Available online at http://scik.org
Adv. Inequal. Appl. 2014, 2014:23
ISSN: 2050-7461

GEOMETRICAL PROOF OF NEW STEFFENSEN’S INEQUALITY AND
APPLICATIONS

MOHAMMED M. IDDRISU'*, CHRISTOPHER A. OKPOTI?, KAZEEM A. GBOLAGADE?

1Department of Mathematics, University for Development Studies, P.O. Box 24, Navrongo, Ghana
2Department of Mathematics, University of Education, Winneba, Ghana

3Department of Computer Science, University for Development Studies, P.O. Box 24, Navrongo, Ghana

Copyright (© 2014 Iddrisu, Okpoti and Gbolagade. This is an open access article distributed under the Creative Commons Attribution

License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper, we give a geometrical proof of a new Steffensen’s inequality for convex functions. In

addition, we present applications of the Steffensen’s inequality leading to the determination of Fourier coefficients.
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1. Introduction

The the following inequality was discovered in 1918 by Steffensen [9]

(1 /:)L g(s)ds < /abg(s)f(s)ds < /aawlg(s)ds,

where A = | ab f(s)ds, f and g are integrable functions defined on (a,b), g is monotone decreas-
ing and for each s € (a,b), 0 < f(s) < 1; see also [5], [8], [7] and [6] and the references therein.
Godunova and Levin in [3] noted that the generalisation of (1) by Bellman in [2] was incorrect.
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Pecaric [8] corrected the Bellman generalisation with a narrow subclass. The corrected result is
1 p A
@ ([ r6stias) < [ storas

where A = ( fol f (s)ds)p, g :]0,1] — R is a nonnegative and nonincreasing function, f :
[0,1] — R is an integrable function with 0 < f(s) <1 (Vs € [0,1]) and p > 1, for the proof;
see [8] and the references therein.

The purpose of this paper is to present a refinement of inequality (2) with proofs consisting

of both analytical and geometrical.
2. Preliminaries

We begin with convex functions.

Definition 2.1. (Convex functions) Let / be an interval in ®R. Then y : I — R is said to be

convex if for all 71,7, € I and for all positive A and u satisfying A + p = 1, we have

3) YAt +pun) < Ay(n) + py(n).

A convex function necessarily is continuous for t{,#, € I.
A function v is said to be strictly convex if for all #; # 1, y is said to be strictly convex.

Remark 2.1. The convexity of a function y : I — R means geometrically that, the function y
falls below (or lies on and not above) the chord joining the endpoints (71, y(1)) and (12, w(t2)),

for every t1,t, € 1.

Intuitively, a convex function has a tangent line at each point and lies above of its tangent

lines. That is, for each ¢ € [ there exists a slope C; such that
w(s) > y(t)+C(s—1), Vxel

We remark here that if y is differentiable at 7 then C; = y/(r).

Definition 2.2. A function y is said to be concave if —y is convex (i.e. if the inequality (3) is

reversed). If it is strict for all #; # 1, y is said to be strictly concave.
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Remark 2.2. If y”(r) exists at each point of the interval I, then a necessary and sufficient

condition that y/(z) is convex is that y”(z) > 0 for all 7 € .

For the above discussion, we refer authors to [5] and [1]. Some examples of convex functions
are: ||, t* for k > 1 and —t* for 0 < k < 1, ¢, tlogt, —logt and concave functions are: t* for

0 < k< 1,logt, v/t fort > 0 and so on.
3. Main results

We first present a refinement of inequality (2) here.

Theorem 3.1. Let the function f : [0,1] — R be continuous such that 0 < f(s) < 1. If v :

[0,1] — R is a convex, differentiable function with y(0) = 0, then

@ w([fwm)sﬁﬁmwmww
forall s € [0,1].

Proof. Let p = 1. Since the differential of y(s) denoted y/'(s) is increasing and —y/(s) is

nonincreasing for all s € [0, 1], substitution of g(s) = —y/(s) in (2) gives

This simplifies to
A 1
/ v/ (s)ds < / F5)W (s)ds,
0 0
1
5) y(A)— y(0) < /O F($)¥(s)ds.

Since A = fol f(s)ds and y(0) = 0, thus (5) becomes

v ( A f<s>ds) < [ v syas

This completes the proof.

Let us consider a case of a simple function f on an interval [sg, ;] such that 0 < sg < 5o < 1.

We give some definitions
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Definition 3.1. Let a; and a, be real numbers. Define a function f : [sg,s2] — R by

a; if s <s<sy,
fls) =
ar, if 51 <s<ss.
Then f is called a simple function since for every s € [so,s2], we have f(s) = a; for j =1,2.
Let us obtain a continuous function fg from f. Let € > 0, we have the partition {[so,s] —
8), [Sl —&,8 —|—8), [Sl —|—8,S2]} of [S(),Sz].

Definition 3.2. Let a; and a, be real numbers. Define a function fe : [so,s2] — R by

( .
ap if sp<s<s;—¢€,

fe(s) = Let(s—si+e)tap if si—e<s<si+te,

a, if si+€e<s<ss.

Remark 3.1. Let us remark that f; is continuous in [sg,s;] since limy_s fe(s) = fe(s*) for

every s* € [so, 2]

ay

ap

}
80 51 So Kl S0 s —e S1 s1t+e  s2 s

Figurel. Figure2.

Lemma 3.1. Let f(s) and fe(s) be functions as in Definitions 3.1 and 3.2 respectively. Then

(©) / " f(s)ds = / Fols)ds.

0
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Proof. The midpoint of the line

a —aj

fels) = 2¢

(s—s1+¢€)+ay for s;—e<s<s +¢&

is P = (s1,“3%). (See Figure 2). Therefore, the areas

el 1 e
Al:z _al_<a1;—a2)_ :Z(al_az)’
e[ 1 e
AQ:E _(al_;a2>—a2_ :Z(al—az).
Therefore, we have
Al = As.

Lemma 3.2. Let f(s) and f¢(s) be functions as in Definitions 3.1 and 3.2 respectively. If y(s)

is a convex, differentiable function with y(0) = 0, then

[ 15t £ s = 2 [ )~ wsulas

28 s1—&

Proof. Write

52

g 1) = s s = [ gels v s = [ w (s

S0

The second term on the right side of (7) gives

[ rowsis= [ aysis+ [ oy

S0 S0

(8) / F(8)W (s)ds = (a1 — a2) y(s1) +arw(sy) — ar w(so)-

Also, the first term on the right side of (7) is expressed as

/ fe(s ds—l:lgall//’(s)ds

s1t+€ —
+/ {az U(s—si+e) +ar| v (x)ds
s1—E& 28

52
+ / ar ' (s)ds
S1+E€
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Applying integration by parts, we obtain

S1+E€

[ 2w s =alyis - o) - vt + 2L vt o) |

wisyis

50 S1—&
+all//(s1 + 8) —all[/(sl — 8) +0121[/(S2) — LZQIV(Sl + 8),

which simplifies to

ay—az

52 S1+E€
© | 5w s =12 [T ys)ds+ arylsd) —arw(so).

Thus, the difference between inequalities (8) and (9) gives

[0 s s =22 [yt wisplas

2¢€ 1—¢€

as required.

Lemma 3.3. Let g(s) be a continuous function on the interval [so,s>]. Then

lim € /SI+n g(s)ds = g(s1).

Proof. Let n > 0 and set

=0 [ st

Continuity of g at s;. Let € > 0, there exists 0 > 0 such that |g(s) — g(s1)| < € whenever

|s—s1| < 8. Since

st

1) (o)) < 3 [ leto) (o)l
for n < &, we have

s1—Nn € (s1—08,51+0)
and

s1+ne(s1—9,51+9).
Thus, |s —s1| < n and hence |I(n) — g(s1)| < €. Therefore (1) — g(s1) as n — 0.
Lemma 3.4. Let f be a simple function defined as in Definition 3.1 such that 0 < f < 1. If w is

a convex, differentiable function with y(0) = 0, then

w( /S:zf(S)ds) < /S:Zf(swﬂ(s)ds-
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Proof. Let f¢(s) be continuous as in Definition 3.2. Then by Lemma 3.1, Theorem 3.1 and

Lemma 3.2 respectively, we have

v( [ reas) = ([ seias)

< /sjzfe(S)lV’(S)ds
< /sjzf(s)vf’(s)der /S:Z[fg(w—f(s)]v/(s)ds
< [Frow s U [ ) - yisnlas

Thus, by Lemma 3.3, when € — 0, we obtain

v ( /:f<s>ds) < [“ o
as required.

Theorem 3.1. Let f be a simple function on [0,1] such that 0 < f(s) <1 forall s € [0,1]. If y

is a convex, differentiable function with y(0) = 0, then

4 (/Olf(s)ds) < /Olf(s)l[/(s)ds.

Proof. Let f be a simple function. There exists {0 = sq,s1,---,s, = 1} and {aj,a,--- ,a,}

such that f(s) =a;on [sj,s;41) for0 < j<n—1.Let0 < &€ <min|s;| —s;| and define

fe(s) = f(s)
if
s€[0,s1—€)Ulsi+€&s—€)U---Uls;+&,5j41—€)U---Uls—1 +&,1).
And
fols) = LT (555 +0) +
if
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where j=1,---,n—1. (See Figure 3 and Figure 4). Then, following Lemma 3.4, we have

/O]f(s)ds = /Olfg(s)ds

v (/Olf(s)ds) =y (/Olfe(s)ds)

1 nla —a; sj+€
< ), Fow s A5 [T i) - wisplds

sj—&

and

Therefore

as required.

1(s) 1(s)
A A
a ap \
. o \
a by
S0 81 S e Sn—1 Sn s S0 81 Sg e Sn—1 Sn. =S
Figure3 Figured

4. Applications

In Theorem 3.1, replace 1 by a > 0. Thus

w(A“ﬂwm)sA”ﬂwWQM&

We estimate the Fourier coefficients of y :

1 2n
an = ﬂ/ Y (s)cos(ns)ds
0
and
1 2
b, = ﬂ/ Y (s)sin(ns)ds
0
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for n > 1. For the estimate of b,, let f(s) = %(1 + ecosns) for e =1 or —1. Thus

1 2=
—/ (1+éecosns)ds=m
2 Jo

and
%/02”(1 +ecosns)y'(s)ds = W(jn) (1+¢€)+ % /027r y(s)sin(ns)ds
Hence
y(m) < W(jﬂ) (14+¢e)+ % /027r y(s)sin(ns)ds

Take € = 1 or —1 and we obtain

y(m) —y@r) _, _ —y(*)
nm - "= oam

Also, for the estimate of a,, let f(s) = %(1 + esinns) for € =1 or —1. Thus

2
(1 +esinns)ds=mn

N =
S—

and
%/027[(1 + esinns)y' (s)ds = @ — % 027r V(s)cos(ns)ds.
Hence
y(m) <a, < ll’(;ﬂ) — % 027: y(s)cos(ns)ds.

Take € = 1 or —1 and we obtain

y(r) —y@r)/2 _ _ y(C27)/2-y(x)

Sdap > .

nw nw

Example 3.1. If

e y(s)=s,thena, =0and b, = —%.

° W(s):sz,then%”ganggand _3”§bn§_7”.

n

4. Conclusion
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The new Steffensen’s inequality (4) is thus proved for continuous functions as well as simple
(discontinuous) functions and also valid for all functions f € L'([0,1]). An application of the

inequality has also been established for the determination of Fourier coefficients.
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