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1. Introduction

Fixed Point Theory is one of the famous and traditional theory in mathematics and has a
broad area of application. In this theory contraction is one of the important tool to prove the
existence and uniqueness of a fixed point. Banach contraction principle is one of the most
fascinating and classical result of the last century in the field of non linear analysis. It
provides a powerful technique for solving a variety of problems in mathematical sciences and
engineering. There are many generalizations of  Banach contraction principle in the
literature. Following Banach contraction mapping Nadler [6] introduced the concept of
multivalued contraction mapping and established that a multivalued contraction mapping
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possesses a fixed point in a complete metric space. Subsequently, a number of fixed point
theorems in metric spaces have been proved for multivalued mappings satisfying contractive
type conditions.

On the other hand, Hicks [2], and Hicks and Rhoades [3] started the study of existence of
fixed points in symmetric spaces. Throughout this paper (X, d) be symmetric space and H
denote the Hausdorff distance function on CL(X) induced by metric d, where CL(X) is the
collection of all nonempty closed subsets of X. The aim of this paper is to establish some
fixed point theorems for multivalued mapping using the multivalued analogous of the
contractive condition introduced by Jaggi [1]. These results generalize the results of Hicks

[2] and Moutawakil [5].

2. Preliminaries

Definition 1 [3] A sym-metric on a set X is a nonnegative real valued function d on XxX
such that

() d(x,y) =0iff x=y

(i )d(x, y) =d(y, x).

Let d be a sym-metric on a set X and for r>0 and any xeX, let
B(x,r)={y e X :d(x,y) <r}. A topology t(d) on X is given by U et(d) if and only if, for
each xeU,B(x,r) < U for some r>0.

We need following two axioms (W.3) and (W.4) given by Wilson [7] in a sym-metric space
(X, d).

(W.3) Given {xn}, xand yin X, d(x,,x) —0and d(x,,Yy) —> Oimply that x=y.

(W.4) Given {Xn}, {yn} and x in X, d(x,,x)=0and d(x,,y,)=0 implythat limd(y,,x)=0.

Let (X, d) be a symmetric space. CB(X) (resp. CL(X)) denotes the collection of all closed

bounded (resp. closed) subsets of X.
H (Av B) = maX{SUp XeA d (X! B)isupxeB d (A! X)}’ for a” A’ Be CL( X )

Then clearly (CL(X), H) is a symmetric space.
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We now site some definitions and lemmas from Hicks [2] and Hicks & Rhoades[3].
Definition 2[2]. A sequence {x,} in X is d-Cauchy sequence if it satisfies the usual metric
condition.

Definition 3. [2]. Let (X, d) be a symmetric space.

(@ (X, d) is S-complete if for every d-Cauchy sequence {xn}, there exists x in X with

limd(x,,x)=0
(b) f : X —> X isd-continuous if Iimd(xn,x):o implies limd(fx,, fx)=0.

Definition 4[2].

A symmetric space (X,d) is complete if Zd(xn X)) <o Implies that there exists x in X
n=1

such that d(x,,x) —0.

Lemma 1.[2].

Suppose T:X—CL(X) where d is a bounded symmetric. Then limd(x,,Tx)=0 iff there
exist y, eTx suchthat limd(x,,y,)=0.

It is well known that for A, B in CB(X) then for >0 and ae A, there exists be B such that
d(a,b) <H(A B)+e

If A, B are in C(X), set of all compact subsets of X, then one can choose b€ Bsuch that
d(a,b) <H(A,B)
Theorem 1.[3]. Let (X, d) be a complete symmetric space with d bounded

and suppose (W.4) holds. Let T:X— CL(X) where T satisfies limd(x,,x)=0 implies

lim H(Tx,,Tx) =0. Then there exists x in X with xe Tx iff there exists a sequence {x,} in X

with X, €Tx,and D d(X,,X,,;) <ooor limd(x,,x)=0.
n=1

For our main result we follow the concept of multivalued contraction mappings given by

Nadler [6] and extend the contractive condition introduced by Jaggi [1] (also refer to Rhoades

[4]).
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3. Main results
Taking a singlevalued mapping f:X — X and a multivalued mapping T: X — 2%,

we establish the following results.

Theorem 3.1. Suppose (X, d) is a symmetric space with d-bounded and (W.4) holds and
f:X > X.If T:X —CL(X), such that

ad (1x, Tx)d (fy, Ty)

i) H(Tx Ty) <
(i) H(xTy)< a(, )

+ Ad(fx, fy)

forall x,yeX, x=1fy, «,f>0,and a+ <1 and

i) THcfX),

(iii) f(x) is S-complete,

(iv) T satisfies limd(x,,x)=0=IlimH(Tx,,Tx) =0.
Then there exists a point u in X such that fu € Tu i.e. uis a coincidence point of f and T.
Proof.
Pick xoe X. Construct a sequence {x,} of points of X as follows:
Since T(x) < f(x), one can choose a point x, inXsuchthat fx, e Tx,. If Tx, =Tx,,
then x, =u is the coincidence point. If Tx, #Tx;,choose x, € X such that

d(fx,, x,) < AH(Tx,, Tx, )where 1 >1 and A(a+ ) <1.
Continuing this process, we can choose fX,+2 € TXp+1 Such that
d(an+1, an+2) < A H(TXn, TXn+1).

By (i)
d(fX an+2) S ﬂ“ H (TXn ’TXn+1)
Cod (x,Tx ) (..,

n n n+! d fX 7an+
TG Y

_ad(fxn’ fxn+1)d(fxn+l' fxn+2) +ﬂd(fx fX )
d(fx,, X,.1) v

fxn+2)+ﬂ’ﬂ d(fxn’ an+l)'

n+1?

S //L TXI’H—].)

<A

< Ja d(fx

n+l?
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Which implies
d(fxm,fxm)s[ 2 ]d(fxn,fxm)
1- lax
B Y
< d(fx .. fx
(1-/1&) ( n-1 n)

1- e

< (ij 4y, f6,)

n+l
Since, A(a+p)<1 implies ﬂllﬁ) <1, which shows that {fx,} is a Cauchy sequence in
-

f(X). Again f(X) is S-complete therefore {fx,} converges in f(X) at a point b i.e. there exists
point u€ X such that  f(u)=b, by condition (iv) and Lemma 1 it implies that fu <Tu.

Taking T a multivalued map from X to the set of compact subsets C(X) of X we get the
following coincidence point theorem.

Theorem 3.2. Suppose (X, d) is a symmetric space with d-bounded and (W.4) holds. If
T:X — C(X),such that all conditions (i)-(iv) of Theorem 1 hold. Then f and T have a
coincidence, i.e there exist a point u in X such that fue Tu.

Proof.

Since T(x) < f(x), and T(x) is compact. The only change occurs in the proof of this result is

that the inequality d(fXy+1, fXn+2) < 4 H(TXn, TXn+1) Of proof of Theorem 3.1 will be replaced
by the stronger inequality

d(fXn+1, Xne2) <H(TXn, TXn+1).
Again using condition (iv) and Lemma 1 it is clear that there exists a point u in X such that

fue Tu.
If both maps commute at coincidence point and f (u) = f (f(u)). Then f(u) is common fixed

point of fand T.
In the Theorems 3.1 and 3.2 taking f as an identity mapping we get following fixed point
Theorems 3.3 and 3. 4 respectively.

Theorem 3.3. Suppose (X, d) is a S-complete symmetric space with d-bounded and (W.4)
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holds. If T: X — CL(X), such that

ad (x, TX)d (y, Ty)
d(x,y)

(N H(Tx,Ty) < +pd(X,Y)

forall x,yeX, x=2y, a,f>0,and a+ <1, and
(i) T satisfies limd(x,,x) =0 implies limH(Tx,,Tx)=0.

Then there exists u in X such that ueTu.

Proof.

Let x, € X since Tx,is closed choose x; € Tx,such that

d(Xo, %) < AH(Tx,, Tx,)
where A >1and A(a + f) <1.In general choose x,,, € TX,such that
d (Xn+1’ Xn+2) < AH (TXn ’TXn+1)

From condition (i), one can easily obtain that

y) n+1
A0ark) = (] a0

Since A(a+ f) <limplies 1}“@

<1. Itisclear that {x,} is a d-Cauchy sequence. Since

X is S-complete symmetric space, there exist U € X with limd(x_,u)=0.
By condition (ii) it follows that
limd(x,,x)=0 implies limH(Tx,,Tu)=0
Therefore using (W.4) and Lemma 1, it is clear that there exists u in X such that ueTu.
Theorem 3.4. Let (X, d) be a S-complete symmetric space with d-bounded and suppose that

(W.4) holds. Let T : X — C(X), such that

ad (x, TX)d (y, Ty)

) H(Tx,Ty) <
() H{xTy)< d(x.y)

+pd(x,y)

forall x,ye X, x#y, a,f>0,and a+ <1, and

(ii) T satisfies  limd(x,,x) =0 implies limH(Tx,,Tx)=0.
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Then there exists u in X such that ueTu

Proof.

Proof follows from the proof of Theorem 2 taking d(Xx,,x,) <H(Tx,,Tx,)in place of

d(Xy, X)) S AH(TX,, TX,) .
Taking a =0in Theorem 3.1 we get following coincidence point theorem as corollary.

Corollary Suppose (X, d) is a S-complete symmetric space with d-bounded and assume (W.4)

holdsand f:X — X.Let 0<fB<1,if T:X — CL(X) satisfies
H(Tx Ty)< gd(fx, fy) forall x,yeX.

Then there exists u in X with fu e Tu.

Remark 1. Taking f an identity mapping in above corollary we get the result of Moutawakil
[5, Theorem 2.2.1] and the result of Hicks [2].

It is remarkable that very general probabilistic structures admit a compatible symmetric or
semi metric (for more applications and details see [2] and [5]).

Remark 2. Again it is remarkable that in Theorem 1, if « is taken as zero and (X, d) a metric
space, we get the result established by Nadler [6], and if in place of symmetric space we take

metric space with a=0 and T a singlevalued map we get Banach contraction principle.
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