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Abstract. In 2009, Kumam [7] introduced a new iterative scheme for finding the common element of the set of 

fixed points of a nonexpansive mapping, the set of solutions of an equilibrium problem and the set of solutions of 

the variational inequality for monotone, Lipschitz-continuous mappings and proved its strong convergence in a real 

Hilbert space. The aim of this paper is to prove a strong convergence result of this iterative scheme in the setting of 

Banach spaces involving an inverse strongly accretive operator under some conditions. As a special case, we shall 

prove that proposed iterative scheme converges strongly to minimum norm solution of some variational inequality 

problem. 
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1. Introduction. 

Let E be any smooth Banach space with ||. ||and let E* be its dual. Let C be a nonempty closed 

convex subset of E. Let ||. || denote the norm of E and E*. We shall use the symbol → to denote 

the strong convergence.  

Firstly, we give some definitions. 

Definition 1.1 A Banach space E is called uniformly convex iff for any ε, 0 < ε ≤ 2, the 

inequalities ║x║ ≤ 1, ║y║ ≤ 1and ║x - y║ ≥ ε imply there exists a δ > 0 such that 
2

x y
 ≤ 1 – 

δ. 
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Definition 1.2 Let E be any smooth Banach space and E : R+ → R+ be any function. Then it is 

called modulus of smoothness of E if  

E (t) = sup 1; 1,
2

x y x y
x y t

    
   

 
. 

Definition 1.3 A Banach space E is called uniformly smooth if  

                 
0

( )
lim 0E

t

t

t




  

Definition 1.4 Let q > 1. A Banach space E is called q-uniformly smooth if there exists a fixed 

constant c > 0 such that E (t) = ctq for all t > 0. See [5, 11], for more details. It is clear that if  E 

is q-uniformly smooth, then q ≤ 2 and E is uniformly smooth. 

Definition 1.5 Let J be any mapping from E into E* satisfying the condition 

J(x)  = {f ε E* : < x, f > = ║x║2 and ║f║ = ║x║}. Then J is called the normalized duality 

mapping of E. 

Remark 1.6 It is known that Jq(x) = ║x║q – 2 J(x)  for all x ε E. If E is a Hilbert space, then J = I. 

The normalized duality mapping J satisfies the following properties: 

1. If E is smooth, then J is single valued. 

2. If E is reflexive, then J is surjective. 

3. If E is strictly convex, then J is one-one and  

               < x – y, x* - y* > > 0 for all (x, x*), (y, y*) ε J with x ≠ y. 

4. If E is uniformly smooth, then J is uniformly norm to norm continuous on each bounded 

subset of E. 

5. Also q < y – x, jx > ≤ ║y║q - ║x║q for all x, y ε E and jx ε Jq(x). 

Definition 1.7 Let C be a non-empty subset of a Banach space E. A mapping T : C → C is called 

nonexpansive [10] if  

║Tx - Ty║ = ║x - y║        x, y ε C. 

Definition 1.8 A Banach space E is said to be smooth if the limit 

0
lim
t

x ty x

t

 
 exists for all x, y ε U, where U = {x ε E : ║x║ = 1}. 

Let C be a nonempty closed convex subset of  Banach space E. An operator A : C → E is called 

α-inverse strongly accretive if there exists a constant α > 0 such that 

< Ax – Ay, J(x - y) > ≥ α║Ax - Ay║2 for all x, y ε C. 
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It is obvious from above equation that  

║Ax - Ay║ ≤ 
1


║x - y║. 

Let D be a subset of C and Q be a mapping from C to D. Then Q is said to be sunny if  Q(Qx + 

t(x - Qx)) = Qx, whenever Qx + t(x - Qx) ε C for x ε C and t  ≥ 0. A mapping  Q : C → C is 

called retraction if Q2 = Q. If Q is any retraction, then Qz = z for every z ε R(Q), where R(Q) is 

the range set of Q. A subset D of C is called a sunny nonexpansive retract of C if there exists a 

sunny nonexpansive retraction from C onto D.  

Let E be any smooth Banach space with ||. || and let E* be its dual and < x, f > denote the value 

of  f ϵ E* at x ϵ E. Let C be a nonempty closed convex subset of E. 

and let A be an accretive operator of C into E. The generalized variational inequality problem is 

to find an element u ϵ C such that  

< Au, J(v – u) > ≥ 0 ∀ vϵ C,                                                                 (1.1) 

where J is the duality mapping of E into E*. 

This problem is connected with the fixed point problem for nonlinear mappings. 

In order to find a solution of (1.1), Aoyama et al [4] gave the following result. 

Theorem 1.1 [4] Let E be a uniformly convex and 2-uniformly smooth Banach space with best 

smooth constant K and C be a nonempty closed convex subset of  E. Let QC be a sunny 

nonexpansive retraction from E onto C, 𝛼 > 0 and A be 𝛼-inverse strongly accretive operator of 

C into E. Let S(C, A) ≠ φ and the sequence {xn} be generated by 

xn + 1 = 𝛼nxn + (1 - 𝛼n) QC(xn – λnAxn), x1 ϵ C, n = 1, 2, 3,………….,                                      

where {λn} is a sequence of positive real numbers and {αn} is a sequence in [0, 1]. and λn ∈ [a, 

α/K2] for some a > 0 and let αn ∈ [b, c], where 0 < b < c < 1, then {xn}converges weakly to 

some element z of S(C, A). 

Motivated by this, Yao et al [12] introduced another iterative scheme and proved its strong 

convergence. 

Theorem 1.2[12]  Let C be a nonempty closed convex subset of a uniformly convex and 2-

uniformly smooth Banach space E which admits a weakly sequentially continuous duality 

mapping. Let A: C → E be an α-inverse strongly accretive operator such that S(C, A) ≠ φ. Let 

{αn}, {βn} ⊂ (0, 1) and {λn} ⊂ [a, α⁄K2]. For fixed u εE and given x0 εC define the sequence {xn} 

by  
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xn+1 = αnxn + (1 - αn)Q[βnu + (1 - βn) (yn- λnAxn), n = 0, 1, 2…………     (1.2) 

where Q is sunny nonexpansive retraction from E onto C. Suppose the following conditions are 

satisfied: 

 (i). 0 lim inf lim sup 1,n n
n n

 
 

  

 

 
(ii). 

 
lim
n

 βn = 0, 
1

n

n






  , 

 (iv). 1lim ( ) 0.n n
n

 


    

Then the sequence {xn} generated by (1.3) converges strongly to Q’u, where Q’ is a sunny 

nonexpansive retraction of E onto S(C, A). 

In particular, if we take u = 0, then the sequence {xn} converges strongly to the minimum norm 

element in S(C, A). 

In 2009, Kumam [7] gave the following result. 

Theorem 1.3[7] Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a 

bifunction from C  C → R satisfying the following conditions: 

1. F(x, x) = 0 for all x εC 

2. F is monotone 

3. For each x, y, z εC, limt→0 F(tz +(1 - t)x, y) ≤ F(x, y)   

4. For each x εC, y → F(x y) is convex and lower semicontinuous. 

Let A: C → H be a monotone and k-Lipschitz continuous and let S be a nonexpansive mapping 

of C into itself  such that F(S) ∩VI(C, A) ∩EP(F) ≠ φ.  Suppose that the sequence {xn} be 

generated by x1 = u ε C 

F(un, y) + 
1

nr
 < y – un, un – xn > ≥ 0, for all y ε C 

yn = PC(un- λnAun),  

xn+1 = αnu + βnxn + γn SPC(xn- λnAyn), n = 0, 1, 2…………                               (1.3) 

Let {αn}, {βn}, {γn}  ⊂ [0, 1] and {λn} ⊂ [a, b] for some a, b ε(0, 1/k) and {rn}  ⊂ (0, ∞). 

Suppose the following conditions are satisfied: 

(i).  αn + βn + γn = 1, 

(ii). lim
n

 αn = 0, 
1

n

n






  , 
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(iii).  0 lim inf lim sup 1,n n
n n

 
 

     

(iv). 
1

1

inf 0,n n n n

n

lim r r r


 



     , 

(iv). 1lim ( ) 0.n n
n

 


    

Then the sequence {xn} converges strongly to PF(S) ∩VI(A, C) ∩EP(F)u. 

2. Preliminaries 

In this section, we collect some lemmas and results, which will be used in the proof of our main 

result. 

Lemma 2.1 [3] Let C be a nonempty closed convex subset of a smooth Banach space, D be a 

nonempty subset of C and Q be a retraction from C onto D. Then Q is sunny and nonexpansive 

iff  

< u – Qu, j(y - Qu) > ≤ 0 for all u ε C and y ε D. 

Lemma 2.2 [1] In a Banach E, the following inequality holds: 

║x + y║2 ≤ ║x║2 + 2 < y, j(x + y) >, for all x, y ε E, where j(x + y)εJ(x + y). 

Lemma 2.3 [2]  Let C be a nonempty closed convex subset of a smooth Banach space E. Let QC 

be a sunny nonexpansive retraction from E onto C and let A be an accretive operator of C into E. 

Then for all λ > 0, 

S(C, A) = F(QC( I - λA)), where 

 S(C, A) = { u ε C : < Au, J( v - u) > ≥ 0, for all v ε C}. 

Lemma 2.4 [8] Let {xn} and {zn} be bounded sequences in a Banach space X and {βn} be a 

sequence in [0, 1] with 0 < lim infn→∞βn ≤ lim supn→∞βn < 1. Suppose  

n 1 n n n nx x (1 )z     for all integers n ≥ 0 and  

n 1 n n 1 n
n

limsup( z z x x ) 0. 


      Then n n nlim x z 0.     

Lemma 2.5 [9] Let {sn} be a sequence of nonnegative real numbers satisfying  

n 1 n n ns (1 )s , n 0,       where n{ } is a sequence in (0, 1) and n{ }  is a sequence such that  

(i). n

n 1

,




    

(ii). n

n
n n 1n

limsup 0or .


 


  


   
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Then  n nlim s 0.    

3.  Main Result. 

In this section, we shall prove that the iterative scheme defined by Kumam et al.[7] converges 

strongly to a solution of variational inequality problem in the setting of  uniformly convex and 2-

uniformly smooth Banach space.  

Theorem 3.1  Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly 

smooth Banach space E which admits a weakly sequentially continuous duality mapping. Let A: 

C → E be an α-inverse strongly accretive operator such that S(C, A) ≠ φ. Let {αn}, {βn} ⊂ (0, 1) 

and {λn} ⊂ [a, α⁄K2]. Suppose that the sequence {xn} be generated by x1 ε C 

yn = Q(xn- λnAxn),  

xn+1 = αnu + βnxn + γn Q(yn- λnAyn), n = 0, 1, 2…………                                (3.1) 

Suppose the following conditions are satisfied: 

(i).  αn + βn + γn = 1, 

(ii). lim
n

 αn = 0, 
1

n

n






  , 

(iii).  0 lim inf lim sup 1,
n n 

     

(iv). 1lim ( ) 0.n n
n

 


    

Then the sequence {xn} generated by (3.1) converges strongly to Q’u, where Q’ is a sunny 

nonexpansive retraction of E onto S(C, A). 

In particular, if we take u = 0, then {xn} converges strongly to the minimum norm element in 

S(C, A). 

Proof. For all x, y εC, and λn ε (0, 
2K


 ], it is known that I – λnA is nonexpansive. 

Let p ε S(C, A). Then by lemma 3, p = Q(p – λnAp). 

Let zn = Q(yn- λnAyn). 

Now, ‖yn - p‖ = ‖Q(xn- λnAxn) - Q(p- λnAp)‖ 

≤ ‖xn - p‖                                                                                                         (3.2) 

And ‖zn - p‖ = ‖Q(yn- λnAyn) - Q(p- λnAp)‖ 

≤  ‖yn - p‖ ≤  ‖xn - p‖                                                                                        (3.3) 

Now, using (3.1), we have, 
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‖xn + 1 - p‖ ≤ ‖αn (u – p) + βn (xn – p) + γn (zn - p)‖ 

≤  αn ‖u – p‖ + βn ‖xn – p‖ + γn ‖xn - p‖ 

= αn ‖u – p‖ + (1 - αn )‖xn - p‖ 

≤ max. {‖u – p‖, ‖x0  – p‖}, 

which implies {xn} is bounded and hence using (3.2) and (3.3), {yn},{zn} and {Axn} are also 

bounded. 

Now, 

  ‖zn+1 – zn‖ = ‖ Q(yn+1 – λn+1A yn+1) - Q(yn – λnA yn)‖ 

≤ ‖ yn+1 – yn ‖ + ‖ λn+1A yn+1 - λnA yn‖ 

= ‖ yn+1 – yn ‖ + ‖ λn+1A yn+1 -  λnA yn+1 +  λnA yn+1 -  λnA yn‖ 

≤ ‖ yn+1 – yn ‖ + ǀ λn+1 -  λnǀ‖ A yn+1‖ + ǀ λnǀ ‖Ayn+1 - A yn‖ 

≤ ‖ yn+1 – yn ‖ + ǀ λn+1 -  λnǀ‖ A yn+1‖ +  n


 ‖yn+1 -  yn‖              [ ∵A is α- inverse strongly accretive] 

= (1 + n


)  ‖ yn+1 – yn ‖ + ǀ λn+1 -  λnǀ‖ A yn+1‖                                                    (3.4) 

Also,                      

  ‖yn+1 – yn‖ 

 = ‖ Q(xn+1 – λn+1A xn+1) - Q(xn – λnA xn)‖ 

≤ ‖ xn+1 – xn ‖ + ‖ λn+1A xn+1 - λnA xn‖ 

= ‖ xn+1 – xn ‖ + ‖ λn+1A xn+1 -  λnA xn+1 +  λnA xn+1 -  λnA xn‖ 

≤ ‖ xn+1 – xn ‖ + ǀ λn+1 -  λnǀ‖ A xn+1‖ + ǀ λnǀ ‖Axn+1 - A xn‖ 

≤ ‖ xn+1 – xn ‖ + ǀ λn+1 -  λnǀ‖ A xn+1‖ +  n


 ‖xn+1 -  xn‖       [ ∵A is α- inverse strongly accretive] 

= (1 + n


)  ‖ xn+1 – xn ‖ + ǀ λn+1 -  λnǀ‖ A xn+1‖                                                    (3.5) 

Let xn+1  = βnxn + (1-βn) tn 

tn = 1 –

1

n n

n

nx x





 = 

1

n n

n

n n n n nu x z x



     


 

= 
1

n n n

n

u z 




. 

Now, 
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tn+1 - tn = 1 1

1

1

1 n

n n nu z 

 

  




 - 

1

n n n

n

u z 




 

= 1 1

1

1

1 n

n n nu z 

 

  




 - 1 1

11

n n

n

nu z 


 




- 1 1

11

n n

n

nu z 


 




- 

1

n n n

n

u z 




 

=  ( 1

11 n

n





-
1 n

n


)u + 1

11 n

n





(zn+1 - zn) + ( 1

11 n

n





-
1 n

n


)zn 

Using (3.4) and (3.5), we obtain, 

‖tn+1 - tn‖ - ‖xn+1 - xn‖  

≤ 
1

1

1 1

n

n

n

n









 
 

‖u‖ + 1

11 1 n

n n

n

 

 

 
 

‖zn ‖ + 1

11 n

n





 (1 + n


)  ‖ yn+1 – yn ‖  

+ 1

11 n

n





ǀ λn+1 -  λnǀ‖ A yn+1‖  - ‖xn+1 - xn‖   

 ≤ 
1

1

1 1

n

n

n

n









 
 

 

(‖u‖ +‖zn ‖ ) + 1

11 n

n





 (1 + n


)  [(1 + n


)  ‖ xn+1 – xn ‖  

+ ǀ λn+1 -  λnǀ‖ A xn‖ ] 

+ 1

11 n

n





ǀ λn+1 -  λnǀ‖ A yn+1‖  - ‖xn+1 - xn‖   

= 
1

1

1 1

n

n

n

n









 
 

 

(‖u‖ +‖zn ‖) + [ 1

11 n

n





 

2

1 n



 
 

 
 - 1] ‖ xn+1 – xn ‖  

+ 1

11 n

n





(1 + n


)   ǀ λn+1 -  λnǀ‖ A xn‖ + 1

11 n

n





ǀ λn+1 -  λnǀ‖ A yn+1‖    

= 
1

1

1 1

n

n

n

n









 
 

 

(‖u‖ +‖zn ‖) + [ 1

11 n

n





 + 

2

2

1

1.

1

n

n

n










 +

1

1

2 .

1

n
n

n










 - 1] ‖ xn+1 – xn ‖  

+ 1

11 n

n





(1 + n


)   ǀ λn+1 -  λnǀ‖ A xn‖ + 1

11 n

n





ǀ λn+1 -  λnǀ‖ A yn+1‖    

= 
1

1

1 1

n

n

n

n









 
 

 

(‖u‖ +‖zn ‖) + 
1

1

1 1

2

2
. 2 .

1

n
n n

n n

n

 
  

 


  



 
  

 
 

 
 

‖ xn+1 – xn ‖  

+ 1

11 n

n





(1 + n


)   ǀ λn+1 -  λnǀ‖ A xn‖ + 1

11 n

n





ǀ λn+1 -  λnǀ‖ A yn+1‖                      (3.6) 
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Using (ii), (iii) and (iv) conditions in (3.6), we get, 

 1 1
sup

   lim  0
n

n n n nt t x x


    . 

Using Lemma 4, we get, 

lim 0n
n

nt x


                                                                                                     (3.7) 

Consequently, 
1lim lim (1 ) 0n n n nn

n n
x x xt

 



                                         (3.8) 

Using this in (3.5), we get 
1lim 0n

n
ny y





                                                       (3.9) 

Using (3.9) in (3.4), we get 
1lim 0n

n
nz z





                                                      (3.10) 

Combining (3.9) and (3.10), we can write, 

   1 1
sup

 y  lim 0  n n n n
n

x xy  


                                                                       

Using Lemma 4, we get, 

lim 0n
n

nx y


                                                                                                    (3.11)  

Next, we shall prove that 

'

sup
lim , ( ) 0n

n
u Q u j x u


   ,                                                                             (3.12) 

where 'Q  is sunny nonexpansive retraction of E onto S(C, A). 

To prove it, we choose a subsequence { }
inx  of {xn} that weakly converge to z such that 

' '

sup
lim , ( )n

n
u Q u j x Q u


  =  ' '

sup
lim , ( )

in
i

u Q u j x Q u


                              (3.13) 

Firstly we show that z ε S(C, A). Since, 
2

[ , ]n a
K


   for some a >0, so { }

in is bounded and so 

there exists a subsequence { }
i j

n of { }
in that converges to 0 2

[ , ]a
K


  . W. L. O. G., we can 

assume that 0in  . Since Q is nonexpansive, so 

0( )
i i in n nQ x Ax x   

≤ 
0( )

i i in n nQ x Ax y   + 
i in ny x  

= 
0( ) ( )

i i i i in n n n nQ x Ax Q x Ax     + 
i in ny x  

≤ 
0 i in nAx   + 

i in ny x  
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Using condition (iv) and (3.11) in this equation, we get, 

0lim ( ) 0
i in n

i
Q I A x x


                                                                                  (3.14) 

By demiclosedness principle of nonexpansive mappings and (3.14), we obtain z ε F(Q(I – λ0A)). 

Using Lemma 3, we have z ε S(C, A). 

From equation (3.13) and Lemma 1, we have, 

' '

sup
lim , ( )n

n
u Q u j x Q u


  = ' '

sup
lim , ( )

in
i

u Q u j x Q u


   

= ' ', ( )u Qu j z Qu  ≤ 0. 

' '

sup
lim , ( )n

n
u Q u j x Q u


  ≤ 0                                                                         (3.15) 

Now,  

2
'

1nx Q u   

= ' '

1, ( )n n n n n nu x z Qu j x Qu        

= ' '

1, ( )n nu Qu j x Qu   + ' '

1, ( )n n nx Qu j x Qu   + ' '

1, ( )n n nz Qu j x Qu    

=  2 2
' '

1
2

n
n nx Q u x Q u


   +  2 2

' '

1
2

n
n nz Q u x Q u


   + ' '

1, ( )n nu Qu j x Qu    

≤  2 2
' '

1

1
[(1 ) ]

2
n n nx Q u x Q u     + ' '

1, ( )n nu Qu j x Qu    

≤  2 2
' '

1

1
[(1 ) ]

2
n n nx Q u x Q u      


2

'

1nx Q u   ≤  2
'(1 )n nx Qu  + ' '

1, ( )n nu Qu j x Qu                (3.16)  

Using Lemma 5 and (3.15) in (3.16), we observe that {xn} converges strongly to Q’u. 

In particular, if we take u = 0, then {xn}  generated by (3.1) converges strongly to Q’u, which is 

the minimum norm element in S(C, A). Hence, the proof. 

4.  Application 

In this section, we give an application of our main result. 

Let C be a closed convex subset of a Hilbert space H. Then it is well known that if A is an α-

strongly accretive and L-Lipschitz continuous operator of C into H and 
2

2
0,

L


 

 
 
 

 , then the 
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operator PC(I- λA) is a contraction of C into itself.Now, we shall prove a strong convergence 

theorem for a strongly accretive operator. 

Theorem 4.1  Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly 

smooth Banach space E which admits a weakly sequentially continuous duality mapping. Let Q 

be a sunny nonexpansive retraction from E onto C, α > 0 and A: C → E be an α-inverse strongly 

accretive and L-Lipschitz continuous operator such that S(C, A) ≠ φ. Let {αn}, {βn} ⊂ (0, 1) and 

{λn} ⊂ [a, α⁄K2L2] for some a > 0.  

Suppose the following conditions are satisfied: 

(i).  αn + βn + γn = 1, 

(ii). lim
n

 αn = 0, 
1

n

n






  , 

(iii).  0 lim inf lim sup 1,
n n 

     

(iv). 1lim ( ) 0.n n
n

 


    

Then the sequence {xn} generated by (3.1) converges strongly to Q’u, where Q’ is a sunny 

nonexpansive retraction of E onto S(C, A). 

In particular, if we take u = 0, then {xn} converges strongly to the minimum norm element in 

S(C, A). 

Proof.  Since A: C → E be an α-inverse strongly accretive and L-Lipschitz continuous operator, 

so we have, 

< Ax – Ay, J(x - y) > ≥ α‖x - y‖2 ≥ α/L2‖Ax - Ay‖2 , for all x, y εC. 

 A is α/L2-inverse strongly accretive. Using theorem (3.1), we can obtain that {xn} generated 

by (3.1) converges strongly to Q’u. 
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