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1. Introduction

If f:1 — R isa convex function on the interval I, then for any a, b € I with a < b we have

the following inequality

b
a+b 1 f(a) + f(b)
f( )Sb_aff(x)dxs—z : (1.1)

2

This remarkable results is well known in the literature as the Hermite-Hadamard inequality.
Several generalizations of the Hermite-Hadamard integral inequality are considered by many
authors. For recent results and genaralizations see [1, 2, 3, 4, 6, 7, 9, 11, 12] and references
therein.

Let us consider now a bidimensional interval A := [a, b] X [c,d] in R? witha < b and ¢ < d.
In [3] Dragomir introduced co-ordinated convex function in the following way: a mapping f: A—
R is said to be convex on the co-ordinates on A if the inequality

ftx+ (1 -t)y), ru(1 —r)w)
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<trf(xwW+t(A-nr)fGw)+rA-fyuw+A-t)A-r)f(y,w)
holds for all t,r € [0,1] and (x,u), (y,w) € A.

For such a mapping Dragomir proved the following Hermite-Hadamard type inequalities:

(a+b c+d)
2 2

b
1f c+dd+1j‘<a+b >d
af xd_cfz,yy
a

1
< (b_a)(d_c)ljf(x,y)dydx

1
S_
2

<1 1 ’ 1 ;
=7 mff(x,c)dx+mff(x,d)dx

1 : 1 ;
s [ ey +— [ rb.»ay

<f(a,C)+f(a,d)+f(b,6)+f(b,d).

. (1.2)

In 2008 Alomari and Darus (see [1] ) defined the co-ordinated s-convexity in the second sense as
follows: a mapping f: A— R is said to be s-convex in the second sense on the co-ordinates on A
if the inequality
ftx+ (A1 -y, ru(1—-r)w)
Strifxw+ A - fw) + A -0 f(y,w) + A -0)°A -r)°f(y,w),
holds for all t,r € [0, 1], (x,u), (y,w) € A and for some fixed s € [0, 1].
For such a mapping they proved the following Hermite-Hadamard type inequalities:

451 (a+b c+d>
f 2 2

b
< 952 1 jf(xc-l_ dx+ 1 f(a+b )d
= b—a ' d—c 2 Y)Y
a

d
| reyaxay

c

b
= (b —a)(d c)!
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< 1 1 \ d ! b d)d
T 2(s+1) b—aff(x'c) x+mff(x' Jdx

1 . 1 4
+ﬂff(a;)0dy4'mff(b,wdy

<f(a,c)+f(a,d)+f(b,c)+f(b,d)
- (s +1)2 '

(1.3)

In the paper [6], Matloka introduced the co-ordinated (h4, h,) — convexity as follows: the non-
negative function f on the invex set X; X X, is said to be co-ordinated (h4, h,) — preinvex with
respect to n, and n, if the inequality

f(x+t1m1(b,x),y + t2m2(d, y))

<h; (1-t)h,(1-1¢2) f(x,y) + h1(1 — t1) hy(L2) f(x, d)

+hy(t1) k(1 = t3) f(b, y)+hy(t1) ho(E2) f(b,d)

holds for all ¢t;,t, € [0,1], (x,y),(b,d) € X; X X,, where h; and h, are the non-negative
functions on [0, 1], hy £ 0, h, £ 0.

For such a function he proved the following Hermite-Hadamard type inequalities:

1 1 1
1 1 f(a‘l‘zm(b»a):c"‘z’?z(d:c))
thy ()2 (2)
C+n2(dvc)
< ! f f( i) )d
= a S\, a),y y
1
4h, (j)nz(d'c) c 2
a+n4(b,a)
+ 1 f f< +1 (d ))d
X, C e )) ,C X
1
ahy (3)mba) ’

a+n4(b,a) c+n,(d,c)

1
: N (b, a)n,(d, ) j f f(x,y)dxdy

a c

a+n,(b,a) a+n4(b,a)

1 1
Smgw) | | feode | s

a a
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c+n,(d,c) c+n,(d,c)

1 1
@ c)ofhl(tl)dtll Cf f(a,y)dy + Cf £(b,y)dy
< [f(a,0) + f(b,c) + f(a,d) + f(b,d)] f hy(t))dt, - f hy (t,)dt,. (14)

If ny(b,a) =b—a, n,(d,c) =d—c, hy(t;) = h,(t;) =t then inequalities (1.4) become
inequalities (1.2).
If n,(b,a)=b—a, n,(d,c)=d—-c and hy(t;) = h,(t,) =t°5 then inequalities (1.4)
become inequalities (1.3).
Moreover, if n;(b,a) =b —a and n,(d,c) =d —c then the function is called (hq, h;) —
convex on the co-ordinates.

In this paper, we establish new Hermite-Hadamard type inequalities for co-ordinated
(hy, h,) — convex functions but via Riemann — Liouville fractional integral.

Throughout this paper, we assume that considered integrals exist.
2. Main results

We give first some necessary definitions and mathematical preliminaries of fractional
calculus theory which are used in this sections. For more details, one can consult [5, 8, 10].
Let f € Ly[a, b]. The Riemann — Liouville integrals I+ f and I~ f of order a > 0

with a > 0 are defined by

e+ f(x) ==—= f(x—t)“ Lf(t)dt, x>a

()

1
I 160 = 5 f (¢t -0 f(©de,  x<b,

where T'(«) is the Gamma function and 12+f(x) =I0- f(x) = f(x).

For the sake of convenience, we will use the following notation throughout this section:

A=2""FT(a+ DI +1) l a+b () fla,e) +17, -f(b,c)

2

(“Z”) (9
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ety (cgay @D Ly cra) SO

_2PT( + 1)(b — a)° Hﬂ)_ f (“ er b c) + Iﬁ(ﬂ)-f (aTer c)

! (74 ey ()

_29T(a + 1)(d — )P l[”‘(w)— f (a, #) + 1"‘((1_+b)+ f (b, #)
2 2

ey (75 iyt 075

where

1

I:J'rﬁ,ﬁ flx,y) = mf j(x —wW)* Yy =) f(u,v)dudv, x> a,y>c,
1

Igl'g,d_ flx,y) = ml f(u —x)* (v — )P f(u,v)dudv, x < b,y <d,

x d
a,B _ _ a—1 L-1
- fxy) = NC )F(ﬁ)l‘l‘(x W (v—y) " f(u,v)dudv, x>a,y <d,
y

b

I;‘Lﬁ‘c+ flx,y) = Ma )F(,B) f f(u —x)* Yy —v)P1f(u,v)dudv, x <b,y > rc.

To establish our main results we need the following identity:
Lemma 1. Let f:A := [a, b] X [c,d] — R? be a twice partial differentiable mapping on

A°with a<bandc<d. If % € L(A) and a,f >0, a,c = 0, then the following identity
holds:

4b - a)° (d—c)ﬁf(a-l-b c+d) y

2
B (b a)a+1(d C)'8+1

1 1

fft ta+b+(1 naritia ))dtd
arat 2 Ty rec)arar

00



6 MARIAN MATLOKA

1
02 +b +d
ft“rﬁ f(ta +(1—t)b,rcz +(1—r)c>dtdr
0

1
0?2 a+b c+d
ft“rﬁ f(t > +(1-ta,r > +(1—r)d>dtdr
0

11
0° a+b c+d
a B — —
+fftr aratf(t (- 0br— =+ (1 r)d)dtdr. 2.1)
00
Proof. By integration by parts and by change of the variables u = taTH’ + (1 —t)a,
v—rﬂ+(1—t)c we have
11 b d
a+ c+
a,B — —
fftr aat t > +(1—-ta,r > + (1 r)c)drdt
00
2 [ .0 b c+d
a-+ c+
= B_ _
b—ajr E)rf( 2 T2 +a T)C)
0
2 7 g d b d
a+ c+
— a-1 B_ — —
b—aft {fr arf<t > +(1—-1t)a,r > +(1 r)c)dr}dt
0 0
B 4 (a+b c+d) Jﬁl a+b c+d_|_(1 ))d
“h-ad-o’ T2 "2 (b—a)(d—c) e Ty reyer

d)t

f 1 1 a+b c+d
(b—a)(d—c)ofoft rf- ff:—2 +(1-0ta,r

B 4 a+b c+d r(g+1)2f+2 4 a+b
" (b-a)(d-oc) ( 2 2 )_(b—a)(d—c)ﬂﬂ (dy ( 2 ’C>

(b—a)(d—c)fta 1f t—+(1—t)a

+(1- r)c) drdt

\'\
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[(a+1)2%2 c+d
T@-00 o @y (a’ T)
F(a+ DI(B +1)29%F+2 o
(b — a)“"'l(d _ C)ﬁ+1 (ﬂ) ’(C+d)

2 2

f(a,c)

Similarly, by integration by parts, we also have

fft“rﬁ a;b+(1—t)a,rc-lz_d+(1—r)d>drdt

(- a)4(c —d) (a er o er d) - (br—(i;(;)—zi;ﬂ ﬁ(#ff (aTer d)
T (c r_(o;;(bn_zg;l ! a(“zi’)'f (a' #)
R

fjt“rﬁai;t a;b+(1—t)br -Iz_d+(1—r)c>drdt

00

" - b)4(d —o' (a er . er d) - (ar—(i;(; )—Zi;ﬂ B(#)‘ (asz C)
B (dr—(i;(bl)—zzzﬂ ! a(azﬂ)*f (b’ #)

- F(((Z . i))r([f(z 1_)3);;!31 2 AL

and

fft“rf” aigt f(ta er b +(1- t)b,r# +(1- r)d) drdt

00

~a= b)4(c —d) (a er = ; d) M (ar—(i;(dl )—Zi;ﬂ ﬁ(#)*f (aTer d)

[(a+1)2%*2 c+d
* (c —d)(b — a)a+! ! (%)_f (b’ 2 )

(2.2)

(2.3)

(2.4)
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I'(a + 1)I(B + 1)29+F+2 wp

(b= @) 3(d = o)t (ag) (€4d)

+ f(b,d) (2.5)

From (2.2) - (2.5), we get (2.1). This completes the proof.

Theorem 1. Let f:A:=][a,b] X[c,d] = R be a twice partial differentiable mapping on

A°with a< b, c<d, a,c=>0 such that :a € L(A). If | is (hq, h,) — convex on the
co-ordinates on A, then the following inequality holds:

a+bc+d
) 4]

a6 = )@ - 7 (55

(b _ a)a+1(d _ C)ﬁ+1
oo,

0?2 a+bc+d>
orot 2

1 1
f f t*rBh,(t) h,(r)dtdr
00

11
[| 92 a+b 02 a+b
a..B _
2 aratf( 2 ’C)‘Jr arat Uft rPhy(t) hy(1 —r)dtdr
) 00
_ 62 d 62 d 11
c+ c+
@B _
e aratf<a’ 2 )‘ arat th rPhy(1 —t) hy(r)dtdr
) 00

0 0’
* l arat f(a’c)| * |6r6t f(b'c)‘ *

arot *lorae

11
f f t*rB hy(1—t) hy(1 — r)dtdr} (2.6)
00

Proof. From Lemma 1, we have that the following inequality holds:
a+bc+d
)+4

[ - )@ - 7 (25

2
(b — )a+1(d c)h+1 a3 a+b c+d
< J~j‘t“rﬁ t +(1—-1t)a,r +—(1——7)c> dtdr
arat 2
00
11
0?2 a+b c+d

+fft“rf” aratf( > +(1-0b,r +(1—r)c) dtdr

00



NEW INEQUALITES OF HADAMARD TYPE FOR (h4, h;) — CONVEX FUNCTIONS 9

11
a+b c+d
a,B _ _

+fft r arat t > +(1—-1t)a,r +(1 r)d) dtdr

00

11 b d

+ +

+fft“rﬁ’ arat aT+(1—t)b,rC +(1—r)d) dtdrl (2.7)

00

2
By the (h,, h,) —convexity of |%| on the co-ordinates on A, we get the following inequalities:

11
a+b c+d
a.p _ _
jftr 661: t > +(1-2t)a,r > + (1 r)c) dtdr
00
11 2 2
<fft“rl>’[h (1= Ohy(1 —7) £(@, 0|+ hy(1 = Oy |2 f(ac+d>
= ! z arat’ 1 2V arot )
00
+hy (6)h, (1 o (a+b )+h Ok o (a+bc+d) dtd 2.8
1(t) 2( T) aratf ) ,» C 1(t) 2(1) 6r6tf 2 ' o T, (2.8)
f ol K b d
a+ c+
ap _ _
]Jtr E)ratf< > + (A -¢t)b,r + (1 r)c) dtdr
00

2 2

Sjjt“rﬁ [y (1 = Dby (1= 1) [ £(b,0)| + s (1 = DRy (1) aiat f(b,c-iz_d)‘
00
92 b 92 b c+d
i (Oho(1 1) = f(%,c) i (Oho (1) |5 f(a-; ,CJZF )Hdtdr, (2.9)

+
+(1-2t)a,r < dtdr

02 f( a+b

d
oot 2 +(a- r)d)

11
jjt“rﬁ
00

1 1
s“t“rﬁ [h (1= Dhy(1-17) |5
00

2 2

d ( c+d>
arac L\ @3

02 (a+b c+d> dtd 210
ot T2 r (2.10)

5 [ (@ d)‘ +hi (1= hy(r)

2

0 b
— (id)‘ +hy (R (1)

+h(t)h,(1 —1) >

and
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c
+ (1 —-t)b,r dtdr

02 f( a+b

d
orot 2 +(a- r)d)

2

1 1
sofoftarﬁ[hl(1—t)h2(1—r)

0?2 (bc+d>
aatf 2

02 (a+b c+d> dtd 211
e 22 ro @D

f(b d)‘ + h (1 = )hy(7)

+h,(t)h,(1 —1)

0% +b
arac ! (aTd>‘ i (Oha ()

By using (2.8) - (2.11) in (2.7), we get the inequality (2.6). This completes the proof of the

theorem.

2
Corollary 1. If in Theorem 1 we assume that |%f(t,r)| < M for all (¢t,r) € A, then the

inequality (2.6) reduces to the following inequality:

|4(b—a) (d—c)ﬁf(a+b C;d)+A|

<M-K-(b—a)*(d—c)P*, where

11 11
K= f f t%rBh, (t)h,(r)dtdr + f f t*rBh, (t)h,(1 — r)dtdr
00

11 1 1
+ f f t*rBh, (1 — t)h,(r)dtdr + f f t*rfh,(1 - t)h,(1 — r)dtdr.
00

Corollary 2. If in Theorem 1 we take h,(t) =t and h,(r) = r then the inequality (2.6)
reduces to the following inequality for the function convex on the co-ordinates:

a+bc+d
AR

4 - ) - Ff (5

- (b — a)**1(d — c)P+? 4 92 a+b c+d
- 4 {(a+2)(ﬁ+2) orot ( 2 2 )‘
2 a+b 0° a+b 4
N EDICED) AN ’C)‘Jr aratf( 2 )H
2

c +d) N
arat @ 2

02 bc+d
(a+1)(,8+2)(a+2) aratf(' 2 )H
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+ Z " ttao|+ | 0
@+ D(a+2)B+DE+2) aratf LT oy atf €
*larac @ )‘ a ot (b'd)H}'
If, additionally, we assume that | -f(t, r)| <M for all (t,r) €A, then we obtain the

following inequality

a+bc+d
)4
20+ 20 +af +3
(a+D(a+2)(B+ 1B +2)

4(b — a)“ (d—c)ﬁ’f(

< M(b —a)**'(d — c)P+*-

Corollary 3. If in Theorem 1 we take h;(t) =t° and h,(r) = r° then the inequality (2.6)

reduces to the following inequality for the s-convex function on the co-ordinates:
a+bc+d
)+4

4(b — a)® (d—c)ﬁf(

2
- (b —a)**1(d — ¢)F*? 4 0?2 a+b c+d
- 4 {(a:+s+1)(ﬁ+s+1) orat ( 2 72 )‘
2 F(s+ DI +1) a+b 02 a+b
T a5+ T(B+s+2) ||orar (2 >+6r6tf< 2 'd>H
2 TGs+DIE+1)

N 02 ( c+d)+ 02 (bc+d>
B+s+1) T(a+s+2) aratfa' 2 aratf o,

F(a+ DB+ D(T(s + 1))%[| 92
[s+a+2)I[(s+pB+2) Iarat

fla, 0| +

orot

" |arac *arac }

1 a-1 B-1gy — [@rB)
where we used the fact that fo x*(1—x)P Hdx @t p)

If, additionally, we assume that | f(r t)| < M forall (r,t) € A, then we obtain the

following inequality:

a+bc+d
)+4]

4(b — a)® (d—c)ﬁf( }
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etn 1 [(B + DI(s + 1)
< M(b-a)*i(d C)ﬁl(s+a+1)(s+,8+1) (a+ts+DI(B+s+2)
F(a+ DI(s+1) T(a+ DB+ ([T (s + 1))?

B+s+Dl'(a+s+2) (a+s+2)I'(f+s+2)
Theorem 2.  Let f:A:= [a,b] X [c,d] — R be a twice partial differentiable mapping on A°

2 214
with a < b,c < d, a,c =0 such that % € L(A). If |% is (hq, h,) - convex on the co-

2
ordinateson A, p,q > 1, %+ é =1and |%f(t, r)| < M for all (t,r) € A, then the following

inequality holds:

a+bc+d
)+ 4]

40 - )*[d - P f (=5

1
q

4 OJ Oj hy () hy(r)dtdr (2.12)

<M - a)*1(d - o)f ((a p+ 1)(ﬁp + 1>

Proof. From Lemma 1, and the Hélder inequality we have

1
11
a+b c+d (b — a)**1(d — c)f*1 :
4(b — a)“ (d—c)ﬁf( > )+A|s 2 fft“prﬁpdtdr
00
- 1
1 1
“ “+b+(1 Daritlia ))thd q
(’)rat a,r r)c r
00
1
11
+ ff o (ta+b+(1 obr sty a ))thd q
arat) \' 2 Ty e r
00
1
1 1
+ H o (t“+b+(1 Daritlia )d)thd q
arat’ 0 “T r r
00
1 1 q %—I
0?2 a+b c+d
+ Jjaratf<t +(1-0b,r +(1—r)d> dtdr (2.13)
00
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By the co-ordinated (h,, h,) —convexity and |% f(t, r)| < M, forall (t,r) € A, we have:

q
dtdr

62
orot

+( —-r)c)

a+b c+d
f(t > +(1-2t)a,r

11

11
< M1 ffhl(l—t)hz(l—r)dtdr+ffh1(1—t)hz(r)dtdr
00 00
11

11
+ h,(t)h,(1 — r)dtdr + h,(t)h,(r)dtdr
/] /]

= MCI * 4 hl(t)hz(r)dtdr .

o\r—k
o\“_k

Similarly, we also have the following inequalities

q 1

11 .
9° +b +d
fj aratf(ta . + (1—t)b,rc > + (1—r)c) dtdr < M1 '4jjh1(t)h2(r)dtdr
00 oy

q 1

F (] o7 a+b c+d :

ff (2 A= 0ar ="+ =) dedr <M -4ffh1(t)h2(r)dtdr
00 50
and

F | o a+b c+d 1 P
H s/ (75— + (1= 0Obr ==+ (1 =) dthSMq"lJfhl(t)hz(r)dtdr.
00 2 b

13

Using the last four inequalities in (2.13), we obtain (2,12). This completes the proof of the

theorem.

Corollary 4. If in Theorem 2 we take h;(t) =t and h,(r) = r then the inequality (2.12)

reduces to the following inequality for the convex function on the co-ordinates:
a+b c+d
)+4

40 - °(d - ) (=

a+1 _ +1 ! %
<M(b —a)*'(d —c)p ((0( p+1(Bp + 1)) .
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Corollary 5. If in Theorem 2 we take h,(t) = t°and h,(r) = r° then the inequality (2.12)

reduces to the following inequality for the s-convex function on the co-ordinates:

a+bc+d
)+4]

4(b — a)® (d—c)ﬁf( -

1 2

<M@b - a)*H(d -t ((a p+ 1)1(ﬁp + 1))a . (s +Z- 1)6'

Theorem 3. Let f: A= [a,b] X [c,d] = R be a twice differentiable mapping on A° with a <

2 2149
b,c <d, a,c =0 such that % € L(A). If |% is (hy, h,)-convex on the co-ordinates on A,

g=1and [ZLr(e,r)| < M, (¢,) € A, then the following inequality holds:

a+bc+d
)+4]

|4(b—a) (d—c)ﬁf( >

1 1
< M- Ka(b— a)**1(d — c)f*1 - ((a DG 1)) (2.14)

QR

where K is defined in Corollary 1.

Proof. From Lemma 1, and the power mean inequality we have

1

s -y - o (22 1Y) 44| < ©5 Sl 2l f f (B dedr
00

2

[ 11 q
a2 a+b c+d 1
B — _
quqt r aratj?( > +(1-t)a,r + (1 r)c) dtdr
00
1
11 q
02 a+b c+d 1
a,.p — _
+<jjt r aratf(t 5 + @ -t)b,r > + (1 r)c) dtdr
00
1
11 q
02 a+b c+d 1
a,.p — _
+<jjt r aratf(t 5 +(1-2t)a,r > + (1 r)d) dtdr
00
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QR
el

q

02 ( a+b

d
arac’ \' 2 +(1_r)d>

c+
+ (1 —-t)b,r dtdr (2.15)

11
+ J.ft“rﬁ
00

By the co-ordinated (h4, h,) —convexity and |%;f(t, r)| < M, forall (t,r) € A, we have:

q

Tt dtdr

0?2 (ta+b+(1 5 c+czl+(1 ))
aract \F3 “r— re

o
o

11 11
<mt|[ [erbr@modedr + [ [ erh@h( - rdedr
00

1 1 11
+fft“rﬁh1 (1- t)hz(r)dtdr+fft“rﬁh1(1 — )h,(1 — r)dtdr
00

=MI-K

In a similarly way, we also have the following inequalities

1 1
02 a+b c+d 1
fft“rﬁ Oratf<t > +(1-t)b,r +(1—r)c) dtdr <M9-K
00
T +b +d “
a c
a,B — — < MY .
Htr amtf(t (- e r——+ (1 r)d) dtdr <M9-K
00
and
1 1 2 q
fft“rﬁ g f(ta+b+(1—t)brc+d+(1—r)d) dtdr <M9-K
orot 2 2 - '
00

Using the last four inequalities we obtain from (2.15) the inequality (2.14)

Corollary 6. If in Theorem 3 we take h,(t) =t and h,(r) = r then the inequality (2.14)

reduces to the following inequality for the co-ordinated convex function:

4(b — a)° (d—c)ﬁf(“b C;d)+A|
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1
atirg NG+, 1 2a + 20 + af + 3 \a
<ME-a)*id -0 (a+1)(ﬁ+1)( @+2(B+2) )

Corollary 7. If in Theorem 3 we take h,(t) = t5and h,(r) = r° then the inequality (2.14)
reduces to the following inequality for the co-ordinated s-convex function:

a+b c+d)+A‘
2 2

40 - 0)*@ - O f

1

1 T 1
(a +1)(,8+1)) [(s+a +D(+L+1)

< M(b — @)™ (d — c)F+1 - (

F(B+ DI(s + 1) M+ DI(s + 1) [+ DB + 1)(T(s + 1))? @
(0(+s+1)1“(,8+s+2)+(B+s+1)F(a+s+2)+ F(la+s+2)T(B+s+2) |
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