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Abstract. In 2009, Kumam [7] introduced a new iterative scheme for finding the common element of the set of
fixed points of a nonexpansive mapping, the set of solutions of an equilibrium problem and the set of solutions of
the variational inequality for monotone, Lipschitz-continuous mappings and proved its strong convergence in a real
Hilbert space. The aim of this paper is to prove a strong convergence result of this iterative scheme in the setting of
Banach spaces involving an inverse strongly accretive operator under some conditions. As a special case, we shall
prove that proposed iterative scheme converges strongly to minimum norm solution of some variational inequality
problem.
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1. Introduction.
Let E be any smooth Banach space with ||.||and let E* be its dual. Let C be a nonempty closed
convex subset of E. Let ||. || denote the norm of E and E”. We shall use the symbol — to denote
the strong convergence.
Firstly, we give some definitions.

Definition 1.1 A Banach space E is called uniformly convex iff for any &, 0 < & < 2, the

inequalities ||x || <1, ||y|| < land ||x - y|| > ¢ imply there exists a 0 > 0 such that x*y <1-
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Definition 1.2 Let E be any smooth Banach space and p.: R* — R* be any function. Then it is

called modulus of smoothness of E if
X+ y|[+]|[x —
pety=sup Ay

Definition 1.3 A Banach space E is called uniformly smooth if

lim 20 _ g

t—0 t
Definition 1.4 Let q > 1. A Banach space E is called g-uniformly smooth if there exists a fixed

constant ¢ > 0 such that p. (t) = ct for all t > 0. See [5, 11], for more details. It is clear that if E

is g-uniformly smooth, then q <2 and E is uniformly smooth.
Definition 1.5 Let J be any mapping from E into E” satisfying the condition
Jx) = {feE :<x, £>=|x||?and |[f]|] = ||x]|}. Then J is called the normalized duality
mapping of E.
Remark 1.6 It is known that Jq(x) = || X || 4-2](x) for all x € E. If E is a Hilbert space, then J = 1.
The normalized duality mapping J satisfies the following properties:

1. If E is smooth, then J is single valued.

2. If E is reflexive, then J is surjective.

3. If E is strictly convex, then J is one-one and

<x-y, X -y >>0forall (x,x"), (y,y)eJ withx #y.
4. If E is uniformly smooth, then J is uniformly norm to norm continuous on each bounded
subset of E.

5 Alsogq<y-X, jx>< ||y||q - ||X||q for all x, y € E and jx € Jq(X).
Definition 1.7 Let C be a non-empty subset of a Banach space E. A mapping T : C — C is called
nonexpansive [10] if
ITx-Ty| = lIx-y[ vxyec

Definition 1.8 A Banach space E is said to be smooth if the limit

vy~
t—0 t

exists for all x, y e U, where U= {x ¢ E : ||x|| =1}.

Let C be a nonempty closed convex subset of Banach space E. An operator A : C — E is called
a-inverse strongly accretive if there exists a constant a. > 0 such that
<AX-Ay, JX-y)>> (x"Ax - Ay||2 forall x,y e C.
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It is obvious from above equation that
1

lax-Ay| < =[xy
o

Let D be a subset of C and Q be a mapping from C to D. Then Q is said to be sunny if Q(Qx +
t(x - Qx)) = Qx, whenever Qx + t(x - Qx) e Cforx e Candt > 0. A mapping Q: C — C is
called retraction if Q> = Q. If Q is any retraction, then Qz = z for every z € R(Q), where R(Q) is
the range set of Q. A subset D of C is called a sunny nonexpansive retract of C if there exists a
sunny nonexpansive retraction from C onto D.
Let E be any smooth Banach space with ||.|| and let E* be its dual and < x, f > denote the value
of fe E atx e E. Let C be a nonempty closed convex subset of E.
and let A be an accretive operator of C into E. The generalized variational inequality problem is
to find an element u € C such that

<Au,J(v-u)>>0VveC, (1.1)
where J is the duality mapping of E into E™.
This problem is connected with the fixed point problem for nonlinear mappings.
In order to find a solution of (1.1), Aoyama et al [4] gave the following result.
Theorem 1.1 [4] Let E be a uniformly convex and 2-uniformly smooth Banach space with best
smooth constant K and C be a nonempty closed convex subset of E. Let Qc be a sunny
nonexpansive retraction from E onto C, « > 0 and A be a-inverse strongly accretive operator of
C into E. Let S(C, A) # ¢ and the sequence {xn} be generated by
Xn+1=anXn + (1 - @n) Qc(Xn — AnAXn), X1€C,n=1,2,3,............. ,
where {An} IS a sequence of positive real numbers and {an} is a sequence in [0, 1]. and An € [a,
o/K?] for some a > 0 and let an € [b, c], where 0 < b < ¢ < 1, then {xn}converges weakly to
some element z of S(C, A).
Motivated by this, Yao et al [12] introduced another iterative scheme and proved its strong
convergence.
Theorem 1.2[12] Let C be a nonempty closed convex subset of a uniformly convex and 2-
uniformly smooth Banach space E which admits a weakly sequentially continuous duality
mapping. Let A: C — E be an a-inverse strongly accretive operator such that S(C, A) # ¢. Let
{on}, {Pn} < (0, 1) and {An} < [a, /K?]. For fixed u €E and given xo €C define the sequence {xn}

by
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Xn+1 = anXn + (1 - an)Q[Pnu + (1 - Bn) (Yn- AnAXn),n=0,1,2............ (1.2)

where Q is sunny nonexpansive retraction from E onto C. Suppose the following conditions are
satisfied:

(). O<liminf ¢, <limsup ¢, <1,

(ii). lim Bn=0, iﬂn =0,

(IV) Ilm (ﬂ’m—l

~4)=0.

Then the sequence {xn} generated by (1.3) converges strongly to Qu, where Q is a sunny
nonexpansive retraction of E onto S(C, A).
In particular, if we take u = 0, then the sequence {xn} converges strongly to the minimum norm
element in S(C, A).
In 2009, Kumam [7] gave the following result.
Theorem 1.3[7] Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a
bifunction from Cx C — R satisfying the following conditions:

1. F(x,x)=0forall x eC

2. Fis monotone

3. Foreachx,y, z eC, limo F(tz +(1 - t)x, y) <F(X, y)

4. Foreach x eC, y — F(x y) is convex and lower semicontinuous.
Let A: C — H be a monotone and k-Lipschitz continuous and let S be a nonexpansive mapping
of C into itself such that F(S) NVI(C, A) NEP(F) # ¢. Suppose that the sequence {xn} be
generated by x1=u e C

F(Un, y) + 1 <Y-—UnpUn—Xn>>0,forallyeC
I

n

Yn = Pc(Un- AnAUp),

Xn+1 = 0nU + BnXn + Yn SPc(Xn- AnAYn), n =0, 1,2............ (1.3)

Let {an}, {Bn}, {yn} < [0, 1] and {An} C [a, b] for some a, b &(0, 1/k) and {r} < (0, ).
Suppose the following conditions are satisfied:

(). an+Pntyn=1,

(ii). !Tol an =0, ian =0,

n=1
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(iii). O<liminf g, <limsup g, <1,

(iv). liminf __r. >0, |r,, —1,|<®,
=1
(iv). lim (4., - 4)=0.

Then the sequence {xn} converges strongly to Prs) nvia, c) nerF)U.

2. Preliminaries
In this section, we collect some lemmas and results, which will be used in the proof of our main
result.
Lemma 2.1 [3] Let C be a nonempty closed convex subset of a smooth Banach space, D be a
nonempty subset of C and Q be a retraction from C onto D. Then Q is sunny and nonexpansive
iff
<u-Qu, jly-Qu)><0forallugCandyceD.
Lemma 2.2 [1] In a Banach E, the following inequality holds:
||x+y||2 < ||X||2 +2<y,j(x+y)>, forall x, y € E, where j(x + y)eJ(X + V).
Lemma 2.3 [2] Let C be a nonempty closed convex subset of a smooth Banach space E. Let Qc
be a sunny nonexpansive retraction from E onto C and let A be an accretive operator of C into E.
Then for all A >0,
S(C, A) =F(Qc(I-1A)), where
S(C,A)={ueC:<Au,J(v-u)>=>0,forall veC}.
Lemma 2.4 [8] Let {xn} and {zn} be bounded sequences in a Banach space X and {Bn} be a
sequence in [0, 1] with O < lim infy—«Pn < lim supn—wfn < 1. Suppose

X0 =B, X, + (1-B,)z, forall integers n >0 and

|x, —z,[=0.

n—oo

limsup (|z,.., =2, |~ Xsa =X, [)<O0. Then lim
n—oo

Lemma 2.5 [9] Let {sn} be a sequence of nonnegative real numbers satisfying

Spu=(1—a,)s,+5,, Yn=0, where {a}is a sequence in (0, 1) and {5,} is a sequence such that
(). Zan =00,
n=1

(ii). Iimsups—”SOOri|8n|<oo.
a n=1

n—oo n
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Then Ilim s =0.

n—oo T n

3. Main Result.
In this section, we shall prove that the iterative scheme defined by Kumam et al.[7] converges
strongly to a solution of variational inequality problem in the setting of uniformly convex and 2-
uniformly smooth Banach space.
Theorem 3.1 Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly
smooth Banach space E which admits a weakly sequentially continuous duality mapping. Let A:
C — E be an a-inverse strongly accretive operator such that S(C, A) # ¢. Let {on}, {Bn} < (0, 1)
and {An} € [a, o/K?]. Suppose that the sequence {xn} be generated by x1 € C
Yn = Q(Xn- AnAXn),
Xn+1 = 0OnU + BnXn + Yn Q(Yn- AnAYn), n=0, 1,2............ (3.1)
Suppose the following conditions are satisfied:
(). an+Pntyn=1,

(ii). Mr; an =0, ;an =00,

(iii). O<liminf <limsup <1,

n—o n—oo

(iv). lim (4., - 4)=0.

Then the sequence {xn} generated by (3.1) converges strongly to Qu, where Q is a sunny
nonexpansive retraction of E onto S(C, A).

In particular, if we take u = 0, then {x»n} converges strongly to the minimum norm element in
S(C, A).

Proof. For all x, y €C, and A € (O, % ], it is known that | — AnA is nonexpansive.

Let p € S(C, A). Then by lemma 3, p = Q(p — MAp).
Let zn = Q(Yn- AnAYh).
Now, Iyn - pl = 1Q(Xn- AnAXn) - Q(p- AnAp)I

< IXn - pl (3.2)
And Iz, - p" = ||Q(yn' anyn) - Q(p- XnAp)"
< lyn-pl < IXn - pl (3.3)

Now, using (3.1), we have,
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IXn+1- Pl <lon(u—p) + Bn (Xn—P) + yn (Zn - p)I
< anlu—pl+ BnlXn—pl+ yn IXn- pl
=anlu—pl+ (- on)lXn-pl
<max. {lu—pl, Ixo —pl},
which implies {xn} is bounded and hence using (3.2) and (3.3), {yn}.{zn} and {Axn} are also
bounded.
Now,
1Zn+1 — Znl = 1 Q(¥n+1 — An+1A Yn+1) - Q(Yn — AnA Yin)l
<1 yn+1 — Yn I+ 1 2n42A Yne1 - AnA Yl
=1 yn+1 — Yn I+ 1 An+1A Yot = AnA Vit + AnA Yot - AnA Vil
<Iyne1 = Yn I+ 1 Anet = Anll A Yneal + 1 Anl TAyne1 - A yil

<l yne1 —Yn I+ 1 Xn+1 - Anll A Yneall + ) lyn+1 - Yal [ A is a- inverse strongly accretive]
o
A
=L +2) Tynsr—Yn I+ 1 Ans1 = Al A Yol (3.4)
(94
Also,
"}’n+1 - yn"

= " Q(Xn+1 — }\,n+]_A Xn+1) - Q(Xn — }\,nA Xn)"
S " Xn+1 — Xn " + " >\,n+1A Xn+1 - >\.nA Xn"
= " Xn+l — Xn " + " >\.n+1A Xn+1 = }\.nA Xn+1 + >\.nA Xn+1 - 7\.nA Xn"

< Xn+1 —Xn | + 1 An+1 = Anll A Xns2l + | Anl 1AXn+1 - A Xal

A e p -
< I Xp+1 —Xn |+ 1 An+1 - Al A Xpeal + = IXne1 - Xl [ " A is a- inverse strongly accretive]
o

=(1 +ﬁ) | Xn+1 —Xn I+ 1 Ans1 - Anll A Xnal (3.5)
a

Let Xn+1 = Ban + (1'Bn) tn
t= Xn+1_ﬂnxn — anu+ﬁnxn + 704, _ﬂnxn
" 1_ﬂn 1_ﬂn
_au+y.z,

1-5,

Now,
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an+1u + 7n+1zn+l - anu + 7/n Zn

ther-Th =
1_ﬂn+1 1_ﬂn
— an+1u + 7/n+lzn+l _ anJrll"I + ]/n+lzn _ an+lu + 7n+lzn _ anu + yn Zn
1_ﬁn+1 1_ﬂn+1 1_ﬂn+l 1_ﬁn
— an+ 7n+l 7/n+1
= (—2—- Ju+ (zn+1 - Zn) + (22— - —"—)n
1- ﬁn+l 1- ﬁ 1- ﬂn+1 1- ﬁnﬂ _ﬁn

Using (3.4) and (3.5), we obtain,

Ith+1 - tal - IXn+1 - Xnl

an+ an 7n+ 7“ | 7 A
< 1 lull + 1 _ lzn I+ 2 (1 +-2) | yner—Yn
1 ﬂn+1 1_ﬁn _ﬂm—l l_ﬂn " Fha a
+ Tt - Ml A Vsl - et - Xal
" Fha
| n+l yn+1 n /1
- (ul a0 1) + @+2) [A+22) Txon =
‘ n+l 1- n+l 4

+ | }\,n+1 - }\,n|" A Xn" ]

+ Vst | An+1 - Anll A yn+1|| - Ixn+1 - Xnl

n+1
| (Iul +iz 1) + [ Lot (1+ A T 171 Xns1 — Xn |
n S — — - n+l — An
‘1 ﬂn+l 1 ﬂn 1- n+l a
b0 (1) - Al A Xl + 2 Ry - Aall A Yol
1_ﬂn+1 “ Fha
22 A
| y Vit 2 27n+1'7
g G| () g )+ [ Lt ¢ @ 4 L]0 X1 — Xn |
‘1 ﬂm—l 1_ﬂn 1_ﬂn+1 1_:Bn+l 1_ﬂn+1
b T ) - Al A el 4 LB R - dll A Yol
1_ﬂn+1 " Fha
n2 lﬂ
| a a an+1+7/n+l' 2 +27/n+1'7
= | Zu | (lul +lzg 1) + a ] Xpag — X |
1-B.. 1-5 1-Ba
+ 17"—+1(1 £ 20 et Ml A Xl + 2 dr = Al A Yool (3.6)
T Fha a " Fha
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Using (ii), (iii) and (iv) conditions in (3.6), we get,

im ([t = t] = [Xa— %])<0.

Sup N—>0

Using Lemma 4, we get,

lim |t, -, =0

n—oo

Consequently, lim |x,.,—x,|=lim @L—B8)|t,— X,||=0
Using this in (3.5), we get lim ||y,.,— v, =0

Using (3.9) in (3.4), we get lim |z,,,—z,|=0

n+1
Combining (3.9) and (3.10), we can write,

M ([Yoa = Vol = [Xea— %,[) <0

sup n—o

Using Lemma 4, we get,

lim |x, - y,[=0

n—oo

Next, we shall prove that

lim <u -Qu, j(x, —u)>£0,

sup n—w

where Q' is sunny nonexpansive retraction of E onto S(C, A).

(3.7)
(3.8)
(3.9)

(3.10)

(3.11)

(3.12)

To prove it, we choose a subsequence {x, } of {Xxa} that weakly converge to z such that

lim (u-Qu, j(x,—Qu) = lim (u-Qu, j(x, ~Qu))

SUp N—>o0

(3.13)

Firstly we show that z ¢ S(C, A). Since, 4, ¢|[a, %] for some a >0, so {4, }is bounded and so
K i

there exists a subsequence {ﬂnij}of {4, } that converges to 4, ¢[a, %]. W. L. O. G., we can

assume that 4, — A,. Since Q is nonexpansive, so

H(-\)(Xni - XOAXni) - Xni

< ‘Q(Xni - ﬂoAXni) - yni + yni - Xni
= ‘Q(Xni - AOAXni) - (?(Xni - ﬂni AXni) + yni - X”i
< 20 _/1ni AXni + y”i N X”i
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Using condition (iv) and (3.11) in this equation, we get,

lim QU1 - 4A)x, — X,

=0 (3.14)

By demiclosedness principle of nonexpansive mappings and (3.14), we obtain z &€ F(Q(I — 20A)).
Using Lemma 3, we have z € S(C, A).
From equation (3.13) and Lemma 1, we have,

lim <u - Qu, j(x, —Q'u)> = lim <u -Qu, j(x, —Q'u)>

Sup N—>co sup i—>o

= <u —Qu, j(z —Q'u)> <0.

lim (u-Qu, j(x,-Qu)) <0 (3.15)
sup n—oo
Now,
o2
Xn+1 - Q UH

= <anu + BX, + 7.2, —QU, j(X,., —Q'u)>
= a, <U —Q‘U, j(Xn+1 —Q‘U)> + ﬂn <Xn _Qlu! j(Xn+l _Qlu)> + 7 <Zn _Qlu! j(xn+l —Q'U)>

132( QUH + 11X QUH) 7n( QUH + X QUH ) + o, <u QU 1Koy = QU)>
< 21a-a) (o QU+ - Qul I + t,(u-Qu, i(x,. QW)

1

< S1a-a) (s - Qulf +x.. —Quf )

a = QU < (1—an>( Quf) + a,(u-Qu itx,.—QW)  (316)

Using Lemma 5 and (3.15) in (3.16), we observe that {x,} converges strongly to Q'u.
In particular, if we take u = 0, then {x,} generated by (3.1) converges strongly to Q'u, which is
the minimum norm element in S(C, A). Hence, the proof.
4. Application
In this section, we give an application of our main result.

Let C be a closed convex subset of a Hilbert space H. Then it is well known that if A is an a-

strongly accretive and L-Lipschitz continuous operator of C into H and A g(O, i—?j , then the
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operator Pc(I- AA) is a contraction of C into itself.Now, we shall prove a strong convergence
theorem for a strongly accretive operator.

Theorem 4.1 Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly
smooth Banach space E which admits a weakly sequentially continuous duality mapping. Let Q
be a sunny nonexpansive retraction from E onto C, a > 0 and A: C — E be an a-inverse strongly
accretive and L-Lipschitz continuous operator such that S(C, A) # ¢. Let {an}, {Bn} < (0, 1) and
{An} C [a, wK2L?] for some a > 0.

Suppose the following conditions are satisfied:

(). on+Pntyn=1,
(ii). lim 0n =0, D a, =0,
n—o0 n-1

(iii). O<liminf <limsup <1,

n—o n— o

@iv). lim (4,,, - 4 )=0.

Then the sequence {xn} generated by (3.1) converges strongly to Qu, where Q is a sunny
nonexpansive retraction of E onto S(C, A).

In particular, if we take u = 0, then {x»n} converges strongly to the minimum norm element in
S(C, A).

Proof. Since A: C — E be an a-inverse strongly accretive and L-Lipschitz continuous operator,
so we have,

< AX — Ay, J(X - y) >> alx - yI> > o/L?IAX - Ayl? , for all x, y eC.

= A js o/L%-inverse strongly accretive. Using theorem (3.1), we can obtain that {x.} generated

by (3.1) converges strongly to Q u.
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