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Abstract. Let ¢ be an entire self-map of the n-dimensional Euclidean complex space C" and y be an entire func-
tion on C". A weighted composition operator induced by ¢ with weight y is given by (Wy. o f)(z) = w(z) f(9(2)),
for z € C" and f is entire function on C". In this paper, we study weighted composition operators between
Bargmann-Fock spaces .#4(C") and .#{(C") for 0 < p,q < e. Using Carleson-type measures techniques, we
characterize the boundedness and compactness of these operators, when 0 < p,q < . We also obtained an es-
timate of the essential norm of these operators, when 1 < p < g < e. The results written in terms of a certain

Berezin-type integral transform on C".
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1. Introduction

Let C" be the n-dimensional complex Euclidean space, and let dv be the usual Lebesgue

volume measure on C". For a fixed o¢ > 0, we consider the Gaussian measure on C”
(0 AL 2
dve(z) = (E> e av(z).
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For any p > 0, the Bargmann-Fock (Fock space) .#§ (C") consists of all functions f such that

1

—ap| 2
ha= [ 1@ o)

is finite; that is f € .74 (C") if and only if f(z)efTocm2 € LP(C",dv).

Recall that if z = (21,22, *,2,) and w = (wy,wp, - - -,w,) are points in C", we write (z,w) =
Y'i_1z;wj and 2| = (z,z). It is well known that the space .%2 of Gaussian square-integrable
entire functions on C” is a closed subspace of L?(C",dv) and it has the Bergman reproducing

kernel property
1@ = [ SO0 Ka(zw)dva(w) = (/). Kal-,2))

forall f € ﬁé and z € C". Moreover, the reproducing kernel function of .% is given by
Ky (z) = Ko (z,w) = &M,

Let k,, denote the normalized reproducing kernel function, which is given by

Ko(z,w) a2
k Z) = —7 —_ ea<Z,W> 2 ‘W| .
&) = [Ka ) o

For any z € C" and r > 0 we use
B(z,r)={weC":|lw—z|/ <r}

to denote the Euclidean ball centered at z with radius r. Let t be a positive Borel measure on C”,

1(B(z,r))

the average of u on B(z,r) is WBler)) - Since the Lebesgue volume V(B(z,r)) = [ dv = rn

is a constant over all z € C", we call u(B(z,r)) an averaging function of u. Fort > 0, we define

the 7-Berezin transform of u as follows

(@) = [ e ().

awz—5z)?

Since k;(w) = e , We can write

fir(z) = /C ke (w)e E P ap o).

Note that if # =2 and a = 0, we get the tradition definition of Berezin transform in Bergman

spaces.
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Suppose ¢ is an entire function maps C” into itself and y is an entire function on C”", the
weighted composition operator Wy, o is defined on the space H(C") of all entire functions on

C" by
(Wy0f)(2) = w(2)Co f(2) = ¥(2) f(0(2)),

for all f € H(C") and z € C". The composition operator Cy is a weighted composition operator
with the weight function y identically equal to 1. It is well known that the composition operator
Cof = f o ¢ defines a linear operator Cy which acts boundedly on spaces of entire functions on
C.

These operators have been studied on many spaces of analytic functions and entire functions
as well. During the past few decades much effort has been devoted to the study of these op-
erators with the goal of explaining the operator-theoretic properties of Wy, o in terms of the
function-theoretic properties of the induced maps ¢ and y. On the spaces of analytic functions,
we refer to the monographs [4], [8], [9], [17], [28], and [29] for the overview of the field as of
the early 1990s. See [21] and [27] for the studies on the spaces of entire functions.

Recently, boundedness and compactness of (weighted) composition operators on Fock-type
spaces have been studied by the authors of these papers [3], [19], [22], [23], and [25]. The
authors of those papers used classical techniques which were used by many authors in Bergman
and Hardy spaces, see for example [4], [5], [6], [15], [17], [18], [28], and [29]. In this paper
we use similar techniques, in fact we use Carleson measures techniques to characterize the
boundedness and compactness of a weighted composition operator Wy, o acting from FL(Cm)
to .ZZ(C"), for 0 < p,q < . Then we provide an upper and a lower bound estimates of the
essential norm of Wy o when 1 < p < g < . Our results will be expressed in terms of the

integral operator By ,(|y/|), which we define next. Let ¢ be an entire self-map of C", and let y

be an entire function of C", then for w € C" and 0 < p < o we define

Bop(lwn) = [ k(@@ v ¥ Fan).

2. Preliminaries
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The essential norm of a bounded operator 7', denote by ||T ||, is its distance in the operator

norm from the space of compact operators. Thus, for any Wy, ¢ : Flk — F& we define

HWIV,(PHe = 1%2]12 HWwp _KHq,Oh

where K = K(.#},.Z4) is the space of compact operators from .%#% into .%. It is well known
that Wy ¢ is compact if and only if [|[Wy ¢l = 0, so that estimates of essential norm lead for
Wy to be compact. The essential norm has been studied by many authors in spaces of analytic
functions, see for example [1], [5], [6], [14], [15], [18], [20], [24], [26] and the references in
these papers. Also it has been studied by many authors in Fock-type spaces, see for example
[19], [22], [23], and [25]. Moreover, the essential norm of Toeplitz operator induced by bounded
symbols has been studied in [12] on generalized Fock spaces.

The following lemma gives an upper bound of the essential norm of the weighted com-
position operator Wy, o : FE — F, for 1 < p < g < oo, in terms of the operators R j which
we define next. For each entire function f on C”, there is a unique sequence {py(z)} of ho-

mogenous polynomials of degree k such that f can be written as f(z) = Z pr(z). For each
k=0

J € N define the operators R; as R;f(z) = Z pi(z). Tt is known ([23], Proposition 2.3) that
k=j

for each f € Z5(C"), 121010 |R;fllp,« = 0. Moreover, by the principle of uniform boundedness,
sup [|Rj|| < eo. This lerilma is a classical result; see for example ([4], Lemma 3.16), ([5], Lem-
ﬁaN 2) and ([18], proposition 5.1) in context of Hardy and Bergman spaces, and in context of
Fock-type spaces see for example [22] when n = 1, g = o and see [19] when n > 2, g = o. The
proof is similar to these previous results, so we omit the proof.

Lemma 2.1. Let 1 < p < g < oo, let ¢ be an entire self-map of C", and let W be and entire

function on C". If Wy, ¢ is bounded from FY into F¢, then

[Wy.glle < liminf[[Wy.oR;llq.q-

The following lemma is proved in ([22], Lemma 3) for n = 1 and ([23], Lemma 3.2) for

n>2.
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Lemma 2.2. Let 1 < p < o and q be the conjugate exponent of p, i.e 1 [p+1/q = 1. Then for

each f € FL(C"), there exists a positive constant C such that

ik 2%+n ok
mﬁ<n<avma2““” (&Q r(5+0 ,

for all w € C" and all positive integers j.

Carleson measures were first introduced by Carleson [2], who studied positive Borel mea-

sures i on the unit disk that satisfy for any function f in the Hardy space H” (D) the condition

/\f )Pdu(z <c/ NP,

as a tool to study interpolating sequences and the corona problem. These measures have been
extended and found many applications in the study of composition operators in various spaces
of functions, for example see [4], [8], [9], [28] and [29] for the study of Carleson measures in
Hardy and Bergamn spaces, and see [10], [11], [13], and [16] for the study of Carleson measures
in Fock-type spaces. Now we are ready to define (p,q)-Fock Carleson measure and vanishing
(p,q)-Fock Carleson measure as well.

Definition 2.3. Let 0 < p,q < oo and let L be a positive Borel measure. We say L is a (p,q)-Fock

Carleson measure if there exists a constant C such that for all f € Fk

p,a:

L@ auc) <l

Moreover, we say U is a vanishing (p,q)-Fock Carleson measure if

lim [ |fi(2)|% 2 au(z) =0

Joee Jen
for any bounded sequence {f;} in Fk that converges to zero uniformly on compact subsets of
C"as j— oo

The following two lemmas are from [11], they characterize (vanishing) (p,g)-Fock Carleson
measures in terms of the #-Berezin transform fI; and the averaging function u(B(-,r)).

Lemma 2.4. Let 0 < p < g < oo, and let 1 > 0. Then the following statements are equivalent.

(1) wisa (p,q)-Fock Carleson measure;
(2) 1; is bounded on C" for some (or any)t > 0;



6 WALEED AL-RAWASHDEH

(3) w(B(-,0)) is bounded on C" for some (or any) 6 > 0;

(4) For some (or any) r > 0, the sequence {|L(B(ay, 7))}y, is bounded.

Lemma 2.5. Let 0 < g < p < oo, and let 4 > 0. Set s = § and s' to be the conjugate exponent

of s. Then the following statements are equivalent.

(1) wisa (p,q)-Fock Carleson measure;

(2) W is a vanishing (p,q)-Fock Carleson measure;
(3) [ € L (dv) for some (or any) t > 0;

(4) W(B(-,8)) € L* (dv) for some (or any) 8 > 0;
(5) For some (or any) r >0, ¥.°, u(B(ak,r))Sl < oo,

Further information on boundedess and compactness of weighted composition operators
come from using a pull-back measure o C", which we define next. Suppose ¢ is an entire
self-map of C". For each p > 0, we define for any y € .Z§(C") a positive Borel measure [y ,

on C" by
—ap, 2
bosE)= [ w@IeF Fan),

where E is a Borel subset of C".
It is known that, by using ([7], Theorem II1.10.4), for any g € .75 (C") the change of variable

formula

g2}

[ 8@V dug, @) = [ W@ IseE)re T av).

3. Main results

In this section, we characterize the boundedness and compactness of Wy o : #4(C") —
F4(CM), for 0 < p,q < o. Then we give an upper and a lower estimates for the essential
norm of Wy, ¢, for 1 < p < g < oo, in terms of the integral operator By 4(|y/).

Theorem 3.1. Let 0 < p < g < oo, let @ be an entire self-map of C", and let v € .Z¢. Then the
following are equivalent.
(1) Wyo: Fh — Z< is bounded;

(2) Agqis a (p,q)-Fock Carleson measure, where dAg 4(2) = e%|z|2du(p7q(z),'
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(3) M= sup By g(|w(w))) < e
weCr

Proof. First, we prove that (3) implies (2). For a fixed w € C", set f,,(z) = eXem o 1P s

known that for each z € B(w, r) we have

\ w

afzw)— 41| P52

e

Then,

—aq.2

AP gy (BOw) < | oy D104

ag 2 —ag), 0
<e2 M / ez " d)g 4 (2)

= HM [ ko)l dAg o)

= T [ (2) 9 2)

= [ @)y ) te T av(a).
Hence, we get
(1) e 7 Mg (Bw,1)) < Bog(|w(w))).

Thus, by our hypothesis we get
—0q,2
e " Ao q(B(w,r)) <M.

Therefore, by Lemma 2.4, we get Ay 4 is a (p,q)-Fock Carleson measure.
Next we prove that (2) implies (1). By our hypothesis (2) and Definition 2.3, for all f €

Z%(C") there exists a constant C > 0 such that
L @1 g 4(2) < €I
On the other hand,
L @1e 5 drg () = [ 17) 1t (2
= | 1011yl %e T av(e)

= [Wo.q(f)lG,a
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This gives the operator Wy ¢ is bounded from .Z§(C") into .Z4(C").
Finally, we prove that (1) implies (3). For a fixed w € C", set f,,(z) = kw(z). Then by the

boundedness of Wy, o, there exists a positive constant C such that

Wyo ()l < Cllfwllg.a-

Thus,
[ 15so@ e ¥ e <c.

Taking supremum over w € C", we get

sup By q(|y(w)]) <o,
weCn

which completes the proof.

The previous Theorem 3.1 and Lemma 2.4 give that boundedness of Wy, o is equivalent to

i(m(z) is bounded in C". On one hand we have

Doq(2) :/nequ_Z2d7L¢7q(W)
= [ et 0 g o)
= [ 1) dtq g o)
= [ Wlotnlwom e M av)
=By 4(l¥(2))).

It is clear that By 4(|W(z)|) = ||Wy,e(k;)||2 o Therefore, boundedness of Wy, o implies

[1Bo.q(|W])]|1~ < ||Wv/,<qu,a-

On the other hand, by Lemma 2.1 of [13], for each r > 0 there exists C > 0 such that for any
entire function f on C" we have
@ sup @) < [ |l T av(w).
z€B(a,r) B(a,2r)
Now consider the r-lattice {a;} in C" and a positive integer m such that every point in C”

belongs to at most m sets in {B(ay,2r)}. Using the covering property, estimate (2), and the fact
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!
Z bi < (Z bk> whenever 1 <[ < « and b; > 0 for all k, we obtain
=1 k=1

[Wy,o(f

L= [ 1R av
= [ 1@ dugy @) = [ 1517 drg(c)

(o)

<X
/; B(ay,r)

< i Ao q(B(a,r)) < sup

zE€B(ay,r)

FR)e T ddg 4(2)

feFF |

flwpe |

<G ) Agq(Blag,r)) (/B(ak,m

< CysupAy o (Blag,r /
zkzlf 90711( ( k )) <l;l B(ak72r)

< Cymt/? sup A.q (B(ak, I)IfIl.o
>

Using estimate (1) there exists a constant C* > 0 such that

Wy ()lga < C*lBog(IW))]l=-

The above argument gives the proof of the following Theorem 3.2.
Theorem 3.2. Let 0 < p < g < o, let ¢ be an entire self-map of C", and let w € F&(C"). If

Wy ¢ is bounded from FL into FE then there exists a positive constant C* such that

1Bo.g(1WDl= < [Wy.pllg.a < C7l|Bo.g(|W])llL=-

The next Theorem 3.3 gives an upper and a lower bounds of the essential norm of a weighted
composition operator Wy, ¢ in terms of the integral operator By ,(|y]).
Theorem 3.3. Let 1 < p < g < oo, let ¢ be an entire self-map of C", and let y € F4(C"). If

Wy ¢ is bounded from 7, Pinto F, then there exists a positive constant C such that

limsup B o ([(w)]) < [Wy.ll¢ < Climsup By g (|y(w)]).

|w|—eo [wl—ee
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Proof. First, we prove the lower estimate. Let K be a compact operator acting from .} into
F4. Forw € C, set f,,(z) = ky(z). Itis clear that {f,,} converges to 0 on any compact subset

of C" as |w| — . Hence || K fiu||4 — O as |w| — co. Therefore,

[Wyp — K| = limsup [|(Wy,p — K) fullg.c

|w|—ee

> limsup (||[Wy.o fwllg.a — |1 K fwllg.)

|w|—ee

= limsup ||Wy/,(pfw||%a'

|w|—e

By taking infimum over all compact operators K, we get

Wy pllZ = limsup Wy ¢ fillg.a

[w|—oo

=timsup | [ky(9(2) ||y ()l av(e)

[w|—ee

— limsup By (| w(w)]).

[w—oo

Now, we prove the upper estimate. Fix r > 0 and take f € .Z§(C") with | f||,a < 1. By

using Lemma 2.1, we get

[Wy.olle < liminf||Wy oR;|
e

3) <liminf sup [[(Wy oR})f|lg.a

I N flpasl

On the other hand,
(W) = [ IRiF (@D IIWEI% a2
= [, IRif @)l g2
= [ Ris@1eF dag, )

- +/ R; 40,512 g,
(/{Izl>r} {|z|<r})‘ if(@)[e 9.4(2)

=L+D5.
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Since Wy ¢ is bounded, by using Theorem 3.2 and the fact sup; [|R;|| < oo, there exist positive

constants C; and C, such that

L < ClHijl\p,a|S|up By 4(lw(2)])
z|2r

< C1Casup By 4(|w(2)]).

|z|>r

Again use Theorem 3.2 then use Lemma 2.2, there exist positive constants C3 and Cy4 such that

I < Cs sup By o(|y(2))) /{| . Rif (@)% 1 av(z)
z|I<r

|z|>r

<Gt} sup Bog (W) | e FFav(),
Z|\<r

|z|<r

where

ok k % tn
ar 2\ 2 gk
m-r % ) (5 )

k=j

By Stirling’s formula, we get

o ko k k/2 4oL
otr 2 qk 9 2q —k/2
H;~ — - .
J kZ. k! <q(x> (2 +") ¢
=J

By ratio test, last series is convergent. Hence, lim H; = 0. Therefore, I, goes to zero for large
Jreo

Sk

enough j. From Iy, I and estimate (3) we get

||Ww,<pHZ§ﬁf.gi£f sup ||(Wy,oR))f
J [fllpa<l

q
q,x
< GG sup By 4(y(2)))-

|lz|>r

Letting r — oo, we get

[Wy.oll¢ < CirCalimsup By 4(|y(2)])-

|z| e
This completes the proof.

The following is an immediate corollary of Theorem 3.3, using the fact that Wy, ¢, is compact

if and only if |Wy |/ = 0.
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Corollary 3.4. Let 1 < p < g < oo, let ¢ be an entire self-map of C", and let w € FZ(C"). Then
a bounded Wy, ¢ from F into F& is compact if and only if

limsup By 4(|y(z)|) =0.

|z|—e0

The following Theorem 3.5 characterizes the boundedness and compactness of Wy, o, when
0<g<p<on.
Theorem 3.5. Let 0 < g < p < oo, let ¢ be an entire self-map of C", and let w € .F{. Then the
following are equivalent.
(1) Wy.o : Fh — F¢ is bounded;
(2) Wy.o : Fh — F4 is compact;

(3) By q(ly]) € LP/ P9 (dv).

Proof. Suppose that Wy, , is bounded. Then for any f € .Z} there exists a constant C > 0 such
that |[Wyo |4 & < C|| f1|$.«- Therefore,

Clflha = [, 1@yl av(s
= [, 1@ b2
N /cn F(@)|%e T A 4(2).

Thus, Ag4 is a (p,q)-Fock Carleson measure. By Lemma 2.5, this is equivalent to ﬁ,(M €
LP/(P=9)(dv). From the proof of Theorem 3.2, we have /qu,’q(z) = By 4(|w(2)|). This gives the
equivalence of (1) and (3).

On the other hand, using Lemma 2.5 gives Ay 4 is a vanishing (p, g)-Fock Carleson measure.
Then for any bounded sequence {f;} in . %} that converges to zero uniformly on each compact
subset of C" as j — oo, we have

lim
J—e JCn

fi2)e I

Similar to previous argument this is equivalent to lim ||Wy o ;|| o = 0, which gives the com-
Jreo

pactness of Wy, . This gives the equivalence of (1) and (2).
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The following Theorem 3.6 gives an estimate of the ||Wy ¢||4.¢ in terms of the LP/(P~4)-norm

of By ¢(y])-
Theorem 3.6. Let 0 < g < p < oo, let ¢ be an entire self-map of C", and let w € F&(C"). If

Wy ¢ is bounded from FE into F then there exists a positive constant C such that

||B<P,q(|l//|)||Lp/(p—q) < HWV/,(PHq,Ot < C”B(P,q(lll/DHLﬂ/(p—q)'

Proof. First, from the proof of Theorem 3.2, we have for any z € C"

By 4(lw(2)]) = Wy ok:[g.0

el

Since boundedness of Wy, equivalent to By ,(|y|) € LP/(P=4), this implies that

HB(P:‘IOV/')HLP/(P*Q) < HWIII,(p Za

On the other hand, from the proof of Theorem 3.1, for any z € B(w,r) we have

ko (2)]7 > e ¥ P57
Then,
=i Sl q
Al BTV CEY BN OO
< [, a1 y(z) e an(s
o = Boq(ly(w))):

It is clear that, for any f € %},

© Wyp (e = [, 1) %dhoq(2).

By Lemma 2.1 of [13], for any entire function f on C" we have the following point estimate

© e

<c / w)|7e 7P ().
Zr
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By using equation (5), estimate (6), Fubini’s theorem, and xp/_ ,) (W) = Xp(w,)(2), then using

inequality (4) we get
Qg2 =g 1,02
Wyp(llka <C [ ¥ dugg(e) [ taen (0l 0e) 15 ot
_aqp,2 a2
<c [ 17001 E 0 avw) [ g @ F g )
G 4o Sl
<Ce™ | Ifw)flem 2 By o(lw(w))dv(w).

Applying Holder’s inequality with exponent p/g we get

g 2
go <Ce2 " || fIIF allBog (WDl Lo/to-as

Wy.of]

which gives the desired result.
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