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Abstract. We define Probabilistic Cone metric space and find some fixed point results for weak contraction
condition. In support an example is furnished.
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1. INTRODUCTION

There have been a number of generalizations of metric space. One such generalization is
Menger space introduced in 1942 by Menger [2] who used distribution functions instead of
nonnegative real numbers as values of the metric, the notion of probabilistic metric space
correspond to situations when we do not know exactly the distance between the two points but
we know probabilities of possible values of this distance. A probabilistic generalization of metric
spaces appears to be interest in the investigation of physical quantities and physiological
threshold. It is also a fundamental importance in probabilistic functional analysis. Schweizer and
Sklar [4] studied this concept and then the important development of Menger space theory was
due to Sehgal and Bharucha-Reid [5].The development of fixed point theory in PM-spaces was
due to Schweizer and Sklar [3, 4].
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In [1] Huang and Zhang generalized the concept of metric spaces, replacing the set of real
numbers by an ordered Banach space, hence they have defined the cone metric spaces. They also
described the convergence of sequences and introduced the notion of completeness in cone
metric spaces. They have proved some fixed point theorems of contractive mappings on
complete cone metric space with the assumption of normality of a cone. Subsequently, various
authors have generalized the results of Huang and Zhang and have studied fixed point theorems
for normal and non-normal cones. There exist a lot of works involving fixed points used the
Banach contraction principle. This principle has been extended kind of contraction mappings by

various authors [6].

2. PRELIMINARY

Definition 2.1: Let (E, 1) be a topological vector space and P a subset of E, P is called a cone if
1. P is non-empty and closed, P #{0},

2.For x,y € Pand a,b € R = ax + by € P where a,b>0

3.1fxe P andxeP=x=0

For a given cone P € E, a partial ordering >with respect to P is defined by x >y if and only if x
—y € P, x>yifx>yand x #y, while x>y will stand for x —y € int P, int P denotes the
interior of P.

Definition 2.2 A probabilistic metric space (FPM space) is an ordered pair (X,F) consisting of a
nonempty set X and a mapping F from XxX into the collections of all distribution functions .For
X, y € X we denote the distribution function F(x,y) by Fxyand Fxy (u) is the value of Fxyat u in
R. The functions Fxyassumed to satisfy the following conditions:
211FyU)=1Vu>0iffx=y,

212 Fxy(0)=0V x,yinX,

213 Fxy=Fyx VXx,yinX,

214 1fFxy (uy=1and Fy: (v)=1thenFx (u+v)=1Vx,y,zin X andu,v >0.

Definition 2.3 A commutative, associative and non-decreasing mapping t: [0,1] x [0,1]— [0,1]
is a t-norm if and only if t(a,1)=a for all a€[0,1] , t(0,0)=0 and t(c,d) > t(a,b) forc >a, d >b.
Definition 2.4 A Menger space is a triplet (X,F,t), where (X,F) is a PM-space,t is a t-norm and

the generalized triangle inequality for all X, y, zin X u, v>0.
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Fxy (U+V) >t (Fxz (U), Fzy (V)

The concept of neighborhoods in Menger space is introduced as:
Definition 2.5 Let (X,F,t) be a Menger space. If xeX, ¢ > 0 and A (0,1), then (g,A) -
neighborhood of x, called Ux (g,A), is defined by

Ux (e, 1) = {yeX: Fpuy)(€)>(1-1)}
An (g,A)-topology in X is the topology induced by the family {Ux (e,A): X € X, € > 0,
Le€(0,1)} of neighborhood.
Remark: If t is continuous, then Menger space (X,F,t) is a Housdroff space in (g,1)-topology.

Let (X,F,t) be a complete Fuzzy Menger space and AcX. Then A is called a bounded set
if foru>0 lim inf Fyy (u) =1.

U—w  XYyeA

Definition 2.6 A sequence {xn} in (X,F,t) is said to be convergent to a point x in X if for every
e>0and A>0, there exists an integer N=N(g,A) such that xn eUx(g,A) for all n > N or
equivalently F (xn, X; €) > 1-A for all n > N.
Definition 2.7 A sequence {Xn}in (X,F,t) is said to be cauchy sequence if for every € > 0 and
A > 0, there exists an integer N=N(g,\) such that F(Xn,Xm; €) > 1-A ¥ n, m> N.
Definition 2.8A Menger space (X,F,t) with the continuous t-norm is said to be complete if every
Cauchy sequence in X converges to a point in X .
Lemma 1 Let {xn} be a sequence in a Menger space (X,F,t), wheret is continuous and t(p,p) >
p for all p[0,1], if there exists a constant k(0,1) such that Vp > 0 and neN

t(F (Xn,Xn+1; Kp)) > t(F(Xn-1,%n; P)),
then {x»} is cauchy sequence.
Lemma 2 If (X,d) is a metric space, then the metric d induces, a mapping F: XxX—L defined
by F (p, q) = H(x- d(p, 9)), p, q € R. Further if t: [0,1] x [0,1]— [0,1] is defined by t(a,b) =
min{a,b}, then (X,F,t) is a Menger space. It is complete if (X,d) is complete.
Definition 2.9:Let M be a nonempty set and the mapping d: M — X and Pc X be a cone,
satisfies the following conditions:
28.1DF ,(U)>1V x,ye X < x=y
282)F, (u)=F, (u) VX yeX,
2.8.3) F ,(u+v)2t(F ,(u), F, ,(V))VXxyeX.
2.8.4)Foranyx,ye X,(x,y) isnon—increasingand left continuous.
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Definition 2.10: Implicit Relation

Let @ be the class of all real-valued continuous functions ¢ : (R*)> — R* non -decreasing in the
first argument and satisfying the following conditions:

Forx,y>0,

x>0(y,1,y,y, y) or x > o(y,y, X, y,X) or x > ¢(1, 1,y,1, y) such that x > y.

3. MAIN RESULTS
Theorem 3.1 :Let (X,F,t) be a complete Menger cone metric space and let M be a nonempty
separable closed subset of cone metric space X and let T be continuous mapping defined on M

satisfying contraction.

Freo. 7o) (0)= & (Fxy (0), Fy10 (P), Fyte) (P), Fx10 (P), Fxmen(P) e (3.1)
forall x,y € X. Then T has a fixed point in X.

Proof: For each xeX andn>1,letx1 =T Xoand Xp+1 = T (Xn) = T™Xo. Then

P M= Fro e P 2BE (B B 160 (P B rey (PF 7600 (P B ) (P))
2 ¢ (K, F @) F . F P E . (P)

2 ¢(F (P LE o 0)E (0 tF . W) F . V)

Hence from (2.10) we have

Feox, P)2F ()

Similarly

Foix, P2F . ()

Hence F, . (0) 2F ., (M=F_ , ()

On continuing this process

Fox.®2F 0O 2F . ()=....... > F, ()

Therefore the sequence{x.}., isa Cauchy sequence in X. Since (F, X, t) is complete, there

exists z € X such that xn— z.

FEr.@2 R, ®.F ~0)
=t(F, ... (P, Fy, . ()
2 t(F,,,, ), ¢ (F .(P) Fr, (P Fr(p), K w, (), K, 1. (P)))
2 t(F,, . ), ¢F . F. 0 FnL@) F .. @) F0)
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Taking n—oo we have

l:Z,Tz (p) 2 t(l! ¢(1’ 1’ l:Z,Tz (p)’li I:z,Tz (p)))
Thus Fz,Tz € extP. But Fz,Tz € P.

Therefore F,1;=1andso Tz=z.

(I IfFr, ()= Fr, (p)

= Tz=z.

This completes the proof.

Example: Let M=R and P={xeM:x>0} Let X = [0,00) and metric d is defined by

X -yl 1 forx=y

d(x,y) =—— . For each p define F(x, y, p) = ,
Cey) 1+Ix -yl P (. ¥.P) {H(p) forx=y

0 if p<o0
where H(p) = < p.d(x,y) if O<p<l
1 if px>1

Clearly, (X, F, p) is a complete probabilistic space where t is defined by t(p,p) > p.

X 0<x<1

The sequence {xn} is defined as xn = 2 — i TX=144_x ,
2n —=  x>1
2
we see the all conditions of Theorem 3.1 are satisfied and hence 1 is the common fixed point in

X.

4. CONCLUSION
In the paper we have fined that in probabilistic cone the continuity is required. With the required

condition we fine that fixed point lie on axis of the cone.
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