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Abstract. The Schur-convexity of two functions which related to the generalized integral quasiarithmetic means
are researched, and two new inequalities are established. As applications, some refinements of Hadamard-type
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1. Introduction

Throughout the paper we assume that the set of n-dimensional row vector on real number
field by R”, and R = {x = (x1,...,X,) € R" :x; > 0,i = 1,...,n}. In particular, R! and R}
denoted by R and R respectively.

Let f be a convex function defined on the interval / C R — R and the real numbers a,b € [

with a < b. Then
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() f(“;b)sbia/abf(x)dxsw

is known as the Hadamard’s inequality for convex function [1]. For some recent results which
generalize, improve, and extend this classical inequality, see [2-8].

When f,—g both are convex functions satisfying | ab g(x)dx >0 and f (#) >0, S.-J. Yang
n [5] generalized (1) as

F(5Y) el f®
() <
12e

dx
< .
8(“27) ~ pali @)
To go further in exploring (2), Lan He in [8] define two mappings L and F by
L:[a,b] X [a,b] = R,

txyisie) = | [ - =27 (52) | [0-08 (52) - [ strar]
and

F:la,b] x[a,b] = R,

F(x,y;f,g)zg()%) /xyf( )dt f(x+y>/x g(t)dt.

Huan-nan Shi in [9] studied the Schur-convexity of L(x,y; f,g) and F (x,y; f, g) with variables
(x,y) in [a,b] x [a,b] C R?, obtained the following results.
Theorem A Let f and —g both be convex function on [a,b]. Then L(x,y; f,g) is Schur-convex
on |a,b] x [a,b] C R?.
Theorem B Let f and —g both be nonnegative convex function on [a,b|. Then F(x,y; f,g) is
Schur-convex on [a,b] x [a,b] C R?.

And then Shi established the refinement of the inequality of (2).
Theorem C Let f and —g both be convex function on [a,b] CR. If [ g(x)dx > 0 and f (%) >
0, then

3)

f(#) Ja f()dr LT—:—((ll ttb o - [ £(t)dr
g(42) ~ f e(t)di — [Ty — [P g(r)dt

ta+(1—1t)b
where%§t<10r()§t§%.
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Vera Culjak et al in [10] discovered the following property of Schur-convexity of the gener-
alized integral quasiarithmetic means.

Theorem D Let f be a real Lebesgue integrable function defined on the interval I C R, with

range J. Let k be a real continuous strictly monotone function on J. Then, for the generalized

integral quasiarithmetic mean of function f defined as

K (G ko P(0)dr), at by
fla), a=h.

“4) Mk(f;a7b):

the following hold:

(i) My(f;x,y) is Schur-convex on I? ifko f is convex on I and k is increasing on J or ifko f
is concave on I and k is decreasing on J;

(if) Mi(f;x,y) is Schur-concave on I? if ko f is convex on I and k is decreasing on J or if
ko f is concave on I and k is increasing on J.

In recent years, Schur-convexity of various functions connected to the Hermite-Hadamard in-
equality has invoked the interest of many researchers and numerous papers have been dedicated
to the investigation of it, see [9-13].

In this paper, comparing (2) with (4), we studied the Schur-convexity of the following two

functions:
My(fia.b) .
) a7 Db
® H,,(f,ga,b) = M,y(g:a,b)
f(a) b
gla)’
and

(6) Lyq(fig:a,b) =

2. Preliminaries

We need the following definitions and lemmas.

Definition 1. [14],[15] Let x = (x1,...,Xx,) andy = (y1,...,yn) € R".
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(i) xis said to be majorized by'y (in symbols x <y) if ¥.X_, X < Yo, yifork=1,2,...,n—
Land ¥i'xi = Y yi, where xjj) =+ > x|,y and yj;) > -+ >y, are of X and y in a
descending order.
(ii) Let Q CR". The function @: Q — R be said to be a Schur-convex function on Q if X <y
on Q implies ¢ (x) < @(y). @ is said to be a Schur-concave function on  if and only

if —@ is Schur-convex.

Lemma 1.[14],[15] Let Q C R" be a symmetric set and with a nonempty interior QO o
Q — R be a continuous on Q and differentiable in Q°. Then @ is the Schur — convex(Schur —

concave) function, if and only if @ is symmetric on Q and

d d
(7) (x1 —x2) (a—z - 8_;2) >0(<0)

holds for any x = (x1,--- ,x,) € Q°.
Lemma 2.[16] Let a < b,u(t) =ta+ (1 —t)b,v(t) =tb+ (1 —t)a. If 3 <t <lor0<t <1,

then

b atb
® (52557 < oo < (@),
Lemma 3.

(i) If o(x) is a convex function defined on the convex set A C R and if h: R — R is an
increasing convex function, then the function ¥ : R — R defined by y(x) = h(@(x)) is
convex on A.

(ii) If ¢(x) is a concave function defined on the convex set A C R and if h : R — R is an
increasing concave function, then the function ¥ : R — R defined by y(x) = h(¢(x)) is

concave on A.

Proof. We only give the proof of Lemma 3 (i) in detail. Similar argument leads to the proof of

Lemma 3 (i). If x,y € A, then for all & € [0, 1],
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y(ox—+(1—0a)y) =h(p(ax+(1—a)y))
< h(ap(x)+(1—a)p(y))
< ah(@(x)+ (1—a)h((y))
= ay(x)+(1-a)y().

Here the first inequality uses the monotonicity of / together with the convexity of ¢; the second

inequality uses the convexity of A. 0

3. Main results

Our main results are as follows:
Theorem 1. Let f and g be a real Lebesgue integrable function defined on the interval I C R,
with range Jy and Jy, respectively, p and q be a real continuous strictly increasing function on

J1 and J,, respectively, and let My,(f;a,b) > 0, My(g;a,b) >0 and g (#) #£0.

(i) if po f is convex on I, qo g is concave on I, then Hy 4(f,g;a,b) is Schur-convex on I.

And then for a < b, we have

)

My(f;a,b) - My(fita+ (1 —1)b,tb+(1—1t)a)
My(g;a,b) — My(g;ta+(1—1)b,tb+(1—1t)a)

f(437)

J’_
2
g(%%)

€)) >

S

Where%gtglorOStg

[ —

(ii) if po f is concave on I, go g is convex on I, then Hy, 4(f,&;a,b) is Schur-concave on >

And then the inequality chains (7) reverse hold.

Proof. (i) It is clear that H, ,(f, g;a,b) is symmetric with a,b. Without loss of generality, we
may assume b > a. Directly calculating yields

OH,q, 1 oM, M,
da  M2(g:a,b) ( da My = da My )

0Hpq 1 aMpM _anM
b MZga,b)\ db 1 9b ")
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and then
S OHpq 9Hpg
A'_(b_“)( b da
_ 2Mq ( _a)<8Mp_8Mp>_ 2Mp (b—a) (%_8Mq>
M7 (g;a,b) ab da M} (g;a,b) ab da

From Theorem D and Lemma 1, it follows that

(b—a) (%— aM”) >0, (b—a) (%—%) <0,

ob da ob da

so A > 0, from Lemma 1, it follows that Hpﬂ( f,g;a,b) is Schur-convex on 1. And then from

Lemma 2, we have

a+b a+b
Hyl.50.6) > Hyfgita (1= 0uab+ (1-000) = Hyy (£ 52 557 ).

that is the inequalities (7) hold.
By the same arguments, we can carry out the proof of the proposition (ii).

This completes the proof.

Theorem 2. Let f and g be a real Lebesgue integrable non negative function defined on the
interval I C R, with range J\ and J,, respectively, and let My,(f;a,b) > 0, M,(g;a,b) > 0 and
g (#) # 0. If p,q is a real continuous strictly increasing function on Ji and J, respectively,
and po f is convex on I, go g is concave on I, then L, ,(f,g;a,b) is Schur-convex on I?. And

then the following inequality chains hold.

Mp(f:a.b) _ Mp(fiab) | f(%52)  F(5°) | Mp(fsab) _ [(%5)

10 2
W M) Z Mygah)  2g(48)  Mywah) T 2(52) (550

Proof. It is clear that L, ,(f,g;a,b) is symmetric with a,b. Without loss of generality, we may

assume b > a. Directly calculating yields
oL,y [IM, 1 _,(a+b a+b
— 2 = —£ [ . —M . b
Ja { aa 20 (72 \ 2 o(8:0.0)

[ () 2] o (7))
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dLpy [OM, 1, a+b a+b _
b _[W_Ef > ) |8 ) T Malsab)
1 ,(a+b oM, _ a+b
[ 28] (2]

oL,, oL
A::(b_‘”( b af{q)

_ {g (a—;b) _My(gia, b)} (b—a) (%_ 8;\?)
B {Mp<f;a,b>—f<a§b>] (b-a) %_%ﬁ)

From Theorem D and Lemma 1, it follows that

oM, oM, oM, oM,
(b- “)(ab 8a) 0. (b= “)(ab aa>§0'

Since (452,95 < (a,b), from (i) and (ii) in Theorem D, we have g (“42) > M,(g;a,b) and

and then

My(f;a,b) > f (#), respectively, so A > 0, from Lemma 1, it follows that L, ,(f,g;a,b) is
Schur-convex on I2.

And then, we have

b b
a+b a+ ) 0

;a,b) > L , 85
pq(faga ) pq(fg 2 3

namely

Mp(fia.0) - 15O o5 - M) 20

it is equivalent to

a+b a—|—b a+b

D g(——)M (fab)+f( ) q(8:0,0) 2 f(——)8(=—) + M (f1a,6)My(g;a,b).

Dividing each term of the inequalities (11) by 2M,(g;a,b)g(%52), we get second inequality
in (8).

From the inequalities (7), it is easy to see that

b b
(12) g(a;r )Mp(f;a,b)—f(a;L )Mq(g;a,b)EO.
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Dividing each term of the inequalities (12) by M,(g;a,b), we obtain

a+b\ M,(f;a,b) a+b\ M,(f;a,b) a+b
o () e ¢ (5 ) e /(7))

further, dividing each term of the inequalities (13) by 2g (#), we get first inequality in (8).

From Theorem D, it follows that

M,(f;a,b) > M, (f;“;b’a%z—b>
and
M,(g;a,b) <M, <g;¥, a;b) |
namely
Mp(f;a,b)_f(a;b) >0
and

b
g (a;r ) —My(g;a,b) >0,

and then, we have

g (a;b) {f (a;b) (g (a;b) —Mq(g;a,b)> +M,y(g;a,b) (Mp(f;a,b) —f (a;b)ﬂ >0,
this is
(14) (g (a;b»zf (a;rb> +8 (a;b) My (fa,b)My(g;a,b)

>2¢g (a;b> f (a;b> M,(g;a,b).

Dividing each term of the inequalities (14) by 2 (g (#) ) 2Mq (g;a,b), we get third inequality

in (8).

This completes the proof.

3. Applications

Theorem 3. Let f and g be non negative integrable function on I = [a,b] C R, satisfying

ﬁfb(g(t))sdt >0and g (%52) >0, forr > 1 and 0 < s < 1. I f is convex and g is concave

a
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on I, then

(s trora)” (s giuora) o
1 = i 22

(s tbteoar) (s eoyar) 805

where%§t<10r0§t§

S

15)

S

=

If f is concave and g is convex, then the inequality chains (15) reverse hold.

Proof. Forr>1and 0 < s <1, taking p(x) =x" and g(x) = x°, then p and q is strictly increasing
convex and concave on R, respectively, and then from Lemma 3, it follows that f o p is convex
on [a,b] and goq is concave on [a,b], and then by Theorem 1, it is deduced that inequalities
(15) hold.

The proof of Theorem 3 is completed. U

By a similar proof of Theorem 1, from Theorem 2, we can obtain the following Theorem.
Theorem 4. Let f and g be non negative integrable function on I = [a,b] C R, satisfying
ﬁff(g(t))sdt >0andg (#) >0, forr>1and 0 <s < 1. If fis convex and g is concave

onl, then

(16)

Remark 1. It is obvious that inequalities (15) and (16) are strengthening and extension of the
inequality (2).

Theorem 5. Let f and g be positive integrable function on I = |a,b] C R, satisfying g (#) >
0. If f(x) be log-convex function, and g (x) < 0,x € I, then

exp{pls [1log f(1)dr} _ explsts i toe f(0dr}  p (432)

J’_
2
xp{5t i loes()dr) — exp{zlg i1 ogg(nydr) — 8 (477)

t

7)

S

where%§t<10r()§t§%.
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Proof. Taking p(x) = q(x) = logx, since g’ (x) < 0, and then (log g(x))” = £ (E;C()x_))(f W <,

this is logg(x) is concave. f(x) is a log-convex function, namely, log f(x) is convex. So from

Theorem 1, it is deduced that inequalities (17) hold. [

Similar to the proof of Theorem 5, by the theorem 2, we can prove the following theorem.
Theorem 6. Let [ and g be positive integrable function on I = [a,b] C R, satisfying g (‘H'b) >

0. If f(x) is a log-convex function, and g (x) < 0,x € I, then

exp{pta Jo logf(D)dr} _ exp{zL; JJ log f(r )dt}+ £(2)

18
e oxplpls [P loge()dr)  2explzL; [Plogg(ndr} 28 (*5)
f (%) +exp{b _ [2log f(t)dt} f(%)
 2exp{yl; [/ logg(r)dr} 28 (“5%) “s(%h)

In particular, taking g(x) = e,x € [a,b], from Theorem 5, we have the following corollary.
Corollary 1. Let f be positive integrable function on I = [a,b] C Ry. If f(x) is a log-convex

function, then

ta+(1—1)b b
L e = r(“37).

1 b
19 expi ——
(19) p{b—a a a Jib+(1-1)a

l\)l'—'

wherez<t<10r()<

Remark 2. In [17], Dragomir and Mond proved that the following inequalities of Hermite-

Hadamard type hold for log-convex functions:

(20) f (a;b> < eXp{%/blogf(t)df}
< fla+b—t)dt
— f(b)
= Tog f(a) —log f(b)
_ f@+50)

- 2

The inequality chain (19) is a refinement of the first inequality in [20).
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