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Abstract. In this paper, we established new Hermite-Hadamard inequalities for MN-convex functions, where
M,N = A,G,H. Some examples are given.
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1. Introduction

Let f: [a,b] — R be a convex function, then the following inequality:
a+b 1 fla)+ f(b)
2

) <
2 b—a

*) £ L@@ws

is known as the Hermite-Hadamard inequality. In this paper we study several convexity, and
deduce sharp integral inequalities similar to Hermite-Hadamard inequality. First we need the

following definitions.

Definition 1.1. A function M : (0, ) X (0,00) — (0,e0) called a mean if
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1) M(x,y) = M(y,x),
2) M(x,x) = x,
3) x < M(x,y) <y, wherenver x < y,
4) M(ax,ay) = aM(x,y) for all a > 0.
Example 1.2.
xX+y

2
2) The Geometric Mean M(x,y) = G(x,y) = \/xy.

1) The Arithmetic Mean M(x,y) =A(x,y) =

1
3) The Harmonic Mean M(x,y) = H(x,y) = 1
A(_7 _)
XYy
X—y
o ey 7Y
4) The Logarithmic Mean M (x,y) = L(x,y) = { ‘¥~ 10y
x x=y

Definition 1.3. Let / be a subinterval of (0,c) and f : I — (0,0) be a continuous function. f
is called MN-convex if f(M(x,y)) < N(f(x),f(y)) forall x,y € I.

Note that this definition reduces to usual convexity when M = N = A.

The authors in[1] theorem 2.4 showed that for M, N = A, G, H, the nine possible MN-convexity

property reduces to a ordinary convexity by a simple change of variable.
Since f is continous, this the MN-convexity of f, that is
f(M(x,y); 1 _tvt) < N(f(x),f(y), 1 _tvt)

for every x,y € I,t € [0, 1] (see [6]). For example
(1) f is AG-convex, if for every x,y € I, ¢t € [0, 1]

flex+(1—1)y) < @) )

(3) f is HA-convex, if for every x,y € I, 1 € [0, 1]

Xy
f (m) <tf(y)+(1—1)f(x)
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and etc.

Remark 1.4. Since H(x,y) < G(x,y) < A(x,y), it follows that
(1) f 1s AH-convex—= f if AG-convex = f is AA-convex.
(2) f 1s GH-convex = f 1s GG-convex = f is GA-convex.

(3) f 1s HH-convex = f 1s HG-convex = f is HA-convex.

Throughout of this paper [a,b] C (0,o0) and f is positive function.

2. Main results

Theorem 2.1. Let f be a AH-convex function on [a,b]. Then the following inequalities hold:

| G2(f(a), £(b))
b_wﬂf”””SLuwxﬂm>

f(A(a,b)) <

Proof. Since f is AH-convex, we have

f(a)f(b)
/ftb+ 1—1t)a )dt</0 T+ (l—t)f(b)dt

B fla)f
/ Fla)— f(b t+ﬂ)m

@I
Fla)— () U@ = 1O+ )

_S@F0) GX(f(a), £(b)

= Fa -6 "™ O 0D =T ey

For the proof of left side, by AH-convexity of f, we have

f(a+b) :f((l—t)a+tb+ (1—1) b—}—ta)
a

2
2f(ta+ (1 —1)b)f(tb+ (1 —1)a)
~ flta+(1—=0)b)+ f(tb+ (1 —1)a)’

By integrating on [0, 1] and change of variable we get
a+b)< L 2f(ta+ (1 —1)b)f(tb+ (1 —1)a)
2 "7 Jo flta+(1—t)b)+ f(tb+ (1 —1t)a)

L P affathoy)
b—als fla+b—x)+f(x)

dt

f(A(a,b)) = f(
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Since H(a,b) < A(a,b) and f:f(x)dx:fff(a-l-b—x)dx, it follows that
< bia/abf(x)—kf(a%—b—x)dx: 1 /abf(x)dx.

2 b—a

Theorem 2.2. Let f be a AG-convex function on [a,b|. Then the following inequalities hold:

1

fA(a,b) < —

[/ e < Lista). 1)

Proof. By change of variable and AG-convexity of f, we have

o [ [ s+ -naas [ e @a
1

e [N @ (fB)N
-5 [, (@) = gt <7 ()
e = L) (@)

On the other hand, AG-convexity of f follows that

a+b):f(ta+(l—t)b+tb+(l—t)a)

f(A(a,b)) = f(

2 2

<V flta+(1—=0)b)f(tb+ (1 ~1)a).

By integrating on [0, 1] and Holder’s inequality we obtain

f(a;rb) < /01 Vfta+(1—1)b\/f(tb+ (1 —1)a dt

1

< (/Olf(taJr(l —t)b)dt)% (/Olf(tb+(1 —t)a)dt>2

1 b
= — / F(x)dx,

because

/0 ' tat (1—0)b)dr = /0 b+ (1 a)dr = - /  fwds.

Corollary 2.3. If f is a AH-convex function on |a,b], then

), /(b))
[ (b))

1 b G*(f(a
rab) < — [ fixd< L(f(a)

< L(f(a),f(b)) <A(f(a), f(b)).
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The proof is obvious by Theorems 2.1, 2.2 and Remark 1.4.

Theorem 2.4. Let f be a GH-convex function on [a,b]. Then the following inequalities hold:

fx) G*(f(a), f(b))
f<G(a’b))§1nb—1na/a Y ST ey

Proof. By change of variable and GH-convexity of f, we have

ltt
/fd_/f“b]? l—dt 1n/fb’“
a Cl

bt fla)f(d) w2 fla)f(b)
=l /<1 ) L@ =" i@ o T

So

1 b fx) G*(f(a), f (b))
Inb lna/ dx = .

On the other hand we have

al—t 1 al 1—¢
1/a) = 5 (\flarmiann ) < 2HE IR

By integrating on [0, 1], we get

1 zf(alftbt)f(atblft)
SV ), )+ b "

1 /! 1 /1
<= / fla'7')dr + = / f(d'b'dr
2 Jo 2 Jo

1 b f(x)
a lnb—lna/a X dx

Because H(a,b) < A(a,b) and}f(al_tbf)d;: }f( (pl ) dr = ff(X)
N 0 o Inb— lnaa

Theorem 2.5. Let f be a GG-convex function on [a,b]. Then the following inequalities hold:

. Gla,b)f(G(a,b)) _ L(bf(b),af(a))
D k) S b— ff( Jdx < ==

i) f(vab) < — I )deL(f(a),f(b))-

“Inb—Ina, x
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Proof. (1) By change of variable and GG-cocnvexity of f we have

1 b 1 1 b b
— / fx)dx = -— / faH)a(in )y ds

aln?

<50 i) o) Cyar

_af(a)lng L/bf(b)\'
- () @
_af@ng 1 (bf(b)\'|!
- b-a !t (af(a))
af (a)(lnb lna) bf(b) —af(a)

~ (b—a)(Inbf(b) —Inaf(a)) af(a)

_ L(bf(b).as (@)
L(a,b) '

So

Lo L(bf(b),af(a))
b—a /a flxdx < L(a,b) '

On the other hand, by easy calculations we see that

a

b b 1 b b rl
/a fx)dx = aln” /0 f(B'a =) ()i = bin” /O FB1 ) (G ),

So

/a  f)dx = < / ’ f(x)dxf ( / ’ f(x)dx)%

_\/_m-(/o Fh'a' f)(b)’dz>é </01f(b1_’at)(g)tdt

By using Holder’s inequality, we get

> \/%lng (/01 \/f(btal—z)_\/f(bl—tat)) dt

Since f is GG-convex, it follows that

> \/Elng </01f(\/btal—tbl—zaz)> dr

_ \/%mg/olf(\/%) dt = \/cElngf(\/cE).

).
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So
b ab(Inb —1Ina
[ pwan YD) o
_ G(a,b)
= mf(G(aab))-
(i1) We have
b £(x 1 1
[P =? [ g tsyax < [ (7(@) " (r0)a
=iy IO v — gL Oy
=0 )f(@) [ (Y= (in2) o @)
N ORI0)
a’Inf(b)—Inf(a)’
SO

L f) )~ fl@)
lnb—lna/a X S]nf(b)_lnf(a)_L(f(a)af(b)).

On the other hand we have

f(Vab) = £(\/ (Bal=)(b1a)) < \/f(Pal =) f (b1 1)

By integrating on [0, 1] we obtain

f(@) < /01 \/f(btal—z)f(bl_[a[)dt < /01 f(bfall);_f(bltat)dt

1 /! t 1—t 1! 1—t ¢t 1 bf(x)
_5/0 F(ba )dt+§/0 (b a)dt—lnb_lna/a i,

because

: 2 BN : fpl—1y g, 1 b f(x)
/Of(ba )dt—/of(ab )dt—lnb_lna/a ax.

Theorem 2.6. Let f be a GA-convex function on |a,b]. Then the following inequalities hold:

1(6(ah) < oot [T Wae<agr@, s,



8 G. ZABANDAN

Proof. By change of variable and GA-convexity of f, we have

l 1— I
/abf fblj —a(>)In2 d 1n§/01f(bfa“)dr
<n? ["as0)+ 0= st@yar = ['1(70) - flayn+ staar

b [16)~ fla) b, fb) + /(@)
2O ] = ) O

=In

SO

b
e [ Wk (@) S 0),

On the other hand we have

f(\/%) =f <\/m> < f(atbl—t) —;—f(al_’b’)

Thus

1 /! 1 /!
Fvab) <5 [ p@b=dr+5 [ fa~bar

1 dx
lna—lnb(y)' S0

! t11—t o 1 bf(x)
/Of(ab )dt_lnb—lna/a X dx

By a similar way we see that

/Olf( - bt = Inb— lna/ =

L
£(6(a,b)) = f(Vab) < e [ £

set a'b!~! = x, it follows that df =

Hence

Corollary 2.7. If f is a GH-convex function on |a,b], then

b f(x 2(f(a
16600) < ot [T War < FEDIOD < 1(510)410)) < s (@, 50

The proofis clear by theorems 2.4, 2.5, 2.6 and Remark 1.4.

Theorem 2.8. Let f be a HH-convex function on [a,b]. Then the following inequalities hold:

fH@E) _ 1 P fw G, f()
@ab) “b-ale @ = Clab)Lif(a)./G)
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b b(a—b)dt
Proof. By change of variable x = m, X = (IZ —1—(6;1 — B)a)z we get

1 rbf(x) 0 ab ab(a—b) (t(b—a)+a)?
b—ala x* dx:b—a/l f(tb+(1—t)a) (t(b—a)+a)? a’b? dt

1 1 ab 1 /! fla)f(b)
_E/o f(tb+(1—t)a)dt§E 0 tf(a)+(1—t)f(b)dt

_ f@)f(®) / dt

ab  Jo t(f(a)—fFb)+ f(b)
f(a)f(b) B !
@7 @ 1)+ £®)],
<a>f(b>
(a) -

a

ab(f

ab(f

For the proof of left side we have

2ab 2 2
f(a+b)f(ﬁ) f( r 1—t. 1 1—1t )
PR Gr )T G
ab ab
< 2f<tb+(l—t)a)f(tcH—(l—t)b)

f(ﬁ) +f(ﬁ)
<3f <ﬁ) #5f <ﬁ>

because H(a,b) < A(a,b). By integrating we obtain

2ab
a+b 2/ th+(1-1)a l—l 2/ ta+( 1—t
ab [ f(x) ab (P f(x) _ b fx)
2(b—a))s 2 dx+2(b—a) a X? _b—a a X2

SO

f(H(a,b)) _ 1 1" f(x)
G?%(a,b) Sb—a/a x2 dx

Theorem 2.9. Let f be a HG-convex function on [a,b]. Then the following inequalities hold:

f(H(a,b)) _ 1 ["f(x), _ L(f(a)f(]))
G?%(a,b) Sb—a a X? dr < G%(a,b)
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Proof. By change of variable x = at—f—(aTt)b’ we have

1 Pfx, 1 ! ab(b—a) (t(a—b)+b)?
i | (=) “

b—als x* b—a t(a—b)+b)? a’b?

)b
1 /! L B
:E/o (ta+ 1—1 b) _/o re)y
_f@ BN fla) 1 f)Y
Gl (f(a)) =" ) —nf(@ <f(a))
fla)=fb)  _ L(f(a),f(b))
ab(In f(a) —1In f(D)) G%*(a,b)

1

0

On the other hand, we have

2ab 2 2
f =flv—|=f
@) e
ab ab
<\/f tb+(1—t)a>f(ta+(l—t)b)
ab
b+(1-1t)

<
<3f (m> +3f (ﬁ)’

<

SO

(azj—bb) 2/ (tb+ )dwé/olf(ﬁ)dt

b W

b—a a X2

Thus

f(H(a,b)) _ 1 (" f(x) _ L(f(a),f(b))
G?%(a,b) Sb—a/a x2 = G%*(a,b)

O

Theorem 2.10. Let f be a HA-convex function on [a,b]. Then the following inequalities hold:

f(H(a,b) _ 1 (P fx), _A(f(a),f(b))
G?(a,b) Sb—at a X? = G%*(a,b)
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Proof. We have

1
dt
b—a/a x2 ab/ (ta+ 1—1)b )

/Uﬂ) (1=1)f(@)ds

= 1 [o) - @) + (@

f(b) — f(a) fla)+ f(b)
ab{ 2 +f(a)] ~ T 2ab

AU,/ B)
G%*(a,b)

On the other hand, we have

2ab 1 ab 1 ab
f(a—I—b) =3/ (tb-l—(l—t)a) 3/ (m+(1—z)b)'

Hence

(azjlrbb) %/ (tb+ )d’%/olf(ﬁ)dt

SO

2a, _b a/f S ))

Corollary 2.11. If f is a HH-convex function on |a,b], then

fH@b) 1 "), G(f(a) f(b)) < Lif(a), /(b))

G*(a,b) ~b-ala x* 77 G*a,b)L(f(a),f(b)) G*(a,b)

br) . G(f(a), F())
e A L(f(0). /(b))

It is clear by Theorems 2.8, 2.9, 2.10 and Remark 1.4.

[(H(a,b)) <

11
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Example 2.12.

1) f(x) =T(x) is AG-convex on (0,c0). By theorem 2.2 we have

a+b 1 b ['(b)—T'(a)
F( 2 ) = b—a/a Pdx < 4 F ) “ il (@)

Especially for b =a+ 1 we get

I'(a+ %) < / ! T(x)dx < (a—DIYa)

Ina

2) f(x) =T'(x) is GG-convex on [1,e0). By theorem 2.5 (i), (ii) we have

VabI'(v/ab) 1 b L(bT'(b),al'(a))
L(a,D) = b—a /a Flx)dr < L(a,b)

and

r(vab) < — /br(x)dx<L(F(a),F(b)).

“Inb—InaJ, x -

3) f(x) = secx is AH-convex on (0,%). Theorem 2.1 follows that

T 3 /% dx (seC(O)sec(g)(lnsecg—lnsecO)
sec( =) < —/ < -
6" mJ)o cosx ( ) sec(0)
2 31, 1 z  2(1 2—1 1
= 2l +smx‘0 (In n ):2ln2
V3 w2 1—sinx 21
SO
2 i1 2+\/_<2ln2,
72"
or

In(2+v/3) < 2In2.

"aw
le

x)

%)

H f) =y (y) = 5
xy”(x) < 0, hence xy/(x) is decreasing and y(x) is GA-concave (see [1], Corollary

) is GA-convex on (0,00). Because (xy’'(x)) = yv/(x) +

—~

2.5 and [2], Lemma 2.9). So by theorem 2.6 we have

g [ M
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3 2 ¢l 2 3
5) flx) = ¢ is HH-convex on [0, g] Because - () = iz and

frlo) e

(x;];;i);) )’ _22(3-24) o

e
(see [1], Corollary 2.5).
So by theorem 2.8 we have

2ab
e( a2 + b2

)2 b x> A+t 2 32 3
< ab /idx<e (@ —b) (O<a<b<§)
a

b—a x2 ea2 — eb2

6) f(x) = arctanx is HA-convex on (0,). Because

X2 2x

(1O = () = )

5 > 0 (see[1], Corollary 2.5)

So by theorem 2.10 we have

) 2ab < ab /b arctanx di < arctana + arctanb
arctan X
a2+b> " b—al, 2
By easy Calculations we see that
/b arctanx arctana arctanb /b dx
x = —
a x* a b a x(1+x2)
arctana arctanb 1 L
- +(lnx—§1n(1—|—x Nl
t tanb b 1+b2
:arc ana_arc an t1n? + '
a b a 1+a2

Therefore

2ab b arctana — a arctanb ab In bV 1+a? < arctana -+ arctanb

t <
are ana2+b2 b—a +b—a av1+b2 2
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