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1. Introduction 

 Fixed Point Theory is one of the famous and traditional theory in mathematics and has a 

broad area of application. In this theory contraction is one of the important tool to prove the 

existence and uniqueness of a fixed point. Banach contraction principle is one of the most 

fascinating and classical result of the last century in the field of non linear analysis. It 

provides a powerful technique for solving a variety of problems in mathematical sciences and 

engineering. There are many generalizations of   Banach contraction principle  in the 

literature. Following Banach contraction mapping Nadler [6] introduced the concept of 

multivalued contraction mapping and established that a multivalued contraction mapping 
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possesses a fixed point in a complete metric space. Subsequently, a number of fixed point 

theorems in metric spaces have been proved for multivalued mappings satisfying contractive 

type conditions. 

 On the other hand, Hicks [2], and Hicks and Rhoades [3] started the study of existence of 

fixed points in symmetric spaces. Throughout this paper (X, d) be symmetric space and H 

denote the Hausdorff distance function on CL(X) induced by metric d, where CL(X) is the 

collection of all nonempty closed subsets of X. The aim of this paper is to establish some 

fixed point theorems for multivalued mapping using the multivalued analogous of the 

contractive condition introduced by Jaggi  [1]. These results generalize the results of Hicks 

[2] and Moutawakil [5]. 

 

2. Preliminaries 

Definition 1 [3] A sym-metric on a set X is a nonnegative real valued function d on XX 

such that  

(i) d(x, y) = 0 iff x y 

(ii )d(x, y)  d(y, x). 

Let d be a sym-metric on a set X and for r>0 and any ,Xx  let 

}),(:{),( ryxdXyrxB  . A topology t(d) on X is given by )(dtU  if and only if, for 

each UrxBUx  ),(, for some r>0. 

We need following two axioms (W.3) and (W.4) given by Wilson [7] in a sym-metric space 

(X, d). 

(W.3) Given {xn}, x and y in X, 0),( xxd n and 0),( yxd n imply that x=y. 

(W.4) Given {xn}, {yn} and x in X, 0),( xxd n and 0),( nn yxd  imply that 0),(lim xyd n . 

Let (X, d) be a symmetric space. CB(X) (resp. CL(X)) denotes the collection of all closed 

bounded (resp. closed) subsets of X.  

)},(sup),,(max{sup),( xAdBxdBAH BxAx  , for all ).X(CLB,A   

Then clearly (CL(X), H) is a symmetric space.  
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We now site some definitions and lemmas from Hicks [2] and Hicks & Rhoades[3]. 

Definition 2[2]. A sequence {xn} in X is d-Cauchy sequence if it satisfies the usual metric 

condition. 

Definition 3. [2]. Let (X, d) be a symmetric space. 

(a) (X, d) is S-complete if for every d-Cauchy sequence {xn}, there exists x in X with 

lim ( , ) 0nd x x 
. 

(b) XXf : is d-continuous if lim ( , ) 0d x x
n

  implies .0),(lim fxfxd n  

Definition 4[2].  

A symmetric space ),( dX  is complete if  





 ),( 1

1

n

n

n xxd  implies that there exists x in X 

such that ( , ) 0.nd x x   

Lemma 1.[2].  

Suppose T:XCL(X) where d is a bounded symmetric. Then 0),(lim Txxd n  iff there 

exist Txyn   such that 0),(lim nn yxd . 

It is well known that for A, B in CB(X) then for 0  and a ,A there exists b B such that 

 ),(),( BAHbad  

If A, B are in C(X), set of all compact subsets of X, then one can choose b B such that 

),(),( BAHbad   

Theorem 1.[3]. Let (X, d) be a complete symmetric space with d bounded     

and suppose (W.4) holds. Let T:X CL(X) where T satisfies 0),(lim xxd n  implies 

.0),(lim TxTxH n  Then there exists x in X with xTx iff there exists a sequence }{ nx  in X 

with nn Txx 1 and 





 ),( 1

1

n

n

n xxd or 0),(lim xxd n . 

For our main result we follow the concept of multivalued contraction mappings given by 

Nadler [6] and extend the contractive condition introduced by Jaggi [1] (also refer to Rhoades 

[4] ).  
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3. Main results 

 Taking a singlevalued mapping XXf :  and a multivalued mapping ,2: XXT   

we establish the following results.
  

Theorem 3.1. Suppose (X, d) is a symmetric space with d-bounded and (W.4) holds and 

XXf : . If  )(: XCLXT  , such that 

(i) ),(
),(

),(),(
),( fyfxd

fyfxd

TyfydTxfxd
TyTxH 


  

for all fyfxXyx  ,, , ,0,  and ,1  and 

(ii)    ),()( xfxT   

(iii)   )(xf  is S-complete, 

(iv)  T satisfies .0),(lim0),(lim  TxTxHxxd nn  

Then there exists a point u in X such that Tufu   i.e. u is a coincidence point of f and T. 

Proof. 

Pick x0X. Construct a sequence }{ nx  of points of X as follows: 

Since ),()( xfxT   one can choose a point 1x  in X such that .01 Txfx   If ,10 TxTx   

then ux 1  is the coincidence point. If ,10 TxTx  choose Xx 2  such that 

   1021 ,, TxTxHfxfxd  where 1  and .1)(    

Continuing this process, we can choose fxn+2Txn+1 such that 

d(fxn+1, fxn+2)   H(Txn, Txn+1). 

By (i) 

.),(),(

),(
),(

),(),(

),(
),(

),(),(

),(),(

121

1

1

211

1

1

11

121









































nnnn

nn

nn

nnnn

nn

nn

nnnn

nnnn

fxfxdfxfxd

fxfxd
fxfxd

fxfxdfxfxd

fxfxd
fxfxd

TxfxdTxfxd

TxTxHfxfxd














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Which implies 

),(
1

...

),(
1

),(
1

),(

10

1

1

2

121

fxfxd

fxfxd

fxfxdfxfxd

n

nn

nnnn























































                      

  Since, 1)(    implies 1
1

1












n




, which shows that {fxn} is a Cauchy sequence in 

f(X). Again f(X) is S-complete therefore {fxn} converges in f(X) at a point b i.e. there exists 

point uX such that  f(u)=b, by condition (iv) and Lemma 1 it implies that fu Tu. 

Taking T a multivalued map from X to the set of compact subsets C(X) of X we get the 

following coincidence point theorem. 

Theorem 3.2. Suppose (X, d) is a symmetric space with d-bounded and (W.4) holds. If 

),(: XCXT  such that all conditions (i)-(iv) of Theorem 1 hold. Then f and T have a 

coincidence, i.e there exist a point u in X such that fuTu. 

Proof. 

Since )()( xfxT  , and T(x) is compact. The only change occurs in the proof of this result is 

that the inequality d(fxn+1, fxn+2)   H(Txn, Txn+1) of proof of Theorem 3.1 will be replaced 

by the stronger inequality  

d(fxn+1, fxn+2) H(Txn, Txn+1). 

Again using condition (iv) and Lemma 1 it is clear that there exists a point u in X such that 

fu Tu. 

If both maps commute at coincidence point and )).(()( uffuf  Then f(u) is common fixed 

point of f and T. 

In the Theorems 3.1 and 3.2 taking f as an identity mapping we get following fixed point 

Theorems 3.3 and 3. 4 respectively. 

Theorem 3.3. Suppose (X, d) is a S-complete symmetric space with d-bounded and (W.4) 
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holds. If  ,: XCLXT  such that 

(i)  ),(
),(

),(),(
),( yxd

yxd

TyydTxxd
TyTxH 


   

for all yxXyx  ,, , ,0,  and ,1  and 

(ii) T satisfies 0),(lim xxd n  implies .0),(lim TxTxH n    

Then there exists u in X such that Tuu .  

Proof. 

Let Xx 0 since 0Tx is closed choose 01 Txx  such that  

),(),( 1010 TxTxHxxd 
 

where 1 and .1)(   In general choose nn Txx 1 such that 

),(),( 121   nnnn TxTxHxxd   

From  condition (i), one can easily obtain that  

),(
1

),( 10

1

21 xxdxxd

n

nn



 














 

Since 1)(   implies .1
1


 


 It is clear that }{ nx  is a d-Cauchy sequence. Since 

X is S-complete symmetric space, there exist Xu with 0),(lim uxd n .  

By condition (ii) it follows that  

0),(lim xxd n  implies 0),(lim TuTxH n  

Therefore using (W.4) and Lemma 1, it is clear that there exists u in X such that Tuu . 

Theorem 3.4. Let (X, d) be a S-complete symmetric space with d-bounded and suppose that 

(W.4) holds. Let ),(: XCXT  such that 

(i) ),(
),(

),(),(
),( yxd

yxd

TyydTxxd
TyTxH 


  

for all yxXyx  ,, , ,0,  and ,1  and 

(ii) T satisfies  0),(lim xxd n  
implies .0),(lim TxTxH n    
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Then there exists u in X such that Tuu . 

Proof. 

Proof follows from the proof of Theorem 2 taking ),(),( 1010 TxTxHxxd  in place of 

),(),( 1010 TxTxHxxd  . 

Taking 0 in Theorem 3.1 we get following coincidence point theorem as corollary. 

Corollary Suppose (X, d) is a S-complete symmetric space with d-bounded and assume (W.4) 

holds and XXf : . Let 10   , if )(: XCLXT   satisfies 

     fyfxdTyTxH ,,   for all ., Xyx   

Then there exists u in X with .Tufu  

Remark 1. Taking f an identity mapping in above corollary we get the result of Moutawakil 

[5, Theorem 2.2.1] and the result of Hicks [2]. 

It is remarkable that very general probabilistic structures admit a compatible symmetric or 

semi metric (for more applications and details see [2] and [5]). 

Remark 2. Again it is remarkable that in Theorem 1, if α is taken as zero and (X, d) a metric 

space, we get the result established by Nadler [6], and if in place of symmetric space we take 

metric space with α=0 and T a singlevalued map we get Banach contraction principle. 
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