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1. Introduction

Improving the Dhage’(3.,4,5) theory of generalized metric spaces, Mustafa and Sim (6,7)
introduced the concept of G- metric spaces. Afterward Mustafa proved several fixed point
theorems satisfying different contractive conditions. Recently Guang and Xian (8) define the
concept of cone metric spaces replacing the set of real numbers by an ordered Banach spaces
and proved several fixed point theorems satisfying different contractive conditions. Then
Rezapour and Hamlbarani (10) generalized some results in cone metric spaces omitting the

normality of cone. Ismat Beg and Mujahid Abbas (9) introduced the concept of G- cone
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metric spaces replacing real numbers by an ordered Banach spaces and used the convergence
of sequence. Then proved some fixed point theorems.
2. Preliminaries
Before proving our results, we collect the relevant definitions, results, propositions and
Theorems
1. Cone: Let E be a real Banach spaces and P = E. P is called a cone iff
(i) P is closed and non empty and P= {0}
(il)ax + by € P for every x.yv € Pand a, b are non negative real ; more generally if a, b, c
are non negative real x.v.z = Fand implies ax + by + cz € P
(ili) Pn-P={0} ie.xe? and -xe # = x=0
2. Cone Metric Space: Let X be a nonempty set. Suppose the mappingd: X x X —» E
satisfies:
(di) 0<d(x,y)forall X,y e ¥ and d(x,y) = 0if and only if x =y
(d2) d (x,y) =d (y, x) for all x, ye ¥ ;

m

(d3) d(X, y)= dlx.z) + d (y.z) for all x. v,z
3. Partial ordering: Let cone FC E, we define partial ordering < with respect to P as
Q) r=y iffy—xeP
(i) x<y=x=zZybutx=y
(ill) x«y =y—xeintP
4. Normal cone: A cone P is called normal if 3 k = 0 for all x, y = E such that
Ozx=y = |x] =& |y
The least +ve number satisfying the inequality is known as normal constant of P and
X <<y means y—x = int F,
5. G- Cone Metric Space: Let X be a nonempty set. Suppose G: X® — E satisfies the
following axiom
Gl Gl vzl =0ifx =y =zand x, .z € X
[62] G(x.x,y) = 0if x =vand x,y.€ X

Gl x. vl = Gla,v.zlif y2zand vy .z € X
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G4l Gl vzl = Glx,zy) = Gly,x, 2} = symmetry inallxy,zeX
[G1] Glx.y.z) =Glxr.a.a) + Gla.y. 2} forall x.y.z.a € X
Then G is called G- cone metric on X and X is called G- cone metric space.

6. Cauchy Sequence, Convergent Sequence and complete G- cone metric space: Let
X be a G- cone metric space and {x., } be a sequence in X. Then we say,

(@) If for every c € E with ¢>> 0, there is N such thatz=n, m, | e N we have ¢ >> G
(., xmx;) then the sequence {x, } is called Cauchy sequence.

(b) If for every ¢ = E with ¢>> 0, there is N such that 3 n, m= N, we have ¢ >> G
(xm.xm. x) for some x in X then the sequence {x,} is called convergent sequence. X is
called limit of the sequence and is denoted as ™, = x Or X, — X when n —oo.

(c) A G- cone metric space is said to be complete if every Cauchy sequence in X is
convergent in X.

7. Proposition:

(@) Glr.y.yl = Cly.x.x) ¥x.vy X

(b) Let X be a G- cone metric space, Now we define d.: X x ¥ —E as

delx.vl = Glx.y.v) + Gy x.x) Then (X, dg) is a cone metric space.

If X is non symmetric then G(x.v. v} = —aJl

If X is symmetric then ¢Cx, v, v) = =d.(x, v)

(c) If X is a G- cone metric space, then following sound the same

(i)  Sequence {x. } converges to x

(i) Glr,x,x)—0asn— o

(iif) Glrpxx) =0 asn-— o

(i) Glx, xpx;)—0 asnmm,l— o
8. Lemmas:

(1) If X is a G- cone metric space, {x.}, {+} and {=z.} sequences in X such that

Y= XY = VI, = 2thenG(x, x,x; ) = 6(x.y.2) asn — o,
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(2 If X is a G- cone metric space, { x, } be a sequence and x = X. If
- lxlov=x=v
(3) If X'is a G- cone metric space, {x,.} be a sequence and x & X.If {x,} = x in X, then
G(xy Xp ¥} =0 asmn = @0,
(4) If X is a G- cone metric space, {x,} be a sequence and x = X. if {x,} converges to X,
then, {x,} is a Cauchy sequence.
(5)If X is a G- cone metric space,{x.} be a sequence and x = X. If {x,} is a Cauchy
sequence, then G(x, xpx ) =0 asnm.l— oo,
3. Main results
Now we prove the following theorems
Theorem3.1: Let X be a complete symmetric G- cone metric space and T:X =X be a
mapping satisfying the following conditions
(8.1.1) 6T*.TwTy) £ a,Glx.y.v) + .60 x.Tx. Tx) + a; 6( . Tx. Tx)
+0,6( x. Ty.Tyv) + a:6( y.Ty.Ty)
(3.1.2) 6(Ty.Tx.Tx} £ a6y xx) + a,Gly. Ty Ty} +a; Gy T Tx)
+2,60x.Ty.Ty) + a: G . Tx. Tx)
Forall x.y € ¥and a, + a; + a; +a, + a: =1 . Then T has unique fixed point.

Proof: Since X is a symmetric G- cone metric space, therefore from (3.1.1) we have
1

1 1 1
d-Te.Tv) =—g,d-(e vl +— g d. v Te) + —aad -l Tv) + —a,d-(v. Te) + —aod-0v. Ty) (3.1.3)
.__\1..1.__|_,_-7 PN A 2 s g, s L) slegids o ¥ 2 glogh o L) 2 sl ¥ Lol

From (3.1.2), we have
1 1 P | 1

d.(Tx. Ty) < 3 oyl G, vl + 50:d:00.Ty) +5a; dely. Tx) + ;a;a’._—_(r. Ty) +

asd Cr, Tx)(3.1.4)

B e

Adding (3.1.3) and (3.1.4), we have

] Ty Tl = S el 2 (o o bl Tl 2o 4 g.0d (. Tl
delTx,Ty) €odlx vl +- (o, +alds . Tx) + - (o, + oy)d(x, Tyl

1 - 5 -_ 1 - 1 & -_
+oiop+ay) delyv. Tx) +- i, +a:0d ;e Tyl

B A S N P
dptTx.Ty) Zapdgla,y) +-{la;, + aldslx Tl + Lo, e Jd v, Ty)l

1 e P,
T {IiﬂE a a.‘;_,lﬂ-_'.lxr-l!:l1.-l h 'iﬂz_ﬂ_-;___l ﬂ._-_'\__'_f.a! .:’.'_,I:
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For allx.y X and &, +a; + a;+a, +a; =1.Consider a point x= X and a sequence {T"x}.

Replacing x, y

by T*x, T"*x respectively in (3.1.5), we have

T T i)+ d (TP ix, T2}
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where 8 = <l = a,+a,+a;+a. +a; <1.

1“;““:“ agl+laz+a,l]

Using the above iteration n times, we have

—_— —_—

de (T, Tha) = B d (TP, T x)

Proceeding in same manner, for +ve m, n and m > n, we have

an
Eal L' .l—'l - i — £l

d T "x, T"
1_ I

g

de(T™ e Thx) = “ixl

o

feied

(T™x,T"x) << 0. for m = n. This implies that {T"x}

s rm o . ;
deh Tx,x) < fsince § 7 0 (given) = (1

=

1-8

is a Cauchy sequence. Therefore there exists z = X such that 7"z e =

Now our goal is to showT= = =. For that first of all we are to prove thatT"**z = T'z. Replacing

X,y byT "z, zrespectively, we have

P R [—

dsT Tzl
1 1
=a,d;(T"z) +=(a; +as) {ds T, T x) + d;(=.T2)) += (o3 + 0 ){d;T"x.T2) + (= T x)}
= B EhE asds 7wl & G et v G &S a2 wTE 4./ G ek weed wd
1
= -_I'}l_?: f.!"l L=, LAl -_Izl_?: =% L oA = T+ 1 ‘I_ -_sz.r l_?:_:f.r" LA (TETLe T
S oag@ghs LI .;ll_\ﬂ_ Qs ) {Iﬂ.__\; X Z) Rpld, e x) Qg d Z) Bl Z, 0 20y

1 - s Femn - Bl — - —
+-ioy + ey fd T 2z} +dp(z. T ) + d AT "2 T2l +d,; (=,



6 A. GARG, Z. K ANSARI, AND P. KUMAR

£ ¢

do(z.Tz) = dp(z. T2 + d- (T2, Tz) ¢ St5;=c> Owhenever n € N

—_— - ra _— ﬁ e ﬁ - ra _— ﬁ

Thus dglz,Tz) £ — forallm 21 = —-dglz,Tz) e P But — = lasm =«
N m T = W17

= d.(z.Tz) € —P.which is a contradiction.Therefore d (z. Tz} =0

Hence Tz = z i.e. z is a unique fixed point.

This completes the proof of the theorem.

Theorem3.2: Let X be a complete symmetric G- cone metric space and T:.X x X be a mapping
satisfying the following condition

(3.21) 6(Tx.Ty.Ty)

< a6l vy, ) + a6l Te.Ty) + 0, Uy Te.Te) + 0, 6{x. Ty.Ty) + a6l vy, Ty. Ty)

Forall x.y =Xanda, +a; +2a; +a: = 1. Then T has unique fixed point.
Proof: Let xo = X and { =} be a sequence such that x, =T"x.Using (3.2.1), we have
Gty Xpes Xpeal = GTx,_, Tx, Tx,)

= I5'“':'-'1;':)'--:':—'_ 'r:':'r:'::l - ﬂ'_"-':':r:':—: 'r?!'r?!:l_ﬂEGI:r?!—"_ st Xn 2]

‘o, Glr, rpap e Glo, g xn)

= oo, Gl xpx) e Gla, o xpx e {Gln,  xx, )+ 60x, X M asGla, ey in.y)

. _— W s .
U —ay —ag)blay, xp 2, ) 2 Lagtay a6l g a0y,

ra
Gliy XXy

p - . ;
Glory XXyl Sy Glo, g aux,)

Wherey = 2222772 =] — a, +a, +2a;+a

l-g;—a.

< landy is + ve but less than 1

Continuing this process n time, we have

G':):':,: 'r:':—'_'r:':—::l =y" G':)‘.',,,_»_ .)‘.’,,,.J:',,:]
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Now for all positive m, n with m > n, we have

I-{;":)'--:': 'r:";'r:";:l = G':r?: 'r:':—:'r:':—::l_ G':r,,:_: 'r:':—:'r:':—::l T I-{;':r:";—: 'r:";'r:";:l

s Y . k ; n+2 m—1% o~ Y
GI_‘J:-?: .):'_v.;.r_v.;,l = |\]_| e L o ‘_I GI\_):': .J:':..:':':_,I

-

no .
— Gl xxg )

I -
Gliy X gt =

Let ¢>> 0 is given. Choose 5 = 0 such that ¢ +5:(0)= P, where n:(0)= {y= E: |y[|<&}. Also

T

choose a natural number ¥, such that -— G(x,_.x%,x,) & Nz(0}, for all m, n >N,.
Then = G(x,_. %, x,) << c for all mn = N (0).Therefore ¢(x, x, x,) « 0for all m = n.Hence

{xn} is a Cauchy sequence. Therefore there exists v = X such that sequence {x,} converges to
v such that Tv = v.

Now using (3.2.1) again, we have

Glxy Tv, Ty

a6l vv) + a.Glx, vv) +a; Gla, T Tyl +a,6lv. vovl+a: 6l v Te. Tyl

a6l _v.v) + a.Glr,_vv)+a; Glx, . TeTv)+a:G6lv, Tv.Tv)

Taking the limit n—o0, we have

Glo, To.Tv) =(ay + a: + a; + alG{x, . Tv. Tv)
Gl Te.Te) = (o, + ax + a; + a6, Te.Tv) = Tr = v
Uniqueness: consider « =Tu = v = Tv be another fixed point, therefore from (5.2.1), we

have

i, v, 1) = G(Tu, T, Tr)
= oGl vv) + e, GluTuTuw +a; Glv.TeTv) +a,60v.TuwTu + a6 v. Te. Tr)
= oy +oy +0y) 6w Te. Ty)

Implies ».= . Hence v is a unique fixed point.

This completes the proof of the theorem.
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