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Abstract. We introduce a general form of weighted integral inequality of Ostrowski type for twice differentiable
mappings whose second derivatives are bounded and first derivatives are absolutely continuous. The weighted
integral inequality gives us generalized result of different bounds. The weighted integral inequality is then applied

to some quadrature rules in generalized way.
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1. Introduction

In 1938, a Ukrainian Mathematician Alexandar Markowich Ostrowski discovered an inequal-
ity called Ostrowski inequality, which states that
Proposition 1.1. Let f : I C R — R be a differentiable mapping on I (I° is the interior of I)

and let a,b € I with a<b. If f' : (a,b) — R is bounded on (a,b), i.e., |f (x)| < M, Vx € (a,b),
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for some positive constant M, then we have the inequality

x— atby?
%‘{‘ﬁ] (b—a)M

<

0= 5 [ o

for all x € [a,b]. The constant i is sharp in the sense that it cannot be replaced by a smaller one.

Ostrowski type inequalities can be used to estimate the absolute deviation from its integral
mean. It has wide applications in Numerical integration and Probability theory. They can be
used to provide explicit error bounds for numerical quadrature formulae. In 1983, J. E. Pecari¢
and B. Savic¢ [9] presented first weighted version of Ostrowski inequality. Due to the importance
of this inequality, in the last few decades, researchers are continuously in an effort for gaining
sharp bounds of Ostrowski’s inequality in terms of weight. We have introduced a weighted
inequality. The inequalities are then applied to Numerical quadrature rules and Probability
theory.

In 1976, G. V. Milovanovi¢ and J. E. Pecari¢ proved a generalization of Ostrowski’s inequal-
ity for n-time differentiable mappings [7] from which we would like to mention only the case

of twice differentiable mappings [7, p. 470].

Proposition 1.2. Let g : [a,b] — R be a twice differentiable mapping such that g’ : (a,b) — R

is bounded on (a,b). Then the following inequality holds V x € [a, b].

1 x—a)g(a)+(b—x)g(b 1P

’_ {g(XH( )g(a) + (b —x)g( )] B a/ o(1)dr
a

2 b—
1 (x—#)zl

12 (b—a)?

for all x € [a,b].

In year 1999 Cerone, Dragomir and Roumeliotis in [1] proved the following inequality.

Proposition 1.3. Under the assumption of Proposition 1.2, following inequality holds

b—a)?
1"l < L= g1

(b—a)® 1 a+b\?
< | 27
—[ 2w a\F T =" 6

In the same year, Dragomir and Barnett in [3] stated the following result.

for all x € [a,b].
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Proposition 1.4. Under the assumption of Proposition 1.2, following inequality holds V x €

a.5)
‘g(x)_g(bl)):i(a) ( _a;b) N

2 2
b—a)? x—4tb 1 1 b—a)?
<-d ( p ) +71 13 18"l < L= g7

12 - 6

In [1] P. Cerone, S. S. Dragomir and J. Roumeliotis, established an integral inequality of
Ostrowski type for mappings with bounded second derivatives. A similar inequality has been
established by S. S. Dragomir and N. S. Barnett in [3]. In [2], S. S. Dragomir and A. Sofo,
pointed out an integral inequality of Ostrowski type similar in sense that of [1] or [3].

S. S. Dragomir and A. Sofo proved the following integral inequality in [2].

Proposition 1.5. Let g : [a,b] — R be a mapping whose first derivative is absolutely continuous
on [a,b] and assume that the second derivative g’ € Lo [a,b]. Then we have the following

inequality V x € [a, D]

/abg(z) -3 {g(X) + M] (b-a)+ @ (x_ ¥) -

(1.1)
> (b—a)
ST )

Fiza Zafar and Nazir Ahmad Mir established following general form of integral inequality in
[11].
Proposition 1.6. Let all the assumption of Proposition 1.5 be valid. Then,we have the following

inequality

‘bia/abg(”df—% [(1 —h)g(x) + (1+h) (L;g(b))

—(1—h)( —a;b) g’(X)—hb;a(g’(b)—g’(a))l‘ (1.2)
" 1 1 Cl+b3 (b—a)3
S‘g - 3T 2| TR lP(h)]

forall x € [a+h25%, b —h254], where ¥(h) = (1 —h)[2(1 —h)* — 1] +2h, h € [0,1].
We established the weighted result of Proposition 1.5 of [5].
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Proposition 1.7. Under the assumption of Proposition 1.5, we have the inequality:

[ stomtnar = |69+ 252 leamwia) +opwiv)
a 2 2

—/abg(t) (t— a;b) w (t)dt —/abw(t) (x— a;b> g'(x)dtl
<Nl | (f wones [winan) (522 20) (1.3

+/x2 ((azb)t—g) w(t)dt
_/ab(@ j) ()dt}

where w : [a,b] — [0,0) is some probability density function, i.e., it is a positive integrable

function satisfying f: w(t)dt = 1.

In the present paper we introduce weights on the generalization of Ostrowski-type inequality
(1.1) which was proved by Fiza Zafar and Nazir Ahmad Mir in [11] and has its application
in Numerical quadrature rules and Probability theory. By introducing arbitrary parameters in
the weighted Peano kernels, we obtain generalization to the inequalities. We then adjust our
parameters not only to reproduce the previously proven results, but also to obtain some new
estimates of such inequalities. This paper is organized in the following manner. The first sec-
tion is based on preliminaries where as in second section we have stated our main result by
introducing weights in inequality (1.2) which are in fact probability density functions. In the

last section we have stated one of its application in terms of composite quadrature rules.
2. Main Results

Throughout this section & = a + hl% and B =b— hl% where i € [0, 1].

Theorem 2.1. Under the assumption of Proposition 1.5, we have the inequality

/a b - % { (1)drg(x) + 2 5 = (g(a)w(a) +g(b)w(b))

+/B t)dtg(b /a w(t)dtg(a /jW(t)dt (x—a;b) g (x)
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_/ahg(t) (z_a;b) W/(Z)dt_bza (/ t)dig'(a +/ 1)dtg (b )H
< Ilg”llw[ (/:W(u)du+/ﬁxw(u)du) ( a-zb)x_)i;)

1 atb

+§/x ’ ((a+b)t —1*) w(t)dt

+</aa;bw(u)du> (“;b)z—(/ du+/ )“Z
2/ (a+b t2) dt+/ (a+b t2) }

where w : [a,b] — [O o) is some probability density function, i.e., it is a positive integrable

function satisfying / t)ydt = 1.

Proof. Let us commence with the following integral identity

/aﬁ w(t)dtf(x) = / dt+/ (t)dtf(a

b (2.2)
_/ﬁ w(t)dl‘f(b)-i—/a Pw(xvt)f/<t)dt

for all x € [o, B], provided that f is absolutely continuous on [a,b] and the kernel P, : [a,b] x

[a,b] — R is given by:

/lw(u)du, if t€la,x]

o

Py(x,t) =
/I;w(u)du, if € (x,b]

where 1 € [a,D].

Let us consider

(2.2) implies

/ " w(t)dig (a) (2.3)

—|—/Bbw(t)dtg/(b)) + bPW(x,t) {g’(r) + (t— a;—b) g”(t)} dt.
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Integrating by parts, we have

[ (=252 ) g 0ar = "3 @i+ so)wio)

also

[ Puteng 0 = /;w<r>drg<b> - [ wiarsta

; \ (2.5)
+g(x) /a w(t)dt — /a g(H)w(t)dr.

Now using equations (2.4) and (2.5) in (2.3), we get
B b
/ w(t dt( _af )g’(x)
a 2

=2 lawta)+ewo) + [ ware(o)~ [wtare(a

a

-2 ( /a " w(t)dtg (a) + /ﬁ bw(t)dtg’(b) / 1)dig(x) —2 /
—/abg(t) (r—a;b) W’(t)dt+/awa (x,1) (t—a;b) g"(v)dr.

or

b
/a w(t)g(t)dt
=2 elapwla)-+ew) + 5 [ wdrg(s) -1 [ wioargta) -2
x ( /a " w(t)dig (a) + /B bw(t)dtg’(b)) +% /a g (g(x)— ( - ";b ) (x))

- % abg(z) (r - %) w (1)dt + % / " Box) (t - #) g'(r)dt,

for all x € [, B] which gives us
b B —a
[ stmtrar=3 | [ wans) + 23 slawia)-+e)w(o)

+ [ wiargto) - [t drg<>/(f<>dr(—“§”)g'<x>
+b

o) Lt i)
b (-2

(2.6)

l——)|g )| dt
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It is easy to see that

b b
+b a+b
/ |Po(x,1)] I—T’ |¢"(1)]dr < Hg”||oo/ Py (x,1))| t—T’d;,
a a
where
18"l = sup |g"(r)] <ee.
te(a,b)
Also,
b
1—/ |Py(x,1)] t—i dt
or
X t b
1= [, wad t_— ul [ — 22 .
a |Ja 2

Now, we have two cases:

(a) Forx € [a, erb |, we obtain

(o) (5o [ (5
() (o5
(o) 2

After some simple calculations, we obtain

r== ([ wan= [Mwtan) (5 - 5 2 [ a0

_ (/aw(u)dw/bw(u)du) a—b+/aa ((a;b)t - ;) w(t)dt
+/ﬁ ((a+b) ﬂ) dt+/§( §>W<I)dt
_/ax((a;b) t2> dt+/a+b( ;) w(t)dt

e () -252)o

(2.7)

(2.8)
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== (v [ i) (5 -1 >+2/
—(/jw()d +/w< ) +2/ ( (a+ b ’2>
2 [P (2w [ (52wt
N
—%)W)m +z/;w<u>du<“+”>2_(/“ +/b du>%+
2 [ (5 o [ (455 o

r= [ ([ wan) (52 Va7 ( [ wia) (52 )
+/; </O:W(u)du> (t— #) dt—l—/xﬁ (/tﬁw(u)du) <t—#) dr

= ([t [ i) (5 -5 w2 [ gl
([ )3 (525}
+/b (ﬂ tz) wi(t)dt 2/;}7 ((C’Lb)zt _ f)zw(t)dt
s\ 2 2 \ 22
( +

. / Gcu _g) wiar— [ (Lt —f) W)
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=~ (v [ wan) (5 - CE) R
([ )2 (2 “2> g
By A
:[(/axw(u)du—/xﬁw(u)d)<xz a+b> 2/ <a+b
] ([ [
S D (5 %)

for all x € [#ﬁ}

Using equations (2.7), (2.8), (2.9) and (2.10) we obtain

B —a
[ stomtonar =3[ [ wiorargt+ 25 slanta) + (o)

+/ Hdtg(b / $)dtg(a) — /j w(t)dt (x—a;b>g'(x)
e (1= 5 )wwar- "5 ([Cwwag @+ [ wwag o)) |

( /:W(u)du _ /xﬁ y (u)du> (%2 (a +2 b)x)
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= [|&".. K [ wwau— [ Bw(u)du) ((azb)x—f;)
+/x“¥” <(a—;b)t _;) ()i Jr/(:Z”W(u)d’/t(a—i-b)2
_ (/aaw(u)du+/ﬁbW(u)du> % +—2/aﬁ (@ — g) w(t)dt

+/a” ((azb)t _g)

Special Case 1. If we simply put w(t) = ﬁ in (2.1), then we will get (1.2).

w(t)dt.

Special Case 2. If we put 2 =0, then o =a and B = b in (2.1), then we get the inequality (1.3).

Remark 2.2. In (2.1), if we investigate the estimates for the end points x = a, x = b and
the midpoint x= #, we find the midpoint gives us the best estimate so inequality from first

theorem, we have

2
+/ t)dtg(b /a (t)dtg(a) — /bg(t) <z—a;b) w (t)dt
(/ t)dtg' (a +/ t)dtg' (b )]
(/{)‘zw(u)dujt/ﬁzw(u)du) <%)‘ (2.11)
+<[§bw<u>du>@—(/ a’u+/ ) 0
—2/f((azb>t—§)W(t)dt+Lb((a+b ) }

Special Case 3. If we simply put w(z) = h]Ta in (2.11), then we get the midpoint rule which

<llg Il [

gives us the best estimate.
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Remark 2.3. If we choose 4 =0, then @ = a and B = b in (2.11), we get the inequality

(2.12)

</aa+b du+/ ) ((a;b)z)
n (/fbwm)du) Ol [ (et Y e

Special Case 4. If we simply put w(z) = ﬁ in (2.12), then we get the midpoint rule which

gives us the best estimate.

Remark 2.4. If we choose h =1, then @ = f3 = “+b in (2.11), we get the inequality

/abg(l‘)w(t)dt - % {b ; ? (g(a)w(a) +g(b)w(b))
+ b (1)drg(b) / (1)drg(a) - / 4) ( ;b) W/ (1)t

2 [y fomio)]

<1l |- / "t + [ ((“j”” -2 Ywa].

Special Case 5. If we simply put w(t) = b ~in (2.13), then we get perturbed trapezoid inequal-

ity which gives us the better estimate for ||.||c norm.
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Remark 2.5. If we choose & = 13—0, then a = % and B = M in (2.11), we get the

inequality

3a+17b

/abg(t)w(t)dt—%[/%;b w(n)dig(“22) + 722 (glayw(a) + g (b)wib))
 fopOdiste) = [ wioista) = [ so) (1= 52 )
3 (fopurais @+ [ wrard )

< Il ” ( / wl)du + / w<u>du> () ‘
AR e T W

2 e (U5 Yot [ (1w

(2.14)

Special Case 6. If we simply put w(t) = ﬁ in (2.14), then we get the best estimate than the

three point quadrature inequalities.
3. Applications in Numerical Integration

We may use inequality (2.1) to get the estimates of composite quadrature rule with small
error, by which better results may be obtained.
Theorem 3.1. Let [, : a = xp < x] < ... < X, < X, = b be a partition of interval [a,b], Ax; =

Xi+1 —Xi, h € [0,1], al§§l<ﬁl,whereal—x,—i—h , Bi = xit1— zi,iE{O,...,n—l},then

b
/ g()w(t)dt = S(g,&  1n, &, h,w) + R(g, &' 1, Ei by w)
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where

S(g7gl7ln7 gi,l’l,W)

1n1

=_ Z {/ 1)drg(&) + % (g(x)w(x:) + g(xir1)wW(xit1))

Xit1 Xi

+ [ widis(si) - [Mwodre() (3.1)

= [t (8- @) - [ g (- wia
_%?(/mwaw@%nygéfﬂwomguﬁg>]Aw

Q;
‘R(g7g/71n7§7hvw)‘

(/;w(u)duﬁt/;iw(u)du) ((Xi+):+l)§i 3 %)

x+xig ] XitXip ) ) 2
e +< [ w@,)db,)% 52)
a;

and

<|g [l [

+%§ T (i)t — ) w(t)di

i

o; Xit1 XiXi41 Bi (xi +xi+1)t r?
— (/x, w(u)du+/[3,~ w(u)du) , —2/% ( ) 2 w(t)dt
(g xig)t 1P

Proof. Applying inequality (2.1) on &; € [ay, Bi]= [xl + hB >t Xipl — h%} and summing over i

from O to n — 1 and using triangular inequality, we get (3.1) and (3.2).

Special Case 1. If we simply put w(z) =
of [11].

l—x,- in (3.1) and (3.2), then we will get T heorem 2

Xit1

Remark 3.2. If we put 2 = 0, then o; = x; and 3; = x;11 in (3.1) and (3.2) we get the inequality

n—1

Sted o) =3 X | [ winae()

i=0

+ % (g(xi)w(xi) + 8 (xig 1)wlxiy1)) — /):M wie)ds (éi e ) ¢(e i

2
Xi . .
_/ +1g(t) (t_xz+2Xl+l)W/(t)dt:| AX,‘
x;
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and
‘R(gvglulnaéhhuw)‘

< gl [ ( /j"w<u>du+ 5 w(u)du> ((xmzméi B %2)

Xit1
1 xi+xi+1

+§§ T (i xi)t— ) w(t)dt

+ </x;i+)2ci+lw(u)du) (xi+;€i+l)2 _/:“ ((xi+4xi+l) i) e )dt}

Corollary 3.3. For & = M in (3.1) and (3.2) for i € {0,...,n— 1}, then we have the

following quadrature rule

S(g,gl,ln,h,W)

1 nzl {/ %) + A% (g(xi)w(xi) +g(xiv1)w(xit1))

- ) . o (3.5)
+//3,-I+ w(t)dtg(xiy1) _/a,- w(t)dtg(x;) _/Xi 8(t) (I_XI +QXl+])W,(t)dt
(Mg s [ v e )

and
R(g,8' Ins h,w)
’ ' (3.6)

L (i +xi41)? * ! i
(T v ) S ([t [ i)
o .

: Bi 4

(B [ (55 )]

Remark 3.4. If we choose 7 =0, then o; = x; and f; = b in (3.5) and (3.6), (i € {0,...,n—1}),
then

1= pxi 1 [ rxin Xi+Xit1
Ste) =5 L[ [ st | [ wioas
i=0 i i

Ax;

+71 (g(xi)w(xi) + & (xig1)w(xiv1)) —/x:“”l g(t) (t - M) W’(l)dt}

2 Axi
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and

[R(8,1n,w)]

</:+§’+' w(u)du+/x:1+;i+] w(u)a’u) ((Xi +1)g+1)2>‘ 538)

+ </le+§[+1 W(u)du) (xi+;€i+1)2 _/:“ ((xi+:i+1) i) e )dt}

Remark 3.5. If we choose & = 1, then (X,-=B,-=% in (3.5) and (3.6), i € {0,...,n— 1}, we

<|lg [l [

get
S(g,8 s 1n,w)
U5 Xit1
=3, Z { w(xi) +g(i)w(b)) + [, wt)deg(xiv1)
- Sl
i (3.9)
Xit1 x'—l—xi
/+xz+1 £)dg(xi) — /x 8(1) (t - ZTH) w(¢)dt
Xit] ,
_7 %C’Hzcwl ( )dtg (xl> + xi+’2‘i+1 W(t)dtg (xi+l) A)Cl'
and
!R(g,g',ln,w)}
(3.10)

" Xit1 iXi Xit1 i i t tz
< llg" |l —/ () du T +/ o it Xt w(t)dt| .
. 4 . 4 4

Remark 3.6. If we put h:li0 gives o = % and = % in (3.5) and (3.6) , i €

{0,...,n— 1}, we get the inequality

3x; +17x i1

- Xi Xyl
R [ foo w1
Axi Xit+1
X Xi+1 x+xl+l
o, w008 )~ / o) (1= )
20 i

Axi Xi p Xit1 ,
5 /17Xi+3Xi+1 w(r)dig (x;) +ﬁx,.+17x,-+l w(t)dtg (xiy1) | || Ax;
20 20

(3.11)
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and
IR(,&'1n,w)|
XX Xi+xi4 2
" 2 (X' —|-)C'+1)
<llg [l R w(u)dLH—/3)51,“7%[_+1 w(u)du (’1—6’)
20 20
Xi+xi+1 ) l7x,'+3xl~+1
A (xi +Xiy1) A
+ ﬁmmmWWMu — —(/ w(u)du (3.12)
220 Xi
3xi+l7xl~+1 2
Xitl Xitl 20 (xi + X1 )l t
+ 3x1+l7,\l+1 ) 7x,+3»l+1 (T_Z W(f)dt
20
)t

X /x,+1 ( Xi+ i é) ()dt]
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