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Abstract: In this paper, we generalize o - inverse strongly accretive mapping to accretive and Lipschitz continuous
mapping in uniformly convex and 2-smooth Banach space and prove a strong convergence result for finding
common element of the set of fixed points of strictly pseudocontractive mappings and the set of solutions of
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1. Introduction:

Throughout this paper, we use E and E~ for a real Banach space and its dual space. The mapping

J E > 2% defined by J(x) = {x”eE*:<x,x*>:||x||2 Jx[=[x "} for all x € E, is called duality

mapping. Now we give some definitions:

Definition 1.1 A Banach space E is said to be uniformly convex iff for any €, 0 < € < 2, the

x+y

inequalities || <1y <land|jx —y|>e imply there exists a § > 0 such that <1-6.
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Definition 1.2 A Banach space E is said to be smooth if for each x € S_ ={xeE:||x|=1}, there

exists a unique functional j, eE” such that (x, j, )=||x|and| j,||=1.

It is clear that if E is smooth, then J is single-valued which is denoted by j. Also if E is a Hilbert
space, then J = I, where | is the identity mapping.
Definition 1.3 Let E be a Banach space. Then a function p.:R" —R" is said to be modulus of

smoothness of E if

X+ Y| +|x—
pe0=sup (I gy -y
A Banach space E is said to be uniformly smooth if
imPe® g
t—0 t '

Also every uniformly smooth Banach space is smooth.

Let g > 1. A Banach space E is said to be g-uniformly smooth if there exists a fixed constant ¢ >
0 such that p.(t)=ct®. It is obvious that if E is g-uniformly smooth, then q < 2 and E is
uniformly smooth.

Definition 1.4 Let C be a nonempty subset of a Banach space E and T : C — C be any mapping.
T is said to be nonexpansive if for all x, y € C,

ITx=Ty| <|]x—y]- (1.1)

T is said to be n - strictly pseudo-contractive if there exists a constant n € (0, 1) such that

(Tx=Ty, jx=y))<[x=y[* —n|0-T)x=(1-T)y|" V¥ x,y € C and for some j(x - y)

e J(x-y). (1.2)
(1.2) is equivalent to:

(1-T)x=(1-T)y, j(x-y))= n|(1-T)yx=(1-T)y|[" ¥ x,y € Cand for some j(x - y)

e J(x-y). (1.3)

Let C and D be nonempty subsets of a Banach space E such that C is nonempty closed convex
and D < C, then a mapping P : C — D is said to be sunny [9] if P(x + t(x — P(x))) = P(x) for all x
€ Cand t > 0, whenever x + t(x — P(x)) € C. A mapping P : C — D is said to be retraction if Px

=x for all x € D. P is said to be sunny nonexpansive retraction from C onto D if P is a retraction
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from C onto D which is also sunny and nonexpansive. The subset D of C is called sunny
nonexpansive retraction of C if there exists a sunny nonexpansive retraction from C onto D.

An operator A of C into E is said to be accretive if there exists j(x - y) € J(X - y) such that
(AX—AY, j(x—¥))=0, Vx,yeC.

An operator A of C into E is said to be o — inverse strongly accretive if there exists j(X - y) € J(X

-y) and a > 0 such that
<Ax—Ay,j(x—y)>2oc||Ax—Ay||2, Vv x,yeC.

Remark 1.5 Every o — inverse strongly accretive operator is accretive and Lipschitz continuous
but converse is not true. Also if T is an n-strictly pseudo-contractive mapping, then I — T is n-
inverse strongly accretive mapping.

In a Banach space, the variational inequality problem is to find a point x_ € C such that
(AX", j(x—x"))=0, ¥ xeCandforsome j(x—x") € J(x—x"). (1.4)

Firstly, this problem was introduced by Aoyama et al. [7]. The set of solutions of a variational

inequality problem in a Banach space is denoted by S(C, A), that is,
S(C,A)={ueC:(Au,J(v-u))=0,VveC}. (1.5)

In 2005, in order to find a solution of the variational inequality (1.4), Aoyama et al. [7] obtained
a weak convergence theorem as follows :

Theorem 1.6 [7] Let C be a nonempty closed convex subset of a uniformly convex and 2-
uniformly smooth Banach space E. Let Qc be a sunny nonexpansive retraction from E onto C, let
a > 0 and let A be inverse strongly accretive operator of C into E with S(C, A) # ¢. Suppose
that x1 = x € C and {xx} is given by

Xn+1=0nXp + (L —0n)Qc (Xn — AnAXn), n>0,

where {A,} is a sequence of positive real numbers and {a,} is a sequence in [0, 1]. If {4,} and
{an} are chosen so that 4, € [a, I?—Z ] for some a> 0 and a, € [b, c] for some b, cwith0 <b<c<

1, then {x,} converges weakly to some element z of S(C, A), where K is the 2-uniformly
smoothness constant of E.

In 2013, Kangtunyakarn [1] proved a strong convergence theorem for finding a common element
of the set of solutions of a finite family of variational inequality problems and the set of fixed
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points of a nonexpansive mapping and an n-strictly pseudo-contractive mapping in uniformly
convex and 2-uniformly smooth spaces.

Firstly, we give a definition.
Definition 1.7 [1] Let C be a nonempty closed convex sebset of a Banach space H. Let {T},N:1 be

finite family of nonexpansive mappings of C into itself and let A, 1,,........ , An, be real numbers
suchthat0 < Ai <1 foreveryi=1,2,...... , N. Define a mapping K : C — C as follows:

U= 4T+ (1- ),

Uy =T UL+ (1 - A) Uy,

Uz =3T3 Uz + (1 - A3) Uy,

UN-1=AN1 Tna Un2 + (1 = Ana) Une,

K=Un=ANTn Unt + (1 - An) Un,

Such a mapping K is called the K—mapping generated by Ty, To,....... Tnand Ay, Ao,....., AN,
Theorem 1.8 [1] Let C be a nonempty closed convex subset of a uniformly convex and 2-
uniformly smooth Banach space E. Let Qc be a sunny nonexpansive retraction from E onto C.
For everyi=1, 2, ...... , N, let A; : C — E a-inverse strongly accretive mappings. Define a
mapping G; : C - C by Qc(l — AA)x =Gix forall x e Candi=1, 2, ...... , N, where 4; € (0,

% ), K is the 2-uniformly smooth constant of E. Let B : C — C be the K-mapping generated by

Gy, Gy,....., Gy and p1, p2,....., pN, Where pi€(0,1),Vi=1,2,...... ,N—1and pn € (0, 1]. Let

T : C = C be a nonexpansive mapping and S : C = C be an n-strictly pseudocontractive

mapping with F = F(S) N F(T) ﬂ:V:lS(C,A,) # ¢. Define a mapping Ba: C = C by T((1 - a)l +

aS)X = Bax,Vx € C and a € (0, :—2 ). For arbitrarily given x; € C, let {x,} be a sequence

generated by
Xn+1 = On f(Xn) + ,ann + YnBXn + YnBaXn, V N = 1,
where f: C — C is a contractive mapping and {an}, {Bn}, {¥n}, {6} S [0, 1], an + Bn + yn + 8n =

1 and satisfy the following conditions :
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(). lim,_ » an=0, Zan =00,
n=0
@i). {yn}, {6n3< [c,d] = (0, 1), forsomec,d>0,V n>1,

(). 3 <o Slpa-ral<o, Y

n=1 n=1
(iv). 0 <lim inf,_.Bn < lim supy.opn < 1.

0,

n+1

0,

h | <P

ﬂn+l _:Bn

Then the sequence {x,} converges strongly to g € F, whivh solves the following VIP:
<q-f(a),j@-p)><0,V peF.

In 2013, Atid Kangtunyakarn [2], introduced a new mapping, called S*-mapping to modify the
Halpern iterative scheme for finding a common element of two sets of solutions of variational
inequality problem and the set of fixed points of a finite family of nonexpansive mappings and
the set of fixed points of a finite family of strictly pseudo-contrctive mappings in a uniformly
convex and 2-uniformly smooth Banach space.

Firstly, he gave a definition.

Definition 1.9 [2] Let C be a nonempty closed convex subset of a Banach space H. Let {S[}N

i=1
and {E}Zlbe two finite families of mappings of C into itself. Foreachj=1, 2, ...... , N, let o5 =

(ad, o, ad) € I x I x I, where | € [0, 1] and ay) + o + ad = 1. Define S : C - C as follows:
Uo=T1=1,

Uy = To(on'S1 Uo+ ap* Up+ ag'l),

Up = To0r’Sp Us + " Us + adl),

Us = Ta(ar’Ss U + a2’ U + 5’l),

Un-1=Tn-1(0a™ P Snet Un-2+ a1 Un- 2+ g™ M), (1.6)

S = Uy = Tn(oV SNUN- 1+ aMUn -1 + az™D),

This mapping is called the S* —mapping generated by Si, Ss,....., Sn, T, Tos....... Tn and oy,
0g,..... , ON,

Theorem 1.10 [2] Let C be a nonempty closed convex subset of a uniformly convex and 2-

uniformly smooth Banach space E. Let Qc be a sunny nonexpansive retraction from E
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onto C. Let A, B be a- and S-inverse strongly accretive mappings of C into E, respectively. Let

N

{S,}f':1 be a finite family of ki-strict pseudocontractions of C into itself and let {7;} " be a finite

family of nonexpansive mappings of C into itself such that F = ﬂf’le(S,)ﬂ:VﬂF(T,) N S(C, A) N

S(C,B)#dand k=min{k;:i=1,2,...... NN} with K? < k, where K is the 2-uniformly smooth
constant of E. Let o; = (', o, ag) € I x I x I, where | € [0, 1], ai' + o'+ o = 1, o) € (0, 1],
o) €[0,1], agd € (0, 1) forallj=1,2, ...... , N. Let S* be the S* —mapping generated by Sj,
Soyeeiey SNy T1, Toyeenn Ty and oy, ay,..... , on.

Let {x,} be the sequence generated by x;, u € C and

Xn+1 = Ol + BrXn + ¥n Qc (1 —aA) Xn + 8, Qc (I —=bB) Xo + 70 S Xn, N =1,

where {on }{Bn}{Vn} {6} {nn} € [0, 1] and an + Bn + yn + 6n + nn =1 and satisfy the following

conditions:
@. limy, L an=0, zan =0,
n=0
@ii). {yn}, {6}, {n}<[c,d] < (0, 1), forsomec,d >0,V n=>1,

(Ill)i <Oo,i <00,27n+1_7n <oo,i
n=1 n=1

n=1 n=1

0,

n+1

0,

n < ®

A — &, :Bn+l_18n

7

Sacn | <o

n=1

Masr =M
(iv). 0 <lim inf,_.Bn < lim supyofn < 1,
(V). a € (0, If—z) and b € (0, Kﬁz).

Then {x,} converges strongly to zo= Qr u, where Qf is the sunny nonexpansive retraction of C
onto F.

Motivated by the research going on in this direction, we generalize the above mentioned result to
more general class of mappings known as accretive and Lipschitz-continuous. Also with the help

of a numerical example, we prove the validity of the result.

2. Preliminaries.

In this section, we give some lemmas, which will be used to prove our main result.
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Lemma 2.1 [4] Let E be a real 2-uniformly smooth Banach space with the best smooth constant
K. Then the following inequality holds:

||x+y||2 §||x||2 +2<y,J(x)>+2||Ky||2 forany x, y € E.
Lemma 2.2 [11] Let X be a uniformly convex Banach space and B, = {xeX:|x|<r},r >0.

Then there exists a continuous, strictly increasing and convex function g : [0, o] — [0, o], g(0)
= 0 such that

||ocx+[3y+yz||2£a||x||2 + [?>||y||2 +y||Z||2 —apg(|x—y|) forall x,y, z e Brand all a, B, y € [0, 1]
witha++y=1

Lemma 2.3 [7] Let C be a nonempty closed convex subset of a smooth Banach space E. Let Q¢
be a sunny nonexpansive retraction from E onto C and let A be an accretive operator of C into E.
Then, for all 2 >0,

S(C,A)=FQ.(I-1A)).

Lemma 2.4 [5] Let {sn} be a sequence of nonnegative real numbers satisfying

S,,=(@@-a,)s,+9,, Vn=0, where {a, }is a sequence in (0, 1) and {5} is a sequence such that
@i). D o, =0,
n=1

(ii). Iimsups—”sOori|8n|<oo.
o n=1

n—oo n

Then lim s =0.

n—oo —n

Lemma 2.5 [2] Let C be a nonempty closed convex subset of a 2-uniformly smooth and

uniformly convex Banach space. Let {S;}, be a finite family of «, - strict pseudo-contractions

of C into itself and let {T.}", be a finite family of nonexpansive mappings of C into itself with

N N
FSHNNFT) = and w=minfx,:i=12,..,N}withK* <k, where K is the 2-uniformly
i=1 i=1

smooth constant of E. Let a;=(af,0},0l)elxIxl, where | = [0,1], ol+o}+a}=],

ol €(0,1],a €[0,1],0l€(0,1) for all j = 1, 2, ..., N. Let S* be the S"-mapping generated by
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N N
$.S, Sy T T Ty and a0y, 0n . Then F(S%) = (F(S)()()F(T) and S* is a
i=1 i=1

nonexpansive mapping.

Lemma 2.6 [2] Let C be a closed convex subset of a strictly convex Banach space E. Let
T, T,. T, be three nonexpansive mappings from C into itself with F(T,)("|F(T,)(\F(T,)= ¢.
Define a mapping S by Sx=aT,x+BT,x+yT,X, V X € C, where a, 3, y is a constant in (0, 1)
and a+ B +y=1.Then S is nonexpansive and F(S) = F(T,)( |F(T,)[ |F(T,) .

Lemma 2.7 [4] Let E be a real 2-uniformly smooth Banach space with the best smooth constant
K. Then the following inequality holds:

||x+y||2 £||x||2 +2<y,J(x)>+2||Ky||2 forany x, y € E.

Lemma 2.8 [10] Let {xn} and {z,} be bounded sequences in a Banach space X and {f,} be a

sequence in [0, 1] with 0 < lim inf,_.pn < lim sup,Pn < 1. Suppose

Xp =B, X, + (@-B,)z, forall integers n > 0 and

o1 —Z[|-I%n: =%, [D<0. Then lim___ |, —z,[=0.

limsup (|z
Lemma 2.9 [8] In a Banach space E, the following inequality holds:

||x+y||2 s||x||2 +2(y,J(x+y)),Vx,yeE, where j(x +y) = J(x +y).

Lemma 2.10 [6] Let C be a nonempty closed convex subset of a real uniformly smooth Banach
space E and let T : C — C be a nonexpansive mapping with a nonempty fixed point F(T). If {xn}

< C is a bounded sequence such that lim-e|x, —TX,|=0. Then there exists a unique sunny

nonexpansive retraction Q, :C—F(T) such that

Iimsup(u—Qqu,J(Xn — QF(T)u)>£O for any givenu € C.

n—o

3. Main Result
Now, we prove our main result.
Theorem 3.1 Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly

smooth Banach space E. Let Qc be a sunny nonexpansive retraction from E onto C. Let A and B

be accretive and L- Lipschitz continuous mappings of C into E. Let {S;}'', be a finite family of
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ki-strict pseudocontractions of C into itself and let {T.}", be a finite family of nonexpansive
mappings of C into itself such that F = ﬂLF(S,)ﬂLF(E) /1S(C, A) 17S(C, B) # ¢and k =

min{ki - i =1, 2,...... N} with K* <k, where K is the 2-uniformly smooth constant of E. Let o=
(aflj, agj, a'gj) el x1xI,wherel €[0, 1], a1j+ afzj+ agj =1, arlj €(0, 1], a@j [0, 1], agj €(0,1)

forallj=1 2, ... N. Let " be the S* —mapping generated by S, Sy, ....., Sx, T1, Ta .. I

Let {x,} be the sequence generated by x; € C and
Xn+1 :anX] +/£an+]/n QC (I _aA) Xn+ é;]QC (I _bm Xn+ VnSAXn, n 21,
where {a.}, {60} {nh{n}{m} €[0, 1] and an, + £ + » + Jdn + 7 = 1 and satisfy the following

conditions:
@@. lim,- o a =0, Zan = oo,
n=0
@i). {m} {n} {m}<|c, d] (0, 1), forsomec,d>0,v n=>1,

i) Dlagy —a, <o, Y|ga-Bl<o  Shhu-nl<e Y

n=1 n=1 n=1 n=1

o0
<o, Y
n=1

(iv). 0 <Iliminf,_ufn <lim sup,ofpn < 1,

0n.1— 0,

n+1~ “n

< o0

o0

2,

n=1

Vo + Oy

<o,

/P

a B
(v).a €(0, F) and b €(0, F).

Then {xn} converges strongly to z,=Q.x,, where Qg is the sunny nonexpansive retraction of C

onto F.
Proof. Let y, =Q.(I-aA)x, and z,=Q.(I-bB)x, foralln>1.

N N
LetueF=FS)[)FT)[)S(C.A)[)S(C,B). Then
i=1 i=1
”yn _u”2 S ”Xn —aAx, —u ”2 - ”Xn —aAX, -, ”2
= ”Xn —u ”2 + ”aAXHHZ _2a<xn —u, j(AXn)>_”Xn —Ya ”2 - ”aAXn”2 + 2a<xn —Yn J(Axn)>

=[x =ull =% =yo P+ 2a(%, =y, =, +u, §(AX,))
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=[x, ~ul" = =y, [+ 2adu -y, j(Ax,))
= ||x, —u ||2 — % Vs ||2 + 2a((Ax, — Au, ju —x))+(Au, jlu —X,)) +( A%, j(X, —Y,)))
< [y =l =[xy =y, [+ 2(a8%,, 5%, - v,)
=[x, —u[* =% —v. [ + 2<xn +aAx, —Y,, j(X, —yn)>+<yn — X,y J(X, —yn)>
< %=l ==y = =%
< [x,-ulf
= |ly,—u|<|x,—u]| forn>1. (3.1)
Similarly, we can prove that
|z, —u]l <%, —u| forn=1. (3.2)
Now by induction, we have,
X, —ull<|x-u| v n=1. (3.3)
In fact when n = 1, it follows from (3.1) and (3.2) that
X, —ul= Hoclxl +B,X, +7,Qc (1—aA) X, +8,Q. (I-bB) x, +1,S"x, — uH
<y [x, = B, X —u+ vy v, —ul+ 8,1z~ +m 8 %, -y
< ||x,—u] , which implies that (3.3) holds for n = 1. Assume that (3.3) holds for n > 2. Then we

have, ||x, —u| <[ —u] . Now,

Xni1 _UH=

o, X, +B, X, +7,Qc(I-aA) X, +8 Q. (I-bB)x, +n,S*x, —uH

< a,

X = u”+Bn ”Xn _u”'H/n ”yn _u”+8n ”Zn —U||+T]n

Shx, —uH

< [x.—u -
Thus (3.3) holds for n + 1. Therefore (3.3) holds for all n > 1. Hence {x,} is bounded. And so
{yn}, {z.} {S"x.} are bounded. Next, we shall show that

liMnoe X, =X, [=0 (3.4)

n+1l

Now,

IQc (1-aA) X, — Qe (1-aA) X, | < (X s =X, ) —a(AX,, —AX,)[]
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< ||Xn+1 —X, ”2 —2a <Axn+1 _Axn ’ j(xn+1 —X, )> +2K23.2 ||Axn+1 _Axn ”2
< ||Xn+l —X, ”2 +2K?a? ||Axn+l _Axn ”2
< X =X || +2K*a’L?[|X,,, —X ||2

= (1+2K%%L7)|x

n+l ”2
[Qc (1-aA) X, — Qe (1-aA) X, || < (L+V2KaL) X, =X,

Similarly, Q. (1-bB)X,. — Qc(1-bB)X, | < @+ +2KbL)|[X,,, —X, |-
By definition of x, , we can rewrite x, as
Xn1 = B, X, +(@-B,)z,,
where
o, % +7,Qc (1-aA) x, + 8,Q. (I- bB) x, +n,S"x,
" 1-B,
Now, using (3.5) and (3.6), we have

Ly, Xy +Yn+lQC (I _aA) Xoua T 8n+l(g(3 (I B bB) Xo +nn+lSAXn+l

202 s A
o, X, +Y,Qc(I-aA) X, + 5,Q. (I- bB) x, +n,S"X,
l_Bn
- Xn+2_Bn+an+1 X ann
1_Bn+1 1- Bn
< n+2 Bn+1Xn+l n+l Ban n+1 ann _ n+l ann
1 Bn+1 1 Bn+l 1 Bn+1 1 Bn H
1 1 |
= X . b= X — (X X .= P, X
1—Bn+l ”( n+2 Bn+l n+1) ( n+l )” ‘1 Bm_l 1 Bn ” n+l Bn n”
1 (Xn+1X +Yn+1QC (I _aA) Xn+1 + 6n+l(gc (I - bB)Xn+l +nn+lSAXn+1

- Xl YnQC(I aA)X 6nQC(I_ bB)Xn _nnSAXn

||Xn+1 - ann ”

‘1 Bn+l 1 n

(3.5)

(3.6)

(3.7)

11
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1_[1% (0t = ] + e |Qe (=8 X, = Qg (1= BAYX, [+ 1011 = 7, [ Qe (1 - 2R, |
+8n+l||QC(I_ bB) X, ., — Q.(I— bB)Xn” + |8n+l_ 8n||| Q.(I-bB) Xn”

Mt 8" Xy =S X, |+ Moy — Ma|[IS™ X4 )+‘1_én+l _l—lﬁn | X1 = B, |

< 1—;,”1 (ot — cxn|||x1||+yn+l(1+\/§KaL)||xn+1— X[+ [Yaia = ¥al]| Qc (1— aA) x|

8, (L2 KDL) X,y = X, | + 18, = 8, Qc (1 - bB) X, |

B X [ 8, Pl

(1_Bn+1)(1_Bn)

1
= 1_[3 (|O(‘n+1 - O(‘n|||xl||+ (yn+l +6n+1 +nn+l) ||Xn+1 - X, ” +\/§KL(ayn+1 + b8n+1)| X~ X, ”
n+l
+ |Yn+1_ Yn||| QC(I - aA)Xn||+ |8n+l_ 8n||| QC(I - bB) Xn”
T Mna = My SAXn )+ |Bn+l_l3n| Xna ™ PaXy
|n 1~ M | (1_Bn+1)(1_[3n) ” 1 B ”
1
< 1_B (|an+1 - O('n|||xl||_{_||xn+l_ Xn” +\/§KL(aYn+l + b6n+1)||xn+l - Xn”
n+l
+ |Yn+l - Yn||| QC(I - aA)Xn||+ |8n+1 - 8n||| QC(I - bB) Xn”
|Bn+l_Bn|
+Mpa — M SAXn )+ X~ Ban
| ’ | (1_Bn+l)(1_Bn) ” ' ”
Now using conditions (i) - (iv), we obtain,
limsup (|z,., =z, [|=[[Xp.. =X, [) <O
Using Lemma 2.8 and (3.7), we obtain
lim |z, —x,| =0. (3.8)

n—o

Also, by (3.7), we have

[Xn =%al= @By )20 =,

By condition (iv) and (3.8), we have
lim[x,., ~x,|=0

n+l

Next, we shall show that
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lim|| Q. (1-aA) x, —x, [|=lim| Q. (1-bB) x, —x, [|=lim| $* x, - x,

=0 (3.9
Using definition of x, , we can write

2
Xn+l_uH =

o, (X, —U)+B, (X, —U)+7, (Qc (1-aA) x, —u)+8, (Qc (1 -bB) x,, —u)+n, (S*X, —u)H2

2

Bn (Xn _u)+Yn (QC(I _aA) X, —U)

= _ _ _ A 3
+(0Ln +6n +1’]n)( % (Xl U) +6” (QC (I bB)Xn U) _+_nn (S Xn U)
o, +90,+n, o, +9,+n, o, +0,+n, ‘

= | B, (X, —u)+7,(Qc (1-aA) X, —u) +¢, Z, ||2 where ¢, = o, +8, +m, and

7 = O“n(xl_u) +8n(QC(I_bB)Xn_u)+nn(SAXn_u)
" o, +8,+n, o, +8,+7, o, +8, +m,

By Lemma 2.2, we have

2
Xni1 _UH < Bn ”Xn _u”2 +Yn ”QC(I _aA)Xn —U||2 +C, ”Zn —U||2 - BnYngl(”Xn - QC(I _aA)Xn ”)

- B, +7.)|x, —ul +2K2a?L2y, |x, —u[| +o, [x, —u +8, |x, —ul

4 2K202LES, ||x, —ulf +m, X, —u]* = Byvagi (X, — Qe (1-aA) X, [)
_ (B +7, +3, 1) %, —u[* +a, [x, —ul + 2K 8%y, + b28,)|x, —ul]

= By1a0i (X, — Qe (1-2A) x, )

< |x, —u||2 +a, %, —u||2 +2K*L* @y, + b%3,)|x, —u||2 — Ba¥a0: (X, — Qc(1-aA) x, )
= B,7a0: (X, — Qe (1-aA) x, )

< x, —ul* %o —ul + e, X, —u +2K2L2 @%y, + b25,) X, —ul’

< (%, = Ul X — U [Xoa = X, [+, X, U] +2K2L2 @2y, + b28,) X, —ul]

Using (3.4) and conditions (i) and (iii), we get

limg, (|x, - Qc(1-aA)x,[) = 0.
By using property of g, , we obtain

lim|lx, - Qc(1-aA)x, || = 0. (3.10)

Applying the same method as in (3.10), we can obtain

13
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lim || Q¢ (1-bB)x, —x, || = lim| $* x, =0.

Set Gx = aS*X+BQ. (1-aA) X +yQ.(1-bB)X, VX € Cand a + B +y =1. By Lemma 2.6, we

obtain, F(G) = |F(Qc (1-aA)( |F(Qc(1-bB))[ JF(Q.S") . Using Lemma 2.3 and 2.5, we can
say that

F= () FS)FT) N SC A) N S(C, B) = FG).
By definition of G,

|Gx, —x, ||£ocHSAxn —X,

(1-aA) X, =X, [+7][Qc (1-bB) X, —X, |-
Using (3.9), we can say that
lim||Gx, —x,|| =0 (3.11)

By Lemma (2.10) and (3.11), we obtain
limsup(x, -z, j(x, —2,))<0, (3.12)

n—oo

where z,=Q.x,. Now we shall prove that the sequence {X»} converges strongly to z,=Q:X,

By definition of X,
2
-

L —20) By (%, = 25) +7, (Qe (1 -aA) X, —24) +38, (Qc (1I-bB) X, —2,) +1, (S"X, —zo)H2

2

n+1

o, (X = Zo)+(1-a,) (=

i +6n<QC<I—bB)xn—zo>+nn(s‘\xn—zo)
1-a, 1-a,

B ( n O) Yn(QC(I aA)X ZO)
—Qo

B, ( 0 =2) , ¥a(Qc(1-aA) X, =2)  3,(Qc(1-bB)X, =7,) M, (S"X, ~Z,)

-a, 1-a, 1-a, 1-a,

< [[@=0,) (=

)

‘2

+ 2a, <X1 =24, J(Xp _Zo)>
< (1_O(‘n)||xn _20”2 + 2K2 L2 (aZYn + bzan)”Xn _20”2 + 20Ln <Xl _ZO’j(Xn+l _ZO)>
Using Lemma (2.4) and conditions (i) and (iii), we obtain

lim|[x, — z,|| = 0.

n—oo
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= X, —>Z, asn — oo,

4. Applications.

Using our main result, we prove a strong convergence theorem as in [2]. First we give a lemma.
Lemma 4.1 [2] Let C be a nonempty closed convex sebset of a uniformly convex and 2-
uniformly smooth Banach space E.

Let {S,.}i“':1 be a finite family of k;-strict pseudocontractions of C into itself such that F =
ﬂiN:lF(Si) # ¢ and K =min{ki : i =1, 2,...... N} with K? < k, where K is the 2-uniformly

smooth constant of E. Let o; = (!, o, ) € I x I x I, where 1 € [0, 1], o+ o + ag = 1, oy €
(0,1], af €0, 1], ag' € (0, 1) forall j=1, 2, ...... , N. Let S be the S—mapping generated by Sy,
N
S2,....., Sy and ay, ay,....., an. Then F(S)= ﬂ F(S,) and S is a nonexpansive mapping.
i=1
Theorem 4.2 Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly

smooth Banach space E. Let Qc be a sunny nonexpansive retraction from E onto C. Let A and B

be accretive and L- Lipschitz continuous mappings of C into E. Let {S.}\, be a finite family of

ki-strict pseudocontractions of C into itself such that F = ﬂiN:lF(S,) N S(C, A) N S(C, B) # ¢

andk=min{ki:i=1,2,...... NN} with K* < k, where K is the 2-uniformly smooth constant of E.
Let oj = (o), o, ag) € I x I x 1, where | € [0, 1], ai' + o'+ ad = 1, o) € (0, 1], o' € [0, 1], o3’
€ (0, 1)forallj=1,2,...... , N. Let S be the S—mapping generated by S;, S,,....., Sy and «ay,
02,..... , OIN.

Let {x,} be the sequence generated by x; € C and

Xn+1 = 0nX1 + BoXn + ¥n Qc (I = aA) Xn + 81 Qc (I =bB) Xp + 7 S Xn, N>1,

where {o} {8} Ly} {6} {n} € [0, 1] and oy + B + ¥n + 6n + nn =1 and satisfy the following

conditions:
. lim,_ ,an=0, Zan =00,
n=0

@@). {yn}, {6n}, {mn}< [c,d] c (0, 1), forsomec,d>0,vn=>1,
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00

< ® 127/n+1_7/n < ® ’z

n=1 n=1

0,

n+1

0,

h | <P

Gi). Bra=h,

Qi — &

o0
<oo,z
n=1

[ e}

2,

n=1

<o,

o0
<o, Z
n=1

(iv). 0 < lim infy_s.Bn < lim SUPyeoPn < 1,

B
KZ

M =Ty Vo t 5n

(V). a € (0, Ij’—z) andb e (0, 2).

Then {Xxn} converges strongly to z, =Q.X,, where Qr is the sunny nonexpansive retraction of C

onto F.

Proof. By putting | = Ty = T,=...= Ty in Theorem 3.1 and by using Lemma 4.1, the desired can
be obtained.

Theorem 4.3 Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly
smooth Banach space E. Let Q¢ be a sunny nonexpansive retraction from E onto C. Let A;, A and

B be accretive and L- Lipschitz continuous mappings of C into E. Define a mapping G; : C - C
by Qc(l — AA)X = Gix forall x € Cand i = 1, 2, ......, N, where 4 € (0, Z_Z ), K is the 2-
uniformly smooth constant of E.Let {S,}', be a finite family of ki-strict pseudocontractions of C

into itself such that F = ()" _F(5,)().,S(C, A) N S(C, A) N S(C, B) # ¢ and k = min{k; : i = 1,

2,......,N} with K® < k, where K is the 2-uniformly smooth constant of E. Let o = (ay!, o, ats)
elx|IxI wherel €[0,1], a+ ad + ag = 1, ad € (0, 1], o’ € [0, 1], o' € (0, 1) for all j =1,
2, . , N. Let S” be the S* —mapping generated by Si, S,......, Sy, T1, Tose...... Ty and ay,
o,..... , ON.

Let {x,} be the sequence generated by x; € C and
Xn+1:anxl+ﬁan+]/n QC (I _aA)Xn+ 6n QC (I_bB) Xn+T]nSAXn, n 2 l,
where {an} {8} v} {6} {n} € [0, 1] and o, + Bn + ¥n + 0 + nn =1 and satisfy the following

conditions:
(i). liMy—w0n=0, Y a, =0,
n=0

@i). {yn}, {6}, {mn}< [c,d] < (0, 1), forsomec,d>0,vn =1,
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(“I) Z Oppg — &y | <0, Z:Bn+l_18n < ® 12 Vosr ~Vn | <®© ’z5n+1_5n <®©
n=1 n=1 n=1 n=1

D=1 [ <o, Dlya + 6, <o,

n=1 n=1

(iv). 0 < lim infy_s.Bn < lim SUPyeoPn < 1,

a B
(v).a € (0, F)and b e (0, F)'

Then {Xxn} converges strongly to z, =Q.X,, where Qr is the sunny nonexpansive retraction of C
onto F.

Proof. By Lemma 2.3, we have F(G;) = S(C, Aj) for all 1=1, 2,..., N. Using Theorem 3.1, the
desired result can be obtained.

5. Numerical Example:

In this section, we use the iterative scheme given below.

Xn+1 = 0nX1 + BrXn + ¥n Qc (I = A) Xn + 8n Qc (1 —=bB) Xn + 170 S Xy, n>1,

where {on}{Br}{yn}{6n}{nn} € [0, 1] and an + Bn + yn + 6n + 1y = 1 and satisfy the following

conditions:
(). limyowan=0, > a, =0,
n=0

(ii). {yn}, {6}, {nn}< [c, d] c (0, 1), forsomec,d>0,Vn>1,

0

(i) Yty — o | <o D|Bra=B | <0 D pai =V | <0 D |G =6, | <0,
n=1 n=1 n=1 n=1

Znn+l_77n <o, 27n+5n <0,

n=1 n=1

(iv). 0 <lim inf,_.Bn < lim supyofn < 1,
(V). a € (0, If—z) and b € (0, Kﬁz).
We use the following numerical values for the above mentioned iterative scheme.

X
Let {T}, be the family of nonexpansive mappings defined by T X =7 n>1and {S.}

2

X
be the family of pseudo contractive mappings defined as Snx:1 and et

+ X
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S* =T, (o' S\U,, +odU,_, +al'1). Also let Qc be a sunny nonexpansive retraction mapping

from E onto C defined as Q.x = {0}, VxeE, where E =[0,1] and C = {0},

Let A and B be accretive and L- Lipschitz continuous mappings of C into E defined as

X2

AX=——
1+X

2

X
Bx=——, where xeC
1+x

The initial values used in C++ program to find the solution are
a;=0.7, a,=0.2, a;=0.1 where i=1,2,3....N.
1

a,=—,n=1, B, =.000001, y, =.000000001, &, =.0000000000001, n,=0.999999 , x, =0.5
n

and x, =0.5, by using these mappings and initial value in C++ program, we get the following

observation shown in tabular form

Table 5.1

N |1 |2 3 19 20 38 39 53 54 55 | 56 | 57 | 58

X, 0.5 | 5e- Se- Se- Se- Se- Se- 5.00001e- 4.99999- 0 [0 |0 |O
007 | 013 | 109 115 | 223 | 229 | 313 319

From the above table, we find that x, — 0 as n — oo which is the solution of our problem.
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