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Abstract. In this paper, we establish some nonlinear Volterra-Fredholm integral inequalities which provide an
explicit bound on unknown function, and can be used as a tool in the study of certain nonlinear mixed integral

equations.
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1. Introduction

The differential and integral inequalities occupy a very privileged position in the theory of
differential and integral equations. On the basis of various motivations, in the recent years
nonlinear integral inequalities have received considerable attention because of the important
applications to a variety of problems in diverse fields of nonlinear differential and integral e-
quations. Some integral inequalities for differential and integral equations are established by

Gronwall [6], Bellman [2] and Pachpatte [8, 9] which provide explicit bounds on solutions
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of a class of differential and integral equations, which are further studied and generalized by
succeeding mathematicians; see [1, 3, 4, 5, 7, 10, 11, 12].

In this paper, we establish some nonlinear Volterra-Fredholm integral inequalities, which can
be used as handy tools to study the qualitative as well as the quantitative properties of solutions
of some Volterra-Fredholm nonlinear integral equations. Some applications are also given to
convey the importance of our results.

The following Lemma is useful in our main results.
1 1— 1
Lemma 1.1. [13] Assume thata > 0,p > 1, then ar < };kTPcH— pTT]kF,for any k > 0.

Throughout this paper, we denote Ry = [0,0),/ = [a, f]and D= {(t,5) e *: a <5<t < B}.
2. Main Results

In this section, we state and prove some Volterra-Fredholm nonlinear integral inequalities
which can be useful to study certain properties of solutions of some Volterra-Fredholm nonlin-

ear integral equations.

Theorem 2.1. Ler u(t), f(¢),g(t),c'(t) € C(I,R+) and
t B
2.1 WP(1) < clt) + /a F(s)u(s)ds + /a a(s)u” (s)ds.

IfR, = /aﬁg(s)exp (/asmlf(c)dcr) ds < 1, then

c Bo(s)([2]c! m exp([Sm s t
) 2 SOOIl Ol UEmAOHIDS [ 610)

22) + /O: [/ (s) +maf(s)] exp ( /s tml f(G)dG) ds,

1-p p—1 1
kr? andmy = =—kr.

wherepzl,/’<>0,m1:!l7 >

Proof. Define a function z(¢) by

t B
z(1) :c(t)—}—/(xf(s)u(s)ds—i—/a g(s)uP (s)ds.
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Then u(t) <z (1),

(2.3) zZ(o) = c(ox) +/aﬁ g(s)uP (s)ds
and
(2.4) (1) = (1) + f(ult) < 0)+ £(0)ar ().

From Lemma 1.1 and equation (2.4), we have

Z(t) <) +mif(t)z(t) + maf ()
() =myf(t)z(t) < ' (t) +maf(r)

/
(2.5) pr (jézn(qtl)f(s)ds)] < [ (t) + maf(t)] exp (— /O: m f(s)ds) ds.
Set t = s; in equation (2.5) and integrate with respect to s from o to ¢, we get
) +/ §)+myf(s) exp( /mlf dc)d
exp ( I amif(s)
and hence
(2.6)

) < (@enp ([ mssias) +exp ([ msoras) ([ [0 +mpo]es (- [ msioria)as).

As uP(t) < z(t) from equation (2.6), we have

2.7  uP(t) <z(ax)exp (/O: mlf(s)ds) +/t [/ (s) +maf(s)] exp (/Stmlf(o)dc) ds.

o

Now from equation (2.3) and (2.7), we have

(o) <c(e)+ | ¢60) (@ex [ msiordo)
+/ T)+myf(T exp(/ myf(o dc)dr)d

2(a) < (@) +2(@) /  e(s)exp ( / m f(c)dc) ds

o

+/ (/ )+ ma f(7) exp(/ mif( )dc)dr)ds

() + J1 8(5) (Ja ' (7) + maf (=) exp (g m1 £ (0)do) dT) ds.
(1= JE ss)exp (Jzmif(o)do) ds)

28)  za)<
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From equation (2.7) and (2.8), we obtain (2.2). This completes the proof.

Remark 2.2. If we take p = 1, then the Theorem 2.1 reduces to inequality given by Pachpatte

n [10] and if p =1 and g = O it reduces to one of the well known Gronwall’s inequality.

Theorem 2.3. Ler u(z),g(t),c'(t) € C(I,Ry), f;(t,s) € C(D,R.) and

(2.9) uP (1) <c(r) —l—/O;f(t,s)u(s)a’ks‘+/Ofi g(s)uP (s)ds
IfRy, = /Of3 g(s)exp (/O:mlA(G)dG) ds < 1, then

uP (1) <

(@) + Jo 8(5) (Ja '(2) - mA(D)] exp (J;mA(0)do) de)ds (/ tm1A(s)dS)

1-R
(2.10) +/ 5)+mA(s)] exp (/ miA( )dc) ds,
where p,k,my,my are as same defined in Theorem 2.1 and A(t) = f(t,t) + [} f:(t,5)ds

Proof. Define a function z(¢) by right hand side of (2.9). Then we observe that

@.11) () :c(a)+/jg<s)up 5)ds
and
(2.12) 2() < (6) +A)z7 (1)

From Lemma 1.1 and equation (2.12), we have

Z(t) —mA(t)z(t) < (t) +maA(2),

(1) iy
(2.13) pr(f&nlA(s)ds)] < (1) +mA(r).

Set t = s; in equation (2.13) and integrate with respect to s from « to ¢, we get
2(1) /
o)+ §) +moA(s) exp( / mA(s ds)d
exp (o, mA(s)d ]

(2.14) z(t) < z(ot)exp ( /a mlA(s)ds) + ( /at [’ (s) +maA(s)] exp ( /S tmlA(G)a’0'> ds) .

As uP(t) < z(t) from equation (2.14), we have

2.15) (1) < z(a)exp ( /O: mlA(s)ds> + / ¢ (s) 4+ maA(s)] exp ( / tmlA(G)dG) ds.

o
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Now from equation (2.11) and (2.15), we have

zZ(a) <cla)+z(a) /aﬁ g(s)exp (/asmlA(G)dG) ds
n /aﬁ g(s) (/as [/ (T) + maA(T)] exp (/:mlA(G)dG> d'L’) ds,

_ clo) + J8 8(5) (J3 [¢' (1) +- moA(D)]exp (J miA(0)d o) dT) ds.
B (1= 12 8(s)exp (JymiA(0)do) ds)

From equation (2.15) and (2.16), we get (2.10). This completes the proof.

(2.16)

Theorem 2.4. Ler u(t),c'(t) € C(I,Ry), f;(t,s),g(t,s) € C(D,R) and

2.17) W (1) < clt) + /a (e s)uls)ds+ /a  ot.5)uP (5)ds.
IfR3 = /aﬁ g(a,s)exp </as[m1A(s) + B (G)]dG) ds < 1, then

uP (1) <

o

(@) + Jo 8(0:5) (o [¢'(2) + maA) exp (JFmA(0) + Bi(0))do)d)ds (/ t

B s [mA(s) +Bl(s)]ds)
1 - fa g(OC,s) (Y (fa[mlA(o-) + By (G)]dG)dS)

VRS

(2.18)
+/ 5) +mA(s)] exp (/l[mlA(G) +Bl(6)]d6> ds,

N

where p,k,m|,my are as same defined in Theorem 2.1, A(t) is same as defined in Theorem 2.3
and By (t) = ff g (t,s)ds.

Proof. Define a function z(z) by
t p
=c(t) +/ f(t,s)u(s)ds+/ g(t,s)uP(s)ds.
o [0

B
(2.19) 7Z(a) = c(oc)-l-/a g(a,s)u’(s)ds

/f,ts s)ds+ f(t,t)u —l—/gttsup

(2.20) 2(6) < (1) + A)zr (1) + By (1)z(),
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From Lemma 1.1 and equation (2.20), we have

Z(t) — [mA(t) + By (1)]z(t) < (1) + maA(r)

(1) iy
(2.21) pr (Tmals) +BI(S)]dS)] < (1) +mA(r).

Integrating (2.21) with respect to s from « to t, we get

exp (fz [mlAZ((t))+Bl —|—/ §) +moA(s exP (_ /as[mlA(G) + Bj (G)]dc) ds.

(2.22)

i) < eenp ([ ma) +B16)1as )+ ([ )-+maats)]ex ( [ (@) + Ba(o)ldo ) as).

(04

As uP(t) < z(t) from equation (2.22), we have

(2.23)
uP (1) < z(or)exp (/at[mlA(s) +Bl(s)]a’s> ~|—/t [/ (s) +maA(s)] exp (/st[mlA(G) —|—Bl(G)]dG) ds.

o

Now from equation (2.19) and (2.23), we have

224) z(a)< c(a) + [} 8(e.5) (Jy ¢/ (1) +-moA (1) exp (2 mA(0) +Bi (0)]do) dT)ds
- (1 — [B g(a,s)exp (f3[miA(o) +Bl(6)]d6)ds>

From equation (2.23) and (2.24), we obtain (2.18). This completes the proof.

Theorem 2.5. Let u(r) € C(I,R,.), f;(t,5),8:(t,s),a:(t,s) € C(D,R) and ¢ > 0 be a real con-

stant. If

(225  uP(t)<c+ /O:a(t,s) [u(s) —1—/(:f(s, G)u(G)dG} +/aﬁ g(t,s)uP (s)ds, fort €1

B s
and Ry = / g(a,s)exp </ [mA (o) + By (G)]dc) ds < 1, then
e+ Ji 8(05) (JymaAi (7) exp (f7 [mA1(0) +Bi(0)]do) dT)ds

WP (1) < ;
1— [y g(a,s)exp(fo [mA1(0) +Bi(0)]do)ds

CXp </O: [mA; (o) +Bl(c)]d6)
(2.26)
—i—/at maAj(s)exp </: [m1A; (o) +B1(G)]a’0'> 7
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where p,k,my,my are as same defined in Theorem 2.1,
t s t B

Aq(t) :/ a(t,s) [1—1—/ f(s,G)dG} +a(t,1) ll—l—/ f(t,G)dG] ds and B (t) :/ gi(t,s)ds.
o o o o

Proof. Define a function z(¢) by

z(t):c+/0:a(t,s [ —i—/fsc dc}dﬁ—/ g(t,s)uP(s)ds.

Then u(t) < z%(t),

(2.27) zZ(a)=c+ ’ g(a,s)uP(s)ds
and
(2.28) 2(t) < Av(1)27 (1) +2(1)B1 (¢).

From Lemma 1.1 and equation (2.28), we have

Z/(l‘) — [mlAl(l‘) + B; (l‘)]Z(l‘) < mgAl(t),

z(t)
exp (f(; [mlAl(G) +BI<G)]CZG)

Set t = s; in equation (2.29) and integrate with respect to s from « to 7, we get

o

(2.29) [ ]lg moA, (1) exp (- / "ImAL (o) +Bl(6)]dc) .
(230)

2(t) < (@) exp ( /O: miAs (o) +Bl(6)]d0> 4 /O: maAy(s)exp ( / i (o) +B1(o)]d6) ds.
As uP (1) < z(r) from equation (2.30), we have

(2.31)

WP(t) < 2(ct) exp ( /O: AL (o) +Bl(0’)]d6> + /O: oA (s) exp ( / "ImiAL (o) +BI(G)]dG) ds.

Now from equation (2.27) and (2.31), we have

<c-l—/ (at,s { )exp (/ [mlAl(G)-l-Bl(G)]dG)

+ / myA1(T)exp (/; [mA(o) —I—Bl(G)]dO') d‘c}ds

et flsle ) g (5)exp U bk )+ 51(0) do)dr)ds
1~ £ sat,s)exp (J3 [miAi (o) + By (0)] do) ds

(2.32)
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From equation (2.31) and (2.32), we obtain desired result given by (2.26). This completes the

proof.

Theorem 2.6. Let u(t), f(t),a(t),g(t) € C(I,Ry) and ¢ > 0 be a real constant. If

(2.33) <c+/ [(s>+/;f(o> dcr-l—/ dc]ds

then

(2.34)

W (t) < cexp ( /O: miA(G) + Ba(0)) a’cr) + /a aAa(s) exp < / ' Imis (o) +Bz(6)]dc) ds,
where p,k,mi,my are as same defined in Theorem 2.1, A>(t) = a(t) [1 + [}, f(0)do| and B> (t) =
a(t) [f s(0)do

Proof. Define a function z(¢) by right hand side of (2.33). Then we have u(t) < %( 1), z(a) =c

and

1

(2.35) 7(t) <Ax(t)zr (1) +2(1)Ba(t).
Applying Lemma 1.1 to equation (2.35), we obtain

2 (t) = [mAx(r) + Ba (1)) 2(r) < maAa(2),

20 '
exp (Jg [m1A2(0) + B2(0)]do)

Integrating (2.36) with respect to s and using the fact that u” (1) < z(t), we get

< mads(1) exp (— / " Imys (o) +Bz(6)]dc) .

(04

(2.36) [

2.37)
WP (1) < 2(@) exp < /O: 1 Aa (o) +Bz(0)]dc> + /a oAs(s) exp ( / ' mAs(o) +Bz(6)]d6> ds.

Now from equation (2.37) and z(a) = ¢, we get (2.34). This completes the proof.
3. Applications

One of the main motivations for the study of different type inequalities given in the previous section
is to apply them as tools in the study of various classes of integral equations. In the following section we
give application of some theorems of previous section. In fact we discuss the boundedness behavior of

solutions of a general nonlinear Volterra-Fredholm integral equations.
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Example 3.1. We calculate the explicate bound on the solution of the nonlinear integral equation of the

form:

1

30 | 21 3
(3.38) w(t) =4+ A 1_su(s)ds—|—/0 (l—s)%u (s)ds

where u(t) is defined as in Theorem 2.1 and we assume that every solution u(z) of (3.38) exists on R

Also, here

3(2%/3 —2m)
22/3(3m; —2)

1
dG) ds =
o

1/2 1 s
Ql_/o (l_s)%exp</(xmll—

Hence, by Theorem 2.1 and equation (3.38), we get

2
<1,f0r0§m1<§.

K si >)

d rexp (fY 5y 4y
up(t)SeXp(;/ I > / fo 1 x xds+4 —i—;/ ( 3(1 ) )dx
01— 0

1—x

3 3
4(2+\7§—222/3)+4+3_3\3/17_t
J1—1t 31—t

In Figure 1 we plot the graph of estimated bound of u(r) for 0 <t

N\'—

sap

saf “{t) /

FIGURE 1

Example 3.2. We calculate the explicate bound on the solution of the nonlinear integral equation of the
form:

Tr—1
——u’(s)ds
o t+1

(3.39) _5+/ (1 — s)u(s)ds +
where u(t) are defined as in Theorem 2.3 and we assume that every solution u(t) of (3.39) exists on R
By Theorem 2.4, we have

3 P

2 1
p=3,m = k’l’ :gkéaazouﬁ :E’k>0,f(S):(l—S),g(S):7

SR
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and

B s 3r 3 1
R: = A =1/ — = fi| ——= 1, fi
3 /ch(a,s)exp </a my (O‘)d0'> ds 2 ( \/l;>er <\@\3/I;> <1, forany k>0

Thus all the conditions of the Theorem 2.4 are satisfied, hence we obtain, forall k>0

1

2 3
o) ) )
L/ kerfi WL +1
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