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Abstract. In this paper, we obtain Stirling’s formula and improvement of it. Also we get the Wallis’ inequality

and Wallis’ formula of order m.
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1. Introduction

The Gamma function I": (0,00) — R is defined by the relation
too
T(x) = / ATt (x> 0).
0
The Gamma function has the following well know properties [1]:
(1.1) I'(l)=1.

(1.2) I'x+1)=al(x) (I'(n+1)=n!, neN).
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(1.3) I" is log-convex, that is InI"(x) is convex on (0,0),
1 T
(1.4) I'( %)F(%) = 2x—\/_1F(x) (Gauss-Legendre duplication formula),
m-1 k m=1 1
(1.5) [IT(x+ =) = (2r)"2 m>™"™ T'(mx)(Gauss multiplication formula).
k=0 m

Closely related to Gamma function is the Beta function B, which is the real function of two

variables defined by

B(x,y) = /O] =) dr (x,y>0).

The following connection between the Beta and Gamma function hold [1]

o Tr()

B(x,y) = (x,y > 0).

Let f : [a,b] — R be a convex function, then the inequality

(1.7) FOE) < lé%wwsﬂ@iﬂ@

2 b—a 2

is known as the Hermite-Hadamard inequality. I previously obtained a new refinement of

Hermite-Hadamard inequality [6]

b | Q- 2k+1 1 b
(18) FETD 2 Y flats o b-a) < o [ f(xdx
k=0 a
1y fla)+£(b)
§n+1g%ﬂa+;w—a»§ 5

Wallis’ inequality is a well known and important inequality

1 135....2n—1) 1
1.9 < <
(19) mntE 24620 " Van
or
(1.10) 1 (2n)! 1

< <
n\222n " /¢
an+% (n!) n
and Wallis’ formula is

T .. (2n)!V2n+1
(D 2T
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In this paper by the log-convexity of I" and the refinement of Hermite-Hadmad inequality, the

following inequalities will be obtained

1
val'(a+ E) <+V2ma a‘e™

< ﬁ("’*{/ﬁﬂﬁ%))
k=0

<T(a+1)< Hr

2k+1

Zna%(a+ 1)%6_61_7

a+1

< [(a+1)

and we will deduce the Stirling’s formula and improvement of it.

Moreover in this paper we will get the Wallis’ inequality and Wallis’ formula of order m

m—1 k
" kI;IO ot ) (mn)! vm
(n)ym=1\/2m)yn=Tm ~ (n!)"mm™ (2anym=T’
. (n!)meZmn B (277:)"1_1
n—eo ((mn))2(mn+1)m=1 —  mm

and we show that the Wallis’ inequality and Waills’ formula of order 2 are classic Wallis’
inequality and formula.

Finally we confirm these results by the infinite product representation of the sine [1]

2
sinx —xH (1 — 7t2n2>

form=2,3,4.

2. Main results

First we bring two easy and well known Lemmas.

Lemma 2.1. For all a € R" the following identities hold:
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(i) Jy InT(x)dx = In+/2,
(i) [¢T InD(x)dx = —a+alna+1n/27.

Proof. (i) By (1.4) we have

x+1

1nr(x):(x—1)1n2—1n\/%+1nr(’—2‘)+1nr( ).

By integrating, we obtain

X+

1
> )dx.

1 1 1 1
/lnF(x)dlenZ/ (x—l)dx—lnﬁ+/ 1nr(12‘)dx+/ InT(
0 0 0 0
Since
I x 3
/lnF(—)dx:2/ InI'(r)dt
0 2 0

and

1 1 1
/ T e — 2/ InT(t)dr,
0 2 !
we deduce that
1 1 1
/ InT'(x)dx = —3 In2 —Iny/7+ 2/ InT"(x)dx.
0 0
Hence, we have
1 1 1
/ InI"(x)dx==In2+ - Inw = InV27.

0 2 2

(i1)) We have
/

( /aa+llnF(x)dx> — (—a+alna) =Ina.

Hence [ a““ InT"(x)dx+ a — alna is constant. By part (i) we obtain

a+1
/ InT'(x)dx+a—alna =InV2m.
a

Lemma 2.2.

val(a+3)
agrolol“(a——|—l)2 =1 (a>0).
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Proof. By identity (1.6) we have
vaTl(a+;)  vaBla+s,5)

Cla+1) 1)
1 b atz—1
——]\/5/X2 (I—x)*"27dx
I'(5) 0
1 1
=—7va| x %(1—x)“ 2dx
I'(3) 0
Take x = £, so dt = adx. Since lim (1 — é)“_%:e_t, we get
a—yoo
Ta+d) 1 “rr ot 1l
i Yallats) 1 (1= Dy tar
a—eo I(a+1) I‘(%)a—m 0 g2 a a
1 Foo 1
= — / reldi = —T(5) =1
I'(3) Jo I'(3)

In the following theorems, we obtain the Stirling’s formula and improvment of it.

Theorem 2.3. For all m € N and a > 0 the following inequalities hold:

() val(a+ ><f<m“H zkjl>><¢%ae“

< ﬁ(mql/ﬁr(%%)) <T(a+1)
k=0
A{{FFeD

and we have

m
va( =i/ fira+ 35

. I _
(@) lm T(a+1) e T(at1)
. V2maa“e™
=lm-—————=1.
a—e D(a+1)

Proof. Since f(x) =In F( ) is convex on (0,00), by the right side of inequalities (1.8), we have
S D) dx < L z In[(a+ £) < DH@ENEE) _ 1 /T@)D(a+1).
By Lemma 2.1, we get
m

! ; In[](a+ f) <lIny/a(l(a))2.

—a+alna+InvV2x <
m+ =0 m
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Ina®V2me ™ <1n mql/Hr (a+— )<ln\/_F( ).

Since e* is increasing, we obtain

V2rae “<’”+11/Hl"a—|— )<\/_F()
k=0 m

By multiplying both side of inequalities \/a, we get

(%) V2raate ™ < +a < iy ﬁr(a+ E)) <al'(a)=T(a+1).
k=0 m

On the other hand, by the left side of inequalities (1.8) we have

It follows that

2a+1 1 & 2k+1 a+1
1 < InT” < InT"(x)d
TS S g Rl g )< [ mrds
S0
1 m 2%k+1 at]
InT" =) <In ™l r < InT" =Inv2ma‘e ‘.
n (a+2)_ n \/]g <a+2m+2)_/a nl'(x)dx =InvV27 a’e
Hence
Zk-l—l
I(a T T (a <V2ma‘e ™.
H 2m+2 Ta'e

Multiplying both side of inequalities by \/a, we get

(+%) Jal(a+ = )<\/‘<m+1 HFH 2"112)) <V2maae ™

By (*) and (**) the proof of (i) is complete.
For the proof of (ii) divide all of inequalities (i) by I'(a+ 1)

mit | T 2kt
\/EF(CH-%) < ﬁ( kl;[OF(n+2m+2)> < V27a ae™*
Ila+1) — I(a+1) - TI(a+1)

va( i/ fir@+ )
< =0 <1.

- I(a+1) -

Now the assertion is clear by Lemma 2.2.
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Theorem 2.4. For all m € N and a > 0 the following inequalities hold:

1
2

L 2k 1
(i) T(a+1) "”\1/1—[ _—: 27ra2(a+l)%

2k 1
a+t a+l

a+

m m
m+1 kHOF(a+ iﬁrll) m+1/kH01—‘(a+ %)

A 1
(i) dim =T % T(at+1)
, \/27ra2(a—|—1)% —a—3
= lim =1.
a—yoo F(a—l—l)

Proof. (i) By Lemma 2.1 we have

2/ In["(x %{/ ! lnl“(x)dx%—/itzlnl"(x)dx]

1
=—[1na“ 2me +In(a+ 1)+ 27re_(a+l)}

=1In \/Zna“(a+ 1)atle—2a-1,

Now by the right side of inequalities (1.8), we get

1 rat2 2k
E/a InT"(x )dx—ln\/Zﬂaa a+ 1)atle=2a=1 Jqp m] HF a+— )
k=

<Iny/T'(a)l'(a+2)

SO

2k
\/277:51“ a+ 1)atle=2a=1 < mil HF a+—)
\/ m

() <V(a+ 1) (a)(a+1) = atl

a

I'(a+1).
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On the other hand, by the left side of inequalities (1.8), we have

2a+2, 1 2%+ 1
InT < InT(a+ =
IR D MG R

1 [nt2
< —/ InT"(x)dx
2 Jn

=1In \/27ra“ (a+1)etle—2a-1

SO

2k+

(+%) Ta+1)< m Hr ) < \/2mas(a+ 1)e+le2a1,

By () and (x) the proof is complet. The proof of (ii) is clear by (i).

Corollary 2.5. For all m € N and a > 0 the following inequalities hold:

VaT(a+3) < Virad'e < Va (mql/ﬁr(aﬂ)) <T(a+1)
k=0 m

m
2 a
< m+\1/Hr<a+k—i><¢ mad(a+1)% e

Remark 2.6. In the above corollary, let a be a natural number n. Then we have

ﬁl“(n%—%) <V2mnn'e" <+/n <’”+1'/]f!)l“(n~l—£)> <n!

d 2k+1 n ntl
< mil T(n+=———)<V2rn2(n+1)7 e
< y/flre 25 < vaatoe

1
—n—5

n+1
n

< n!.
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m—1
We can write ”\1/ [T T(n+%H)(m=1,2,...) instead of "+ H T(n+2H) (m=0,1,2,...).
k=0 k=0

So
d k
VnT(n+ )<\/27mne "<\/n ’"“H (n+—) | <n!
k=0 m
2k l n n
< Hr ) < Vamab(n 1) e
< n+1n!.
n
m X m—1 2t
Now let x,,, = \/r_z("’j‘/ I1 F(n+n—1)) and y,, = '/ T1 I"(n—l—k7+). For m =1,2,3 we have
k=0 k=0
=y =n!
1 1
Xz—\/_ T(n+1), y= n+§1"(n—i—§)
2
6= f\/ D+ 2T+ 1),

V3= €/n+§\3/l“(n+ §)F(n+§)l“(n+1).

Since {x,, } is decreasing and {y,,} is increasing (see [5], [6]), we obtain the following inequal-

ities
\/ﬁr(n+1) <V2mnn'e™ < - <+/n {‘/F(n)F(nJr%)F(nJr%)
< f\/ JC(n+1) < n!
and

2
n!<\/n+ \/ \/n+ n+3)F(n+1)
1 ntl 1 1
< <V2mn2(n4-1) 7 e "2 </ 1+ —nl
n
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3. Wallis’ inequality and Wallis’ formula

Theorem 3.1. For all m € N and n € N the following inequalities hold:

m—1 k
" kgo ) < (mn)! < Vm .
R ——— |m= sl (nt)mmmn (27n)n—1
(n!) (2m) m [1T(n+ c )
k=0

Proof By formula (1.5) and remark 2.6, we have

V k=0

So
n"T (277:)mglm%_m”1"(mn)n! < (n)y"! —=
mtl m-1 1_
n?2 (2r) 7 m2 "™ T(mn) < (n!)" =
['(mn) 1
(ny)mmmn m+l m—1 1 —
: n 2 (2m) 2 m2
mnI"(mn) mn B Vm B Vm
()™ = "t o) " T mz 0" (2m)"T (2mn)m-1'
Hence
(mn)! /i

O NG

For the proof of left side again by formula (1.5) we have

m—1 1/mI'(mn m—1 v/m(mn)!
Hr(m%) = (27:)"’2% = (27:)2%.
k=0
So 1 B
(rmn)! = m HF(n—{—E):—mn HF(H—{-E)

m"™(2m)"T m2 o m-\/(2m)"m = m

Hence by remark 2.6 and above identity we obtain

mfll_‘( k)
" kr:IO ET B (mn)!
(n)m=1y/(2m)m=tm ( ’\”/mHI [(n+ 2’37“)) (nt)m=tmmn ( ’i’/mHIF(HﬂL ZkTH))
k=0 k=0
(mn)! _ (mn)!

<

nl)ym=lmmny) — (p)ymppmn’
(n!) (n!)



NOTE ON STIRLING’S FORMULA AND WALLIS’ INEQUALITY OF ORDER m 11

The proof is complete.

Definition 3.2. We call the inequality

m—1 X
" kl:]o o) (mn)! Vvm

< <
(n!)m-1 (gﬂ)m1m<n\q/’:rl;r(n+2,§n_ﬂ)> (n))™m (27n)m—1

Wallis’ inequality of order m.

3-1

For m = 2 we have

1
k=0 < — < .
) (n!)222n 27n

(n)V271-2 <\/H I'(n+ 2+

Thus
1 (2n)! 1

< <
n)222n =\ /ztn’
\/rn+ % (n!) n

which is the Wallis’ inequality. In other words, the Wallis’ inequality of order 2 is the classic

Wallis inequality.
In the following theorem we extend Wallis’ formula for order m.

Theorem 3.3. For all m € N we have

m—1 m
! 1 2
fim ) (m,: +mn) Lo m
n—ee (nl)"m (2m) T
Proof. multiply both sides of Wallis’ inequality of order m by (mn — 1)mT,
(mn+1)"5" T T + )
mn(mn—+1)2" n—+-- m—
k=0 " < (mn)!(mn +1)"7"
n—1 (n1>mmmn
(nv)m—l (271:)’”—1m m kI:[o F(n—i—szH)
- /m(mn+ l)mT
2rn)m-T

It is obvious that
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On the other hand, we have

m m
mn(mn+1)"7 H T(n+%) n" I [(n+
: : k=0
lim = lim
n—oo — n—oo (n')m‘H
(nym=1./(2m)"T.m < '(/kgo C(n+ %))
—1
: n! mn(mn+1)" 2
| 1
o (n 251 e /Rry Tman"t
v I T(n+
k=0 "

So

mn(mn+1)"7 ] T(n+ %) n
(x%) lim

gl
e e

Now the assertion is obvious by (*) and (**).

Definition 3.4. We call the following formulas

m—1

! m.,,mn 2 -
(3-2) fim o)
= (mn)!(mn+1) 2 m2
or
| 2m 2mn 2T m—1
(3-3) tim ") __en)
n—oo ((mn)!)2(mn+ 1)™ m"
Wallis’ formula of order m.
Remark 3.5. Taking m = 2 in (3.3) we obtain
(n)*24 2n o«

o G2t 22
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It is the classic Wallis’ formula. On the other hand, we know the Wallis’ formula follows from

the infinite product representation of the sine [1].

(3-4)

Taking x = % in (3.4) gives

1 =sin T £ H4”2_1
=sin— = — — =
2 242 T2n? 215 4n?
SO
2 I°_°I4n2—1 1°_°I (2n)?
T LN 4n? 2 ( 2n—1 (2n+1)
Hence
4.6. 2 4n(1\2
T (2-4-6-...2n)  lim 2% (n!)

2 am(1-3)(3-5)...2n—1)(2n+ 1)  noe ((2n)1)2(2n+ 1)
s0 (3.3) and (3.4) have the same results.

Now we verify (3.2) and (3.4) have the same results for m = 3 and x = %, respectivly. Taking

m=3in(3.2) and x = % in (3.4) we get

(n!)33%  2x
n—e (3n)!1(3n4+1)  3/3
and )
) T oo _1
2 3 0 mn?’ 315 9n
So
3v3 2 on’—1 27 1°_°I (3n)*
T 9n? 3v3 o ( n—l (Bn+1)
Hence
. (3-6-9...3n)?
3y/3 o (2-4)(5-7)(8-10)...3n—1)(3n+1)
20(N2(3.6- 3n(pn3
_ lim3 (n)*(3-6-9...3n) ~ lim 3°"(n!) '
n—oo (3n)!(3n+1) n—e (3n)!(3n+1)

Finally we show that (3.3) and (3.4) have the same results for m =4 and x = %, respectively.
Taking m =4 in (3.3) and x = % in (3.4) we obtain

P ) kN .2 A
noe ((4n)!)2(4n+1)3 4% 32
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14
and
2 = 16n%—1
NETRN I | il
2 4415 16n?
So
2V2 & l6n? -1 = 4n)®
EUETN o (Ll NPV S QRN CL) L
T . lén 2v2 o (An—1)(4n+1)
Hence
T (4.8.12...4n)?
—— = lim
2v2 1= (3.5)(7.9)(11.13)...(4n—1)(4n+1)
no,1\2 2n(,1\2~2n |
~m (4".n1)*(2.4.6...4n) _ 4 (n!)2227(2n)!
n—eo  (4n)!(4n+1) n—es  (4n)!(4n+1)
So
> AM(m)*2%((2n)))?
— = lim
8  noe ((4n)1)2(4n+1)2

. (n!)*4%n 241((2n)1)?
= lim 5 lim
n=e (4n)!(4n+1)2 no (4n) 1WA+ 1
! 444n 22p ! 2
i Y lim (p!)
(4n)1(4n+1)2 == (2p)1V2p+1

\/E _ (n!)*4%n
= — lim - 3 -
2 n=e (4n)(4n+1)2

Since the second limit is equal to \/g by Wallis’ formula of order 2. Therefore, we have

2 3
I
e (An)1(4n+1)2 \/—f 42

(n!)848n . 7[3
=z

It follows that lim,,_,c (@) 2 (@nT1)®

Conflict of Interests
The author declares that there is no conflict of interests

REFERENCES

[1] Emil Artin, The Gamma function, Holt, Rinehart and Winston, Inc. 1964.
[2] S.S. Dragomir, R. P. Agarwal, N. S. Barnet, Inequality for Beta and Gamma function via some classical and

new integral inequalities, J. Inequal. Appl. 2000.



NOTE ON STIRLING’S FORMULA AND WALLIS’ INEQUALITY OF ORDER m 15

[3] S.S. Dragomir, M. Raissouli, Iterative refinements of the Hermite-Hadamard inequality, Application to the
standard means, J. Inequal. Appl. 2010 (2010), Article ID 107950.

[4] J. E. Pecaric, F. Proschan and Y. L. Tong, Convex functions, partial orderings, and statictical Applications,
Academic Press, 1992.

[5] G. Zabandan, A new refinement of Hermite-Hadamard inequality for convex functions, J. Ineq. Pure Appl.
Math. 10 (2009), Article ID 45.

[6] G.Zabandan, Bernstein’s polynomials for convex functions and related resutls, Int. J. Nonlinear Anal. Appl.
6 (2015), 23-34.

[7] G. Zabandan, A. Bodaghi and A. Kilicoman, The Hermite-Hadamard inequality for r-convex function, J.

Inequal. Appl. 2012 (2012), Article ID 215.



