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Abstract. In this paper, we generalize some power inequalities numerical radius for the finite number sum of
product of two operators in a Hilbert space. Also we generalized some inequalities for the sum of two products

using the generalized Lagrange’s identity.
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1. Introduction

Let H be a complex Hilbert space with inner product (-,-). The numerical range of T is the

subset
e)) W(T) ={(Tx,x) :x e H,||x]| = 1}
of the complex plane, where (-,-) and || - || denote the standard inner product and norm on H.

*Corresponding author

Received November 4, 2014



2 ADIYASUREN VANDANIJAV, BATZORIG UNDRAKH

It is known that the numerical range is always convex (see [4]). The spectrum of an operator
is contained in the closure of its numerical range.

On a complex Hilbert space the numerical radius w(7") of an operator 7T is given by
@) w(T) =sup{|A|,A € W(T)}.

Hence, we have

3) w(aT) = [aw(T)

for any real a. It is well known that w(7') is a norm on the Banach algebra B(H ) of all bounded

linear operators 7' : H — H. The following inequality is well known
1
@ ST < w(m) < 7]

For other properties of numerical range and numerical radius, the reader may consult [4] and

for other inequalities. See for example [3], [6] and [8].
2. Some Numerical Radius Inequalities
Theorem 2.1. For A;,B; € B(H),i=1,2,...,n and r > 1 we have

5) w (Z BfAi) <27r.
i=1

1
I(A7A)" + (B Bi)'|| -

B

i=1

Proof. Using the Schwarz inequality in the Hilbert space (H;(.,.)) we have

[((BilA1+ByAy + -+ B An)x,x)| = [((B1AD)x,x) 4+ ((B,Anx,x))|
= |(A1x,B1x) 4+ (Axx,Box) + - - - (Apx, Byx)|
< |{A1x,B1x)| + |{A2x, Box)| + - - - |(Anx, Byx)|
< [Awx][ - [|Brxl[ + - - 4 [|Anx]] - | Box]

ﬂﬁmku«m&mwh

-

(6) =

forany x € H.
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Utilizing the arithmetic-geometric mean inequality and byu the power mean inequality for
r > 1 we have,

((AfA;)x,x) + ((BfB;)x,x)

Y (A7 A)x,x)2 - (BfBx,x)? < z :
i=1 i=1
% < i( (AfAix,x)" —;(B?ch,x)r)r
i—=1

forany x € H.
It is known that if P is a positive operator then for any » > 1 and x € H with ||x|| = 1 we have

the inequality (see [6])
) (Px,x)" < (P"x,x).

Applying this property to the positive operators A7A and B} B;, fori = 1,...n, we deduce that

g((A;‘A,-x,x>’+(B;-"B,-x,x)’)f ( AZA;) >+<(B;-"B,~)’x,x>)r

2 2

|
™=

(€)) =

(<[(A?Ai)r +§B?Bi)r]x,x>) I

™=
N

for any x € H. Now combining the inequalities (6), (7) and (9) then the result follows by taking
supremum over all unit vectors in H.

This completes the proof.
Corollary 2.2. For A,B € B(H) we have,
(10 W (BA) < S (A"AY + (B°BY'|
foranyr>1.

Proof.

In particular n = 1, and if we put A = A, B; = B in (5) then we get (10).
Corollary 2.3. For A; € B(H),i=1,...,n we have,
& 1 1
(11) w() Ai) <277 ) [I(AFA) +I|7
i=1 i=1
forany r>1.

Proof.
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If weput B;=1[foralli=1,2,...,n1n (5) then we get (11).
Corollary 2.4. For A; € B(H),i = 1,...,n we have,

1
[(A7A)" + (A7)~

(ngE

(12) w(y A2 <2
=1 1

i

forany r>1.

Proof. If we put B = A, forall i = 1,2,...,nin (5) then we get (12).
Corollary 2.5. For A € B(H) we have,

1
(13) W) < SA*A) +1]

foranyr>1.
Proof. If we put B;=Iand A; = A foralli=1,2,...,nin (5) then we get (13).

Theorem 2.6. For A;,B; € B(H),i=1,...,n we have,

n nl—% n % n %
(14) wl LB | < — lazall” | +| LIBBI") |
i=1 i=1 i=1

forr>1.

Proof. Using the Schwarz’s inequality in the Hilbert space (H;(.,.)) we have

[((B1A1+ByAs + -+ B,An)x,x)| = [((B1A1)x,x) + -+ 4 ((B,Anx,x))|

= |[{A1x,B1x) + (Axx,Byx) + - - (Apx, Byx)|
< |{A1x,B1x)|+ |{Axx, Box)|+ - - - |{Apx, Byx)|
< [[Avx]] - [[Bix]| +- - + [[Anx]] - [ Bux]]

1<(A;'I<Ai)x’x>§ ) <(B;'(<Bi)x7x> )

0=
D=

(15) =

1

forany x € H.
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Utilizing the arithmetic-geometric mean inequality and power mean inequality > 1 we have

successively,

AfA;)x,x)+ ((B}B;)x,x)
2

(A9 -{(B7B ) ! 21

= zn:AAxx—kzn: BBxx]

l:1 i=1

n( n L ((ATA)x, %) ) (2 ' (BEBy)x,x)" )1]

1

(16) - "lzi <i<(AA x,x ) (i ((B!B;)x,x )
1

|

1

N =

IN

| —

It is known that if P is a positive operator, then for any » > 1 and x € H with ||x|| = 1 we have

the inequality (see for example [6])
(17) (Px,x)" < (P"x,x).
Applying this property to the positive operators A7A and B} B;, fori = 1,...n, we deduce that
1 1
nlf% r n r
(L@ ) + (L (BB

- 1 1A
7

nl=r ’ L
(18) 5 < <(A:‘A,->rx,x>> +<Z<<BB> >>

forany x € H.

B

1

~

(ngE

IN

1

~.

Now combining the inequalities (15), (16) and (18) then the result follows by taking supre-
mum over all unit vectors in H.

Theorem 2.7. For A;,B; € B(H),i=1,2,...nandr > 1, € (0,1) we have,

r

(19) ZB*A ) <n- lea )@+ (1—a)(B;B;)Ta|/"
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Proof. By the Schwarz’s inequality and arithmetic-geometric mean inequality,we have

[(BA1 +BsAs+ - BiA)x,x)|* = [((BiA1)x,x) +---+ (BiA,)*

2
< ( |((BiA;) xx}\)

(20) < <<B?‘Az->x,x>\2

||M=
N

'M: H’M

1<(A Ai)x,x) - ((B; Bi)x, x)

1

for any x € H. It is well known that (see for example [6]) if P is positive operator and g € (0, 1],

then for any u € H, ||u|| = 1, we have

(21 (Plu,u) < (Pu,u)?

sz\—

Applying this property to the positive operators (A*A;)« and (BfBi)ﬁ, fori=1,2,...,n,(a e

(0,1]), we have

1

[%x,x) - (B} Bi) ]!~ %x, )

RI—

.M=

1<[(A?Ai)

1

((AFA)@x,x)® - ((BiB;) Tax,x) ! =%

-

(22) < n

i=1

for any x € H, ||x|| = 1. Now, utilizing the weighted arithmetic mean-geometric mean inequality,

ie,a*'"* < aa+(1—a)b,ac(0,1),a,b>0, we get

(AA)@x,x)® - (B} B;) Tax,x)'

M:

1

~.

[0 {(AFA) @x,x) + (1 — ) (B} B;) Tax,x)]

A
¥
1=

(23)
1

~.

for any x € H,||x|| = 1. Moreover, by the elementary inequality following from the convexity

of the function f(¢) =¢",r >, 1 namely

aa+(1—a)b < (ad" +(1—a)b")7,a € (0,1),a,b >0,
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we deduce that

n-le[a<<A;-*Ai>éx,x>+<1—a><<B*B>11x,x>]
< n Yo (AFA) ) + (1 - ) ((B{B) Pax, 7]

I
—_

N =

[ot{(AFA) @x,x) + (1 — o) ((B; B;) T x,x)]

IA
s
'M=

I
—_

(24) = n- Y [{((AjA)e + (1 — ) (BB;)T@ )xx)]%

-

I
—_

for any x € H, ||x|| = 1, where, for last inequality we used the inequality (8) for the positive
operators (Al*Ai)é and (B;‘Bi)ﬁ,i =1,2,...,n
Now combining the inequalities (20), (22),(23) and (24) then result follows by taking supre-

mum over all unit vectors in H.
Corollary 2.8. For A,B € B(H) we have,
(25) W(BA) < [|a(A"A) & + (1 - o) (B*B)T'a|

foranyr>1and a € (0,1).
Proof. If we put B;=Iand A; = A foralli=1,2,...,nin (5) then we get (25).
Corollary 2.9. If we put in (19) B; =1 for all i = 1,2,... n then we have,
n n -
(26) w (Y A <n- Y lo(AfA)« + (1 - a)|
i=1 i=1

foranyr>1and o € (0,1). In particular for o = % we have,

n n
27) wi(Y Ay Z (AFA)Y +1||
i=1 i=1

I\JIS

3. Inequalities for the sum of two products

Theorem 3.1. For A,B € B(H) and r > 1 we have

1 s
(28) IB°A|l" < 5 (I(a"a) |+ | (B"B)))
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Proof. Using the Schwarz inequality in the Hilbert space (H;(.,.)) we have

[((B"A)x,y)| = [(Ax,By)| < |Ax] - [|By]]

—_
—_

(29) = ((A"A)x,0)2 - ((B*B)y,»)?,

forany x,y € H.

Using the arithmetic-geometric mean inequality and power means inequality » > 1 we have,

((A"A)x,x) + ((B*B)y,y)

((A"A)x,x)2 - ((BB)y,y)? <

- 2
1
A*Ax,x)" + (B*By,y)" \
(30) < (( x,X)" + (B*By,y) )
2
foranyx € H.

It is known that if P is a positive operator then for any » > 1 and x € H with ||x|| = 1 we have

the inequality (see [6])
31) (Px,x)" < (P"x,x).

Applying this property to the positive operators A*A and B*B, fori = 1,...n, we deduce that

(<A*Axax>’;r <B*By,y>’> ' < <<(A*A)’x,x> +((B*B)"y,) ) '

(32) 5

for any x,y € H. Now combining the inequalities (30) and (32) then the result follows by taking
supremum over all unit vectors in H.

The Theorem 3.1 may be generalized as follows, since the proof is similar , we will omit the
proof.

Theorem 3.2. For A;,B; € B(H),i=1,2,...,n and r > 1 we have

1

(33) 1Y BiA| <277 (Z 1(AFA) 1+ ) ||(B;-*Bi>’||> :
i=1 i=1

i=1

Theorem 3.3. For A,B€ B(H) and r > 1,a € (0,1) we have,

(34) IBAI> < o [[(A*A)a || + (1 = 0)||(B*B) 7|
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Proof. By the Schwarz’s inequality and arithmetic-geometric mean inequality,we have
(B Ax,y)[* = [{(Ax,By)|* < [|Ax|?|By|?
(35) = ((A"A)x,x)-((B"B)y.»)

for any x € H. It is well known that (see for example [6]) if P is positive operator and g € (0, 1],

then for any u € H, ||u|| = 1, we have
(36) (Pu,uy < (Pu,u)?

Applying this property to the positive operators (A;"A,-)é and (B;‘Bi)ﬁ, fori=1,2,...,n, (o €
(0,1]), we have

([(A"A)e)%x,x) - ([(B*B) %] y,y) < ((A"A)wx, ) ((B'B)ay,y) '~

for any x,y € H,||x|]| = ||y|| = 1. Now, utilizing the weighted arithmetic-geometric mean in-

equality, i.e., a®b' =% < awa+ (1 — at)b, o0 € (0,1),a,b > 0, we get
v L e _ e L o
(A*A)ax,x)* - ((B*B;)Tay,y)'~* < at{(A*A)ax,x) + (1 — a)((B*B) -y, y)

for any x,y € H,|lx]| = [ly]| = 1.
Moreover, by the elementary inequality following from the convexity of the function f(¢) =

t",r > 1, namely
aa+(1—a)b < (aa" +(1-— )b’) o€ (0,1),a,b>0,
we deduce that

1
7

a{(A*A)ax,x) + (1 — o) (B*B)Fay,y) < |a{(A*A)ax,x)" +(1— a)((B*B)Fay,y)|’

1
-

(37) < [a((A*A)ax,x) + (1 - ) {(B'B)Tay,y)]

for any x,y € H,||x|| = ||y|| = 1, where, for last inequality we used the inequality (36) for the
positive operators (A*A)é and (B*B)ﬁ.
Now combining the inequalities (35) and (37) then result follows by taking supremum over

all unit vectors in H.
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The Theorem 3.3 may be generalized as follows, since the proof is similar , so we will omit
the proof.
Theorem 3.4. ForA;,B;€ B(H),i=1,2,....nandr > 1,a € (0,1) we have,

n

n 1/r
G8) X BAdR <n- X (a4 + (1 - @)l 5807
i=1

Theorem 3.5. For A,B,C,D € B(H), k € R and r,s > 1 we have,

2 - 2 2
2
(39) ~ [k (VIa*ATID"D] - v/TB°Bc=CT))

Proof.

By the Schwarz’s inequality in the Hilbert space (H;(-,-)) we have:
((B'A+KD*Cx,y)[> = |(B*Ax,y) +k(D"Cx,y)[?
< [I(B*Ax,y) + [k|(D"Cx, )|

2
(40) < [(A*Ax,x)? (B*By,y)? + |K|(C*Cx,x)2 (D*Dy,y) | ",

for any x,y € H.

Now, using the Lagrange’s identity
(ab+ked)? = (a* + kc?) (b? +kd?) — k(ad — be)?, a,b,c,d,k € R

we then conclude that:

1 | 2

[(A*Ax,x)f(B*By, >2 + |k|(C*Cx,x)2 <D*Dy,y>l}
(41) = ((A"Ax,x) + [k[{C*Cx,x)) ((B"By,y) + [k|(D" Dy, y))
2

1 1

— K (WAv0} (0" Dyt - (BB ()

—_

forany x,y € H.

Now, on making use of a similar argument to the one in the proof of Theorem 2.1, we have for
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r,s > 1 that

((A*Ax,x) + |k|(C*Cx,x)) ((B*By,y) + |k|(D*Dy, y))

@ =

2 2

for any x,y € H, [|x|| = [|y[| = 1.
Consequently, by (40), (41) and (42) we have

((A*A) +|K|"(C*C)'] x,x>) G (<[(B*B)S +[K[*(D*D)*]y, y) ) :
2 2

[((B*A+kD*C)x,y)|* < 4(

— kI (VA Ax 1) D" Dyy) BBy} (CCrx))

for any x,y € H, [|x|| = [|y[| = L.

Taking the supremum over x,y € H, ||x|| = ||y|| = 1 we deduce the desired inequality (39).

Corollary 3.6. For A,B,C,D € B(H) we have,

BA+KDC|[* || (A"A) + [k (C°CY||" || (B"B) + k" (D" DY’ G
2 = 2 2
2
@) — K (VIAATDD] —/[B°Bl lec]))
forany r> 1.

Proof. If we choose in (39) such that r = s then we get (43).
Corollary 3.7. For A,B,C,D € B(H) we have,

1
3

HB*A +D*C

2 _ H (A*A)" 4 (C*C)"
2 2

3 H (B*B)’ + (D*D)*
2

(44) ~ (VA DDy}~ VBB (CCr))

for any r;s > 1.

Proof. Putting k = 1 in the proof Theorem 3.5, then we get (44).
Theorem 3.8. For Ay,...,A, € B(H);By,...,B, € B(H) and r,s > 1 we have,
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2

HB]*Al +BlAy---++BjA,
n

s

(ATA)" + -+ (4,4,)"
n

1
. H (B{B1) + -+ (B}B,)’
n

(45) < H

Proof. By the Schwartz inequality in the Hilbert space (H;(-,-)) we have,

[((BjA1 + B5Ay - -+ +B:A,)x,y) >
= [{(BjA1)x,) + (B3A2)x,y) + -+ ((BiAL)x, ) ?

< [{BIADxY) + [((B3A2)x, )|+ -+ [{(BrAn)x. )]
2

(46) < [<A>1KA1X>X>§<BTBly>)’>%++<A2Anx;x>j<B;:Bny7)’>§

for any x,y € H.

Now we are goning to use the following classical Cauchy-Bunyakowski- Schwartz inequality:
(47) (a1by +azby+ - +anhy)* < (@3 + a3+ -+ @) (bF+ b3+ - +b2)

for ay,as,...,a,,b1,bs,...,b, € R.

Then we have,

[<A1A1x,X> 2(B1B1y,y)? + -+ + (A, Anx,X)? (B, By, y)>
(48) < (A1A1x6X) 4+ 4 (A A%, %)) ((B1B1y,y) + -+ (B Buy,Y))
for any x,y € H. Since the function f(z) =¢" is convex for r > 1, we have:
49) ((AJA1x,x) + -+ (A Aux,x) ) ((BIB1y,y) + -+ + (ByBny,y))
1 1
- n2 <[(A>'{A1)r+"'+(A;;An)r] N x> r ({(BTBI)S‘F"'"}_(BZBn)S} y y) s
— n ) n Y

for any x,y € H, [lx|| = ]| = 1.
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Consequently, by (46), (49)we have,

BtA|+B3A,---++B*A
(| At B

@ =

n n

. ([(ATAl)’Jr---Jr(AZAn)’]x,x)i([(3731)“+---+(BZB,1)“]y,y)

for any x,y € H,||x|| = ||y|| = 1. Taking supremum over x,y € H, ||x|| = ||y|| = 1 we deduce the

desired inequality (45).
Corollary 3.9. For Ay,...,A, € B(H);By,...,B, € B(H) and r,s > 1 we have,
1

BiA| +---+BiA,
n

E H (AfAD + -+ (ApAn)"

n

0 |

Proof. From the proof of the Theorem 3.8 we get the inequality (50).
Corollary 3.10. For Ay,...,A, € B(H);By,...,B, € B(H) and r,s > 1 we have,

A1_|_A2+..._|_An
n

s H (AFAL) + -+ (A"
o n

61y '

Proof. If we choose in the Theorem 3.8 such that B; =1,i = 1,...,n, where I is the identity

operator then we get the inequality (51).
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