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1. Introduction and Preliminaries

The following notation is used throughout this paper. We use I to denote an interval on the
real line R = (—oo0, +00) and I° to denote the interior of /. For any subset K C R" K° is used
to denote the interior of K. R”" is used to denote a generic n-dimensional vector space. The

nonnegative real numbers are denoted by R, = [0, +-).
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The following inequality, named Hermite-Hadamard inequality, is one of the most famous in-

equalities in the literature for convex functions.

Theorem 1.1. Let f : 1 C R — R be a convex function on an interval I of real numbers and

a,b € I with a < b. Then the following inequality holds:

(1.1) f(““’) < bia/abf(x)dxgw.

2 2

In (see [2]) Hermite-Hadamard inequality (1.1) was refined as follows.

Theorem 1.2. Let f(x) is differentiable on [a,b] such that |f'(x)| for ¢ > 1 is convex on |a, D],

then
1/q
flag+f(b) 1 f° b—a|lf' (@) +|f ()|
(12) ‘ s <=5 [ : ]
and
13 H6) L g < 222 @I O v
' N2 ) " o—al, /W™ =3 2 '

In recent years, various generalizations, extensions and variants of such inequalities have
been obtained. For other recent results concerning Hermite-Hadamard type inequalities through
various classes of convex functions, (see [11]) and the references cited therein, also (see [10])
and the references cited therein. For more information on refinements, extensions, generaliza-
tions, and other things about Hermite-Hadamard inequality (1.1), please (see [1]) and related
references therein.

Now, let us recall some definitions of various convex functions.

Definition 1.3. (see [3]) A function f : R, — R is said to be s-convex in the second sense, if
(1.4) FAx+(1=2)y) SA°f(x)+(1=1)°f(y)
forall x,y € R,, A €[0,1] and s € (0, 1].

It is clear that a 1-convex function must be convex on R, as usual. The s-convex functions in

the second sense have been investigated in (see [3]).
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Definition 1.4. (see [7]) A set K C R" is said to be invex with respect to the mapping 7 :

K x K — R" if x+1n(y,x) € K for every x,y € K and 7 € [0, 1].

Notice that every convex set is invex with respect to the mapping 1 (y,x) = y —x, but the

converse is not necessarily true. For more details please (see [7], [8]) and the references therein.

Definition 1.5. (see [9]) The function f defined on the invex set K C R”" is said to be preinvex

with respect 7, if for every x,y € K and 7 € [0, 1], we have that
(1.5) Fa+m@yx) < (T=0)fx) +1f(y).

The concept of preinvexity is more general than convexity since every convex function is

preinvex with respect to the mapping 1 (y,x) = y — x, but the converse is not true.

Definition 1.6. (see [6]) Let K C R" be an open m-invex set with respect to 1 : K X K X
(0,1] — R™. For f: K — R x,y € K and some fixed s,m € (0, 1], if

(1.6) f(mx+An(y,x,m)) <m(1—2)"f(x) +A°f(y)

is valid for all x,y € K, A € [0, 1], then we say that f(x) is a generalized (s, m)-preinvex function

with respect to 1.

In (see [4]), the inequality (1.2) was generalized to the case for s-convex functions in the

second sense, which can be restated as follows.

Theorem 1.7. If f(x) is a differentiable function on |a,b] C R, such that f'(x) € Ly[a,b] and

|f'(x)|2 for g > 1 is s-convex function in the second sense on [a,b), then

fla)+f(b) 1 b
‘ > _b—a/a f(x)dx

1/q

L2 @i+ i)

(s+1)(s+2)

b—a /1\@ D/
()

Motivated by these results, in the present paper, we establish some Hermite-Hadamard type
inequalities for n-time differentiable functions which are generalized (s, m)-preinvex functions

with respect to 1. So, new estimates on these types of Hermite-Hadamard inequalities via
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classical integrals are provided and the results of (see [1]) are generalized. At the end of the

paper, some conclusions are given.
2. Main results

In this section, in order to prove our main results regarding some generalizations of Hermite-
Hadamard type inequalities for generalized (s, m)-preinvex functions via classical integrals, we

need the following two lemmas:

Lemma 2.8. Let K C R be an open m-invex subset with respect to 11 : K x K x (0,1] — R for
some fixed m € (0,1], r € [0,1] and let a,b € K, a < b with ma < ma+ 1n(b,a,m). Assume that
f: K — R is a mapping such that {1V (x) is absolutely continuous on K° and " (x) for
n € N exists and is integrable on [ma,ma+1(b,a,m)|. Then, for each x € [ma,ma+n(b,a,m)],

we have that

f(mb) +rf(mb+mn(a,b,m)) 1 mb-+1(a;b,m)
r+1 n(a,b,m) / flx)dx

mb

o (_1)k(k_r)n(aabﬂm)k
_kzl (r+1)(k+1)!

f® (mb +1(a,b,m))

_ (_l)nn<aab7m)n

(2:8) (r+1)n!

/o1 "= (r+ 1)0) £ (mb+1n(a,b,m))dt,

where in this paper, an empty sum is understood to be nil.

Proof. We only prove the cases when n = 1 and n = 2. The proof for n > 3 is by mathematical
induction.

The case n = 1. Denote
1
I = / (= (r+ D) ) (mb -+ 11 (@, b, m) )di.
0
By integration by parts, we get

1
11:/0 (1= (r 4 Do) f (mb + 1 (a, b,m) d

! r+1

o MNla,b,m

f(mb+tn(a,b,m))

=1—(r+1)) (@, b,m)

)/Olf(mb—i—tn(a,b,m))dt
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| f(mb)+rf(mb+n(a,b,m)) r+1 mb+1(a,b.m)
o [ n(a,b,m) ] T n@bm) /mb fx)dx.
So, we have
f(mb) + rf(mb +1n (a7 b, m)) 1 mb+1(a,b,m) B (—1)77 (a’ b, m)
r+1 B n(a,b,m) /mb S (x)dx = r+1 L.

The case n = 2. By integration by parts, we get
1
b= / 12— (r+ Do) f" (mb+ 11 (a,b,m))dt
0

f'(mb+m(a,b,m)|' 2
n(a,b,m) o MNla,b,m

So, we have the following recurrent relation

=t(2—(r+1)1)

1
) /O (1—(r+1t)f (mb+tn(a,b,m))dt.

(2.9) (=0 mbtnlabm) 2

I
n(a,b,m) n(a,b,m) "

Using /; in equation (2.9), we obtain the following equality

f(mb)+rf(mb+n(a,b,m)) 1 mb-+1(ab,m)
rt1 - n(a,b,m) /mb fxydx
I-r / _ n(a,b,m)?
+2(r+ 1)n(aub7m)f (mb—l-n(a,b,m)) = le

O

Remark 2.9. If we take m = r = 1 and 1n(a,b,m) = a — mb in Lemma 2.8, then equality (2.8)

becomes equality as obtained in (see [1], Lemma 2.1).

Lemma 2.10. Let K C R be an open m-invex subset with respect to 1 : K x K x (0,1] — R
for some fixed m € (0,1], and let a,b € K, a < b with ma < ma+ 1n(b,a,m). Assume that f :
K — R is n-time differentiable function such that f"*~V)(x) for n € N is absolutely continuous

on [ma,ma+n(b,a,m)]. Then the identity

ma a,m n—1 _ )kt 1Yk k+1
[ sty = g | am — fCUe e | g
ma =0 !

ma+1(b,a,m)
(2.10) +(—1)"/ K (x,t,m) £ (¢)dt,

ma
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holds for all x € [ma,ma+1(b,a,m)], where the kernel K,, : [ma,ma+n(b,a,m)]*> x (0,1] — R
is defined by

(t —ma)"
(om)i=d o e
2.11) K, (x,t,m) .= n n
(t —ma rTl]‘(b,a,’?’l))7 t € (x,ma+n(b,a,m)),

and n is a natural number, n > 1.

Proof. We only prove the cases when n = 1 and n = 2. The proof for n > 3 is by mathematical
induction.

For n = 1 we have to prove the equality

ma+n(b,a,m) ma-+1(b,a,m) y
(2.12) / F(0)dt = 1(b,a,m) f£(x) — / Ky (.0, m) (1)t
where
t—ma, re [ma,x];
(2.13) Ki(x,t,m) :=

t —ma—n(b,a,m), te€ (x,ma+n(b,a,m).

Integrating by parts, we have

ma+1(b,a,m) X
/ Ki(x,t,m) f(1)dt = / (t — ma) £ (1)dt

ma ma

ma+1(b,a,m) X
+ / T —n(bam) ()t = (x— ma) f(x) — / F()dt

ma+1(b,a,m)
~(x=ma—n(b.am)f ) - [ f(0ydr.
Then equality (2.12) holds.

For n = 2 we have to prove the equality

ma+n(b,a,m) )2 (v — 2
[ = i amy ) + | S ) ]f’(X)
ma b,a,m
(2.14) +/ ol )Kz(x,t,m)f"(t)dt,
where
M t € [ma,x|;
(2.15) K> (x,t,m) := 2! 7 T

(t_’ha_n(bﬁ,m))z
2!

, t€ (x,ma+mn(b,a,m)).
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Integrating by parts, we have

ma+1(b,a,m) "
/ Ko (x,t,m) £ (1)dr

ma

f(e)dt

:/ (t —ma)? Iz dH_/mHnbam) (t —ma—n(b,a,m))?
! 21

2 ma+n (b,a,m)
= [ s+ B ) e mayro+ [ st

_(x—ma—n(b,a,m))2

] 7/6)+ (¢ = ma—n(b.a.m) ().

Then equality (2.14) follows.

0

Remark 2.11. If we take m = 1 and n(b,a,m) = b — ma in Lemma 2.10, then equality (2.10)

becomes equality as obtained in (see [5], Lemma 2.1).

Now we are in a position to prove our two theorems.

Theorem 2.12. Let f : K = [ma,ma+ n(b,a,m)] — R be n-time differentiable function on

K C R, and let a < b with ma < ma+ 1 (b,a,m). If | (x)| is a generalized (s,m)-preinvex

function on K for n > 2 and p > 1, then for some fixed r € [0,1] and s,m € (0, 1], we have

‘f(mb) +rf(mb+mn(a,b,m)) 1 /mb+n(a’b’m)f(X)dx

r+1 n(a,b,m) Jmp

LDk k—r a,b,m)k
_Z( ) (k—r)n( )

= r+HDE+1)!

fO (mb +n(a,b,m))

.16 < Inte.b.ml? (”‘r)l_’l’ P @+ 0 )]
) ~ (r+Dn! \n+1
where

nn+s—r)—s(r+1) B
(2.17) s t1) OQ=mnB(n,s+1)—(r+1)B(n+1,s+1)),
and
(2.18) B(x,y):/IIXI(l—t)yldt

0

for x,y > 0 is Euler Beta function.
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Proof. It follows from Lemma 2.8 that

f(mb)+rf(mb+mn(a,b,m)) 1 /mb+n<a,b,m>
r+1 n(aab;m) mb

(= (_l)k(k_r)n(avbvm)k
_,;1 (r4+1)(k+1)!

F® (mb+n(a,b,m))

n 1
(2.19) < %/O 10— (74 DOLF® (mb + 11 (a, b, m))|dr.

When p = 1, since | ") (x)| is a generalized (s, m)-preinvex function on K, we have

|7 (mb 41 (a,b,m))| < 21 (@) |+ m(1 =) £ (B)].

Hence
a,b,m)|* 1
m<—(rib{>n—)!’ [ = G DL b e, )
a m) | 1
< W | = 0 17 @)+ m(1 = 0) ] as

_ —ln(g"f{g’" [P @)+l )]

where P and Q are defined by (2.17). The proof for the case p = 1 is complete.

When p > 1, by the well-known Holder’s inequality, we obtain

==

1—
/lt"_l(n— (r+1)0)| £ (mb + 17 (a,b,m))|dt < /lln_l(”— (r+ Uf)dt]
) 0

0

(2.20) X [ / L (n— (r+ D)™ (mb+tn(a,b,m))|pdt] '
Since | f(") (x)|P is a generalized (s, m)-preinvex function on K, we have

£ (mb+1m(a,b,m)) [ < 2 f7 (@) +m(1 1) f™ ()P
Therefore

/olf”_l(n— (r+ 1)) (mb + 11 (a, b,m))|Pdt

IN

/ltn1<n_(,,+1)t) £l (@)]P +m(1 =) | (b)|P |dt

0

(2.21) =Pl (@)|P+ 0™ (b)P.
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From (2.19), (2.20) and (2.21), it follows that

f(x)dx

Flmt) rf b b)) 1 retes
r+1 n(avb;m) mb

a m k
—Z T +1 ()k"j 1;’, L 19 b+ 1 (a,b,m)

1

< [n(a,b,m)|" (n—r)]_’l’ [P]f(n)(a)V’_|_Q‘f(n)(b)|l7]E

(r+1)n! \n+1
where P and Q are defined by (2.17). This completes the proof of Theorem 2.12.

O

Remark 2.13. If we take m = r = 1 and n(a,b,m) = a — mb in Theorem 2.12, then inequality

(2.16) becomes inequality as obtained in (see [1], Theorem 1.1).

Theorem 2.14. Let f : K = [ma,ma+ n(b,a,m)] — R be n-time differentiable function on

K C R, and let a < b with ma < ma+ 1 (b,a,m). If | ") (x)| is a generalized (s,m)-preinvex

function on K for n > 1 and p > 1, then for some fixed s,m € (0, 1], we have

) }n(b a m)k+1 (k) n(b7a7m)
‘n(bam Z 2’<+1(k+1) S\ mat =3
1 ma+n(b,a,m)
" n(b,a,m) / f(oydi
(2.22)
. m+1 " b,a,m
gM[Nm (ma) | + = | £ (maﬂ’(—) N1 ma+ m(b,a m))!"]
where
-1 n
(2.23) M:%(ﬂil) ”(M) and N =B(n+1,s+1).
. n(b,a,m) . .
Proof. Choosing x = ma + — s in Lemma 2.10 yields
1 Z [1+(_1)k}n(b7a7m)k+l f(k) m +n<b7a7m)
n(b,a,m) =, 2k (k+1)! “ 2
1 ma-+1(b,a,m) (_ 1)""’1 ma+n(b,a,m) )
o | foa= oS | S(t,m) ) @),

1
p

Y
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b
(t—ma)", S [ma,ma—l—M ;

S(t,m) = ’
’ b

(ma+n(b,a,m)—1t)", te (ma—i—@,ma—i—n(b,a,m)].
From this, we have

1
n(b,a,m) k=0

[+ (=D)*n(b,a,m)+! n(b,a,m)
21 (k41)! f(k) (ma+ 5 )

1

ma+1(b,a,m) ()
< e /m a 1S(e,m)|| £ (1) .

594 1 ma+n(b,a,m) 4
e )/ fdi n'n(b,a,m

n(b,a,m

When p = 1, by (2.24), we have

n(b.a,m)

ma+n(b,a,m) ma 2
/ ()7 Ot = [ (t = ma)'| /(1)

ma ma

ma+n(b,a,m)
+/ (ma+1(b,a,m) —1)"| £ (1) dr.

ma+ n<b am)

Since | f")(r)| is a generalized (s, m)-preinvex function on K, we have

ma-+1(b.a,m) mat n(b n(bam)
J sl i< [ - may
s s S - n(b,a,m)
{ e L = | Ry ]
’ 2
ma+n(b,a,m) )
+/ma+n<b‘””) (ma+n(b,a,m)—t)
ma+1n(b,a,m) n(b.a.m)
x{ ] ] ‘f (ma+T ’
2
t—ma—w y )

It is not difficult to calculate the above integrals. Then using inequality (2.24), we get

—1)¥n(b,a,m)*""! n(b,a,m)
2k+1(k+1) ]f(k) (ma+ 3 >

(bam Z

n

1 ma+n(b,a,m)
" n(b,a,m) / fle)dr
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<M |N|f™ (ma)|+ m+1 ‘f(n) (mcH_n(b’—’m)‘—i—mN‘f (ma+n(b,a,m))| p,

n+s—+1
where
1 /n(b,a,m)\"
= ——= = 1 1).
2n!< 5 ) and N=B(n+1,s+1)

When p > 1, by the well-known Holder’s inequality, we obtain

ma+n(b,a,m) )
/ (.m0 (1)

ma

ma+n(b7a7m) 17% ma+n(b,a,m) %
<|/ semiar< | x| [ S(m)| 70Ot

b.a,m)

ma+1(b,a,m) ma-+1b:m)

Sl = [ = may| ) o) s

ma ma

ma+n(b,a,m)
+/ (ma+n(b,a,m) —1)"|f" (r)|Pdt.

ma-+-——+%— n(b am)

Since | £ (1)|? is a generalized (s, m)-preinvex function on K, we have

1

b.a,m)

ma+n(b,a,m) ma+ 1Lam) £
/ e m)ll o) < [ (t = ma)"

ma ma

t n(b,a,m)\ |P
—nb;m] ’f (ma+—2 )‘ }dt
ma+1(b,a,m)

+ b.a,m) (ma+n(b7a7m) _t)n

maJrn(,

i (A ]‘f <ma+n(b,a,m))‘l7

n(b,a,m) 2
2

ma+n(bam)—t * "
| " ma)|? +m

1

+m

f—ma— n(b,za,M)

n(b,a,m)
2

S
] |f<"><ma+n<b,a,m>>\p}dr
It is not difficult to calculate the above integrals. Then using inequality (2.24), we get

[1+(=1)*n(b,a, m)kH]f(k) (ma+ n(b,a,m))

n(bam Z

2+ (k+1)! 2

1 ma+1(b,a,m)
" n(b,a,m) / fe)dt

==

< M|N|f™ (ma)|P +

Ll (ma 1) ]”+mzv1f<"><ma+n(b,a,m»\"] ,

+s+1 2
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1
1 2 \'"?r /nb,a,m)\"
()7 (MY i)

where

O

Remark 2.15. 1f we take m = 1 and 1 (b,a,m) = b —ma in Theorem 2.14, then inequality (2.22)

becomes inequality as obtained in (see [1], Theorem 1.2).

3. Corollaries

In order to show that inequalities (2.16) and (2.22) generalize and refine those known in-
equalities, some corollaries are deduced from inequalities (2.16) and (2.22) as follows.

Letting s = 1 in Theorem 2.12. Then, we have the following Corollary.

Corollary 3.16. Let f : K = [ma,ma+ 1n(b,a,m)] — R be n-time differentiable function on
K C R, and let a < b with ma < ma+1(b,a,m). If | f") (x)|? is a generalized (1,m)-preinvex

function on K forn > 2 and p > 1, then for some fixed r € [0,1] and m € (0, 1], we have

f(mb) +rf(mb+n(a,b,m)) 1 mb-+1(a,b,m)
r+1 n(avbam) /mb f(x)dx

(=D (k—r a,b,m)k
_kg( )<r(+1><)kn+(1>z L0+ (. b.m)

bm)|" (n—r\'"7 !
(.25 < bl (225) " [rr@p + ol o]

where

_n(n—r+1)—(r+1)
(3.26) P= (n+1)(n+2)

, Q=m(n(n,2) = (r+1)B(n+1,2)),

Remark 3.17. If we take m = r = 1 and 1 (a,b,m) = a — mb in Corollary 3.16, then inequality

(3.25) becomes inequality as obtained in (see [1], Corollary 4.1).

Corollary 3.18. Under assumptions of Corollary 3.16 with n = 2, we have

Flmb) + rf(mb+n(abm) 1 prbeniabm
r+l n(a,b,m) /mb fla)dx
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n 1—r
2(r+1)

n(a,b,m)f (mb+ n(a,b,m»|

(3.27) <

n(a,b,m)? (2_,)1—; [(53r)f”(a)”+'71(3r)f”(b)”r
20r+1) \ 3 12 ’

Remark 3.19. If we take m = r = 1 and 1 (a,b,m) = a — mb in Corollary 3.18, then inequality
(3.27) becomes inequality as obtained in (see [1], Corollary 4.2).
Letting s = 1 in Theorem 2.14. Then, we have the following Corollary.

Corollary 3.20. Let f : K = [ma,ma+ 1n(b,a,m)] — R be n-time differentiable function on
K C R, and let a < b with ma < ma+n(b,a,m). If | f") (x)| is a generalized (1, m)-preinvex

function on K for n > 1 and p > 1, then for some fixed m € (0, 1], we have

n—1 1 _lk b k+1
B < LR kll]"( M) ) (ma+M)
n(b,a,m) &= 21 (k4 1)! 2
1 ma+n(b,a,m) J
n(b.a,m) /m fodr
(3.28)
1
P
gM[N!f(”)(ma)l”+%\f<"> (’"“*M) ‘p+mN]f(")(ma+n(b,a,m))\p] ,
where
1/ 2 \'"% /nb,a,m)\"
(3.29) M_ﬁ(nﬂ) (T) and N = B(n+1,2).

Remark 3.21. If we take m = 1 and 1 (b, a,m) = b — ma in Corollary 3.20, then inequality (3.28)

becomes inequality as obtained in (see [1], Corollary 4.3).

Corollary 3.22. Under assumptions of Corollary 3.20 with n = 1, we have

ma+1(b,a,m)
‘f(ma+n(b’a’m))—n( ! / o f(t)dr

2 b,a,m) ma

(3.30)
_nb.am) [If’<ma>lp+2<m+1>
- 4

f (ma—l— —n(b’za’m)) ‘p—i—mf/(ma—l—n(b,a,m))l’];
g :
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Remark 3.23. If we take m = 1 and 1 (b,a,m) = b — ma in Corollary 3.22, then inequality (3.30)

becomes inequality as obtained in (see [1], Corollary 4.4).

Remark 3.24. For M € R and p > 1, if | f")(x)|? < M, then by our theorems mentioned in this

paper we can get some special kinds of Hermite-Hadamard type inequalities.

4. Conclusions

In this paper, we investigated Hermite-Hadamard type inequalities for the functions which
their derivatives of order n are generalized (s,m)-preinvex functions via classical integrals.
Some known results are improved (see [1]), and we provide new estimates on these Hermite-
Hadamard type inequalities. Also, these results can be applied to find new inequalities for
special means such as geometric, arithmetic, logarithmic means, etc. This can be done if we

substitute 1 (a,b,m) or 1(b,a,m) with known special means in our theorems mentioned in this

paper.
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