemma 1.1 [22] Suppose that {5,} is a nonnegative sequence satisfying the following inequal-
ity

01 < (1—=An)8y, Vn2>0,

where {A,} is a sequence in [0, 1] such that },,_, Ay = oo. Then lim,_0 6, = 0.

Lemma 1.2 [21] Let H be a Hilbert space. An element u € H is a solution of the problem (1.3)
if and only if u € H is a fixed point of the mapping Jy(I1+pT), where Jy = (I+pA)~', L is the

identity mapping and T is a strongly anti-monotone mapping.
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Lemma 1.3. Let H be a Hilbert space and S : H — H a nonexpansive mapping with a fixed

point. Assume that F(S)NS(A,T) #0. Ifuec F(S)NS(A,T), then u = SJy(I+pT)u.

Proof. Fix u € F(S)NS(A,T). From Lemma 1.2, we see that u = J4 (I + pT )u. We also have
u = Su. It follows that u = J4 (I 4+ pT) = Su= SJ4(I+ pT). This completes the proof.

2. Main results

Theorem 2.1. Let H be a Hilbert space, A a maximal monotone mapping on H and T an o-
strongly anti-monotone and [(-Lipschitz continuous mapping on H. Let R : H — H be a strictly
pseudocontractive mapping with a fixed point and let {x,} be a sequence generated by the

following manner:

(

X0 € H,
Zn=(1—cp)xn +cn(al+ (1— OC)R)JA(xn +pTxy,),

Yn = (1 _bn)xn+bn<al+ (1 - (X)R)JA(Zn +pTZn);

| Hnt1 = (1 —ap)x, -l—an(ocl—l— (1— OC)R)JA(yn +pTy,), Vn>0

where {a,}, {b,} and {c,} are sequences in [0,1] for all n >0, Jy = (I+pA)~' and p is a
constant satisfying the restriction 0 < p < %—%‘. Assume that x € [a,1) F(R)NS(A,T) # 0 and

Y gan = . Then the sequence {x,} converges strongly to a point in F(R)NS(A,T).

Proof. Put S := o/ + (1 — o )R. From Zhou [23], we see that S is nonexpansive with F(R) =
F(S). Letx* € F(S)NS(A,T). It follows from (2.1) that

a1 =2 = [[(1 = an) (6n —x) + an (SIa (yn + pTyn) — SIa(x™ + pTx")) |
< (1 =an)|len =X+ anl[Ja(yn + 0 Tyn) = Ja(x™ + pTx") |

< (1 =an)|len = X[+ anl[yn —x" + p(Tyn = Tx) .
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From the a-strongly anti-monotone and f3-Lipschitz assumptions on 7', we have

lVn =" + pu(Tyn — TX*)HZ

< llyn =12 = 2p ety = x"[? + p°B2 [y — "I

= (1-2pa+p*B?)|lyn—x*|*

That is, |y, —x* + p(Tyn — Tx*)|| < 64llyn — x*||, where 6 = \/1—2pa+p2B2. From the
assumption 0 < p < %—%‘, we see that 0 < 1.

Next, we estimate ||y, —x*||. It follows that
[lyn = 2" [ = [[(1 = bu) (= X7) + b (STa (2 + PTzn) = SIA(x" + pTx") ) |
< (1= bn)|len = X[+ bul[Ja (20 +pTzn) = Ja(x" +pTx7) |
< (1= bn)Jxn = x*|| + bullzn —x* +p (T2 — Tx")||.
From the a-strongly anti-monotone and -Lipschitz assumptions on 7', we have
|20 —x"+p(Tzn —Tx*)||?
< o x| = 20|z — 2 |2+ p?B|z —
= (1-2pa+p>B?)[|lza —x*|*.

That s, ||z, —x* + p(Tz, — Tx*)|| < 0|z, —x*|.

Finally, we estimate ||z, —x*||. It follows that
12 = x| < (1= cn) bt = X7 + callJa(n + pTxn) = Ja(x™ + pTx") |
< (1= ca)|ben = x| +cnlln — 5"+ p (T2 = Tx")||.
In a similar way, we can obtain that ||x, —x* 4+ p(Tx, — Tx*)|| < 0||x, —x*||. Notice that ||z, —
x| < [1—cp(1—0)]||x, —x*||, It follows that that

Iy =" < (1= b (1= 81 = (1= 0))) )l =57 < = .

It follows that

o1 =2 < (1= an) lloin — 27 + @n |l yn — 7

< 1= an(1 = 6)][lx, — 7.

Applying Lemma 1.1, we can conclude the desired conclusion immediately.
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