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Abstract. In this paper, we introduce three real functional classes ™ and @} and &}, and discuss the existence

problems of common fixed points for two mappings of integral type with implicit contractive conditions determined

by €¢* and @ and P} on non-complete ordered metric spaces and give more general results.
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1. Introduction and Preliminaries

Throughout this paper, we assume that Rt = [0, +eo) and
®={¢:¢:R" — Rfsatisfying that ¢ is Lebesgue integral, summable oneach compact
subset of R™ and [ ¢()dt > 0 for each € >0}

The following results is the famous Banach’s contraction principle:
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Theorem 1.1([1]) Let f be a self mapping on a complete metric space (X,d) satisfying

d(fx,fy) < cd(x,y), Vx,y€X, (1.1)

where ¢ € [0, 1) is a constant. Then f has a unique fixed point £ € X such that lim,,_,. f"x = £
for each x € X.

It is known that the Banach contraction principle has a lot of generalizations and various
applications in many different directions, see, for examples, [2-13] and the references cited
therein.

Especially, Branciari[14] gave an integral version of Theorem 1.1 as follows:

Theorem 1.2([14]) Let f be a self-mapping on a complete metric space (X,d) satisfying

d(fx.fy) d(x.y)
/ o () gc/ 0(1)dt, ¥ x,y € X, (1.2)
0 0

where ¢ € (0,1) is a constant and ¢ € ®. Then f has a unique fixed point £ € X such that
lim;, . f"x = X for each x € X.

In 2011, Liu and Li[15] modified the method in [13] to generalized the Branciari’s fixed point
theorem with replacing the contraction constant ¢ in (1.2) by contraction functions ¢ and 8 and
established the following fixed point theorem:

Theorem 1.3([15]) Let f be a self-mapping on a complete metric space (X,d) satisfying

d(fx.fy) d(x,fx) d(y.fy)
| emar < atatey)) [ o+ By [ oarvxyex, (13)
0 0 0

where ¢ € ® and o, : R — [0, 1) are two functions with

at)+B(t) <1,V eR; limsupB(s) < 1; limsup a(s)
s—0t s—tt - ﬁ(S)

<1,Yt>0.

Then f has a unique fixed point a € X such that lim,_,. f"x = a for each x € X.
In [16], Jin and Piao discussed the following existence problems of unique common fixed
points for two mappings of integral type with variable coefficient in metric spaces which gen-

eralize and improve Theorem 1.3.
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Theorem 1.4([16]) Let (X,d) be a complete metric space, f,g: X — X two mappings. If for
eachx,y e X,

d(fx.gy) d(x.y) d(x,fx) d(y.gy)
[ ewar< atawy)) [ odr+ By [ owdrvaty) [ o,
0 0 0 0
(1.4)

where ¢ € @ and @, 3,7 : RT — [0, 1) are three functions satisfying the following conditions

a(t)+B(t)+y(t) <1,Vt e RT, max{limsupsﬁmﬁ(s),limsupsﬁomf(s)} <1, (1.5)

OB 0NN TGRS 10
=B P Ty

Then f and g have a unique common fixed point u, and the sequence {x, },cr defined by x2,,+1 =

max{limsupﬁﬁa(t),limsups_>,+ } <1,VteR". (1.6)

[x2, and x40 = gxp,+1 for any xg € X converges to u.

Here we will introduce three classes {€*, @, P} of 1-or 2-dimensional functions and estab-
lish the implicit contractive conditions determined by {%*,®}, @} about two mappings, and
then discuss the existence problems of common fixed points for two self-mappings of integral
type with the new implicit limitation in a non-complete ordered metric space and give some
more general results. The obtained results further generalize and improve the corresponding
conclusions in the literature, especially the results in [14-16].

To do this, we first introduce the definitions of classes of ¢* and @ and P;.

Definition 1.5 F € €* <= F : [0,%)? — R is a continuous and non-decreasing function satis-
fying following axioms:

(DF (s,1) <s;

(2) F(s,t) = s implies that either s = 0 or t = 0; for all 5,7 € [0, ).

Note for some F we have that F(0,0) = 0.

Example 1.6 The following functions F : [0,0)? — R are elements of €*:

(1) F(s,t)=s—t,F(s,t) =s=1=0;

(2) F(s,t) =ms,0<m<1, F(s,t) =s =5 =0;
(3) F(s,t) = sPB(s), where B : Rt — R™ is continuous and non-decreasing;
4) F(s,t) = ,,WhererE(O 1);

(5) F(s,t) = sh(s,t)7 where & : RT x RT™ — Ris a continuous and non-decreasing function

such that i(z,s) < 1 for all z,s > 0;
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Definition 1.7 Let ® be a set of functions y : RT — R satisfying the following conditions:
V1: y is continuous and strictly increasing
v y(t) =01 =0.
Definition 1.8 Let ®; be a set of all functions ¢ : RT — R satisfying the following conditions:
¢1: ¢ is continuous and non-decreasing;
@2 @(t) >0if r>0and ¢(0) > 0.
Remark 1.9 If the non-decreasing condition in Definition 1.5 and 1.8 is removed, then ¢ and
@} are ¢ and P, in [17-18] respectively. Obviously, f € &) = f € P}, but the inverse does
not hold.
Lemma 1.10([19]) Suppose (X,d) is a metric space. Let {x,} be a sequence in X such that
d(xp,Xn+1) — 0 as n — oo. If {x, } is not a Cauchy sequence, then there exist an € > 0 and se-
quences of positive integers {m(k)} and {n(k)} with m(k) > n(k) > k such that d (x,,(x), Xu(x)) =

g, d (xm(k)_l ,xn(k)) < € and the following result holds

li =1 =1 =€.
B d Q) -1 Xn(k) 1) = 0 d (1), (1)) = 0 d (1)1, %0(1)) = €

Remark 1.11 Under the conditions of Lemma 1.9, We easily obtian the following result:

l . — i _ —e.
kl_l;r;d(xm(k)vxn(k)—i-l) kg?od<xm(k)+lvxn(k)) k1_>n3°d(xm(k)+laxn(k)+l) kgrolod<xrn(k)vxn(k)—l) €

2. Common Fixed Points

The following two Lemmas are well known results.

Lemma 2.1([15]) Let ¢ € ® and {r, },cn be a nonnegative sequence with lim,_,. 1, = a@. Then

n a
lim / o(t)dt = / o(t)dt.
n—es Jo 0
Lemma 2.2([15]) Let ¢ € ® and {r, },,cn be a nonnegative sequence. Then

lim / "0(t)dt =0 <= lim r, = 0.
0 n—soo

n—o0
Definition 2.3 ¢ € & is called to be strictly increasing about integral type if for any x,y € [0,0)

with x <y,

/Oxd)(t)dt < /Oy o (t)dt.
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Example 2.4 Let ¢ : R™ — R, ¢(z) = 1+_t for each r € R™. Then obviously for 0 < x <y,

/"Ld, (1) < () — /yL ;
o 1+t o 141

Hence ¢(t) = ILH is a strictly increasing function about integral type.
Now, we give the first main result about common fixed point problems for two implicit con-

tractive mappings with integral type on a non-complete metric space.

Theorem 2.5 Let (X,d) be a metric space, f,g: X — X two mappings. Suppose that for each

x,y€eX,

v < /Od (fx.8y) o (t)dt)

d(x,y) d(x,fx)
<F(y(aty) [ g+ Bldx) [

d(y,gy)
0 (1)dt +y(d(x,y)) /0 o (1)dr),

(x.fx) (»:8y)
o vtae) [T o),

(2.1)

(%)
olatdte) [ o+ Bt [

where ¢ € ® is strictly increasing about integral type, ¢ € &}, y € ¥!, F € ¢* and , 3,7 :

R* — R are three functions satisfying the following conditions
a(t)+B(t)+vy() <1,VteR™. (2.2)

If fX or gX is complete, then f and g have a common fixed point. Furthermore, if a(t) # 1 for

allz > 0, then f and g have a unique common fixed point

Proof. Take xo € X. We construct a sequence {x,},cn satisfying the following conditions
Xon+1 = fxon and xp 42 = gxo,41 for all n € NU{0}. Let d, = d(xp,x,41),Vn € NU{0}.
Forn € NU{0}, by (2.1) and F € €™,

lp(/odzn ¢(t)dt> _ W(/Od(fxzn,gxznl) q)(t)dt)
d(x2n,fx2n)

(%20, X20—1)
<F(watatano) [ o+ B ) [ o(1)dr
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d(x20—1,8%2m-1)
+?’(d(x2n,x2n1))/o O(1)dt),
d(x2n>fx2n)

(X2nX2n—1)
O (aU(d (o, 320 1)) /0 ‘ 0 (1)t + B(d(xam X0 1)) /0 o ()dr

d(Xon—1,8%2n—1)
+7’(d(x2n,x2n—1))/0 ’ (])(t)dt))

d2n

don—1
= (W([Oﬂ(d(mnmn—l))+Y(d(XZnaX2n—1))]/0 ¢(t)df+l3(d(X2n;X2n—1))/O ¢ (t)dr),

d2n

don—1
(P([(Oﬂ(d(xzmxzn—l))+}’(d(xzmx2n—1))]/0 ¢(t)df+ﬁ(d(?€2mx2n—1))/o ¢(f)df))

Sw({a(dlcanxan )+ ¥l )] [ 00 Bldl ) [ o)

(2.3)
If there exists n € N such that
dan—1 dan
/ ¢(t)dt < / o (1)dt,
0 0
then by the strictly increasing condition of ¥ and (2.2), we obtain from (2.3) that
d2 d2
w( [ oan < w( [ o)
This is a contradiction, hence we have
dan dan—1
o (1)dt < / o(1)dt, VneN. (2.4)
0 0

Notice that the following result is the one part of (2.3):

w([* o)

don—1 don
<F (y({ed(xanran-1) + dCxzntan )] [ 0(0)dr+BldCxanxan)) [ 9000,

d2n

drn—1
<P([(0¢(d(X2n,XZn—1))+Y(d(X2mX2n—1))]/o ¢)(t)dt—|—[3(d(x2n,x2n_1))/0 ¢(l)df))«

(2.5)
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Similarly, by (2.1) and F € €*, we have
d2n+l d(fx2n »8X2n+1 )
w( [ owan = w( | (1))
d(XZn X2n+1 ) d(x2n7fx2n)
<F (y(a(dn) | 0@t + (i) [ 0(0)ds

d(X2n41,8%2n+1)
+}’(d(X2n,in+1))/O o (1)dt),

d(XZn 7x2n+1) d(x2n7fx2n)
pdlnine) [ 90+ Bdln) [ o)

/d(x2n+l 8X2n+1 )

+ 7(d (%2, X2n+1)) ¢(t)dt)>

don i

doy
<[z vz )) + B e [ 90+ A i) [ 0000

and
dan+1 dan
/ o()dr< [ o(r)d. (2.6)
0 0
Combining (2.4) and (2.6), we have
dn-H dn
/ ¢(t)dtg/ 0(t)dt, Yn=0,1,2,---. (2.7)
0 0

Since ¢ is strictly increasing about integral type, so we obtain
dpt1 <dy, Vn=0,1,2,---. (2.8)

Therefore there exists # € R™ such that lim,, ,.d,, = u. By Lemma 2.1 and the properties of ¢

and v, from (2.5),

w( [ owar) = tmw( [ o)

don—1
<F (y(limsup[o(d(x2n,X2n-1)) + Y(d (X2, X2n-1))] lim A ¢ (r)dr
n—yoo e
don
+limsup B(d(x2n,%20—1) lim [ ¢ (t)dt),
n—yoo n—ee J(
don—1
(p(hm Sup[a(d(XZnaXanl )) + Y(d(xZnaXanl))] lim (P(t)dt
n—oo n—e J(
don
+limsup B(d(x2p,x2,—1) lim [ ¢(t)dt))
n—soo n—e°.JQ

u u

o(o)dr).o( [ o(r)an)),

0

SF(II/(/

0
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hence y( [y ¢(r)dt) =0 or @(fy ¢(t)dt) =0, so [y @(t)dt =0. Therefore u = 0, that is,
lim, e d, =0.
Now, we will show that {x, } is a Cauchy sequence. Suppose, to the contrary, that {x, } is not
a Cauchy sequence, then by Lemma 1.10 and Remark 1.11, there exists € >0 for which we can
find subsequences {x,()} and {x,,)} of {x,} with n(k) > m(k) >k, Vk=1,2,--- such that
€= lim d (1), Xu(x)) = MM d (1), Xn(r)41) = HM d Q) 415X ) = M A () 415 Xnr) 11)-
(2.9)
We can assume that the parity of n(k) and m(k) are different for each k by lim,,_,e.d,, = 0.
Suppose that m(k) is even and n(k) is odd. Take x = X1}, = X, () in (2.1) and let k — oo,

then using Lemma 2.1 and (2.9), we obtain that

€ A (Xm(k)+1 ¥n(k)+1) A (f X (k) 8%n(k))
w( [ o) = tim y( [ g = timw( [T g0y
<Fy([ o). o( [ o)

hence y( [ ¢ (1)dt) =0or @(f5 ¢(t)dt) =0by F € €*, thus [ ¢(r)dt = 0. Therefore € = 0,
which is a contradiction. Similarly, we obtain the same contradiction for the case that m(k) is
odd and n(k) is even. Hence {x,} is a Cauchy sequence.

Suppose that fX is complete. Since xp,1+1 = fx2, € fX, so there exists x* € fX such that
Xont1 — X" as n — oo. Hence d(x2,42,d) < d(x2p41,%n+2) +d(xX2n+1,x*) implies that xp, 11 —
x* as n — oo, so we have x,, — x* as n — oo, Similarly, we also obtain that there exists y* € gX
such that x, — y* as n — oo for the case that gX is complete. Hence we may assume that
X, — X* € fXUgX as n — oo in any case.

Using (2.1) and Lemma 2.1, we have

(fx*x* d(fx",8xon+1)
v / £)dt) = Tim w( / 0 (1)dr)

n—oo

d(x*7x2n+1)
<F(y(limsup, .. [a(d(x*,xzn+1>> / o(0)dr]
d(x*, fx*)
Hlimsup, . [B( i) [ 00

. % d(x2n+l 8X2n+1 )
Flimsup, . (YA x201)) | o(0)dr)),
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) r . d(x* xop41)
plimsup, . [a(d(x xane) [ 0001
) - . d(x*, fx*)
Hlimsup, . [B@(e) [ 00t

‘ _ . d(X2n41,8%20+1)
+limsup, ., [7(d(x",x2n41)) /0

_ o(t)dr])
(o*, fx*) (o*, fx*)
<r( [ owan.ot [T owan)

SO I//(fgl(fx*’x*) ¢(t)dt) =0 or ¢(f(§’(fx*’x*) o (t)dt) = 0, hence fod(fx*’x*) ¢ (t)dt = 0, therefore
fx* = x*. Similarly, we have gx* = x*. Therefore x* is a common fixed point of f and g.
If y* is another common fixed point of f and g, then d(x*,y*) # 0, Using o(d(x*,y*)) < 1

and (2.1), we obtain

d(x*,y*) d(fx*,gy")
o<y([ " owan=v([ " owan

) %)

d(x d(x
<F(y(a(d(x,y) /0 0 (1)d1), o (a(d(x,y") /O o (1)dr))

d(x"y")
Syla(dly) [ o0
(")
([ otwan,

which is a contradiction. Hence x* is the unique common fixed point of f and g.

The following result is a more generalization of of Theorem 2.5.

Theorem 2.6 Let (X,d) be a metric space, m,n € N and f,g : X — X two mappings. If f
and g in all conditions in Theorem 2.1 are replaced by f™ and g" respectively, then the same

conclusion also holds.

Proof. Let F = /" and G = g", then F and G satisfy all of the conditions of Theorem 2.1, hence
there exists an unique element u € X such that f"u = Fu = u = Gu = g"u.

Using (2.1), we obtain the next contradiction

d(fu,u) d(f™ fu,g"u) d(F fu,Gu)
w( [T owan =w( [T owan = w( [T otan

d(fu,u) d(fu,F fu)
<F(y(lald(fu) [ o)dr+B(d(fu) | o (¢)dr
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d(u,Gu)
+r(dfu) [ o)
d(fu,u) d(fuF fu)
pllald(fu) [ o+ BCfum) [ pwdr
d(u,Gu)
Fd(fua) [ o))

d(fu,u) d(fu,u)
<Fw([ - owan.e([ T oman)
hence d(fu.u) t)dt = 0 by the property of {&¢*,®",d*}, i.e., fu = u. Similarly, gu = u, so u
Jo ¢ y the property M f Y &

u

is the common fixed point of f and g. The uniqueness is obviously.

Next, we discuss the same problems as the above on ordered metric spaces.

Theorem 2.7 Let (X, <,d) be a ordered metric space, f,g: X — X two mappings. Suppose
that The conditions (2.1) and (2.2) hold for each two comparable elements x,y € X and ¢ > 0
respectively. Furthermore, if the following conditions hold

(i) foreachx € X, x < fx and x < gx;

(i1) f and g are continuous;

(iii) f(X) or g(X) is complete.

Then f and g have a common fixed point u € fX U gX.

Proof. Take any x( € X, then by (i), we have the next result:
X0 = fxo =:1x1,x1 2 gX1 =:1x2,X = fxp =:X3,X3 X gX3 =i X4, .
Hence we obtain a sequence {x,} satisfying
Xont1 = fXon, Xon+2 = Xon+1, Xn S Xpt1,n =0,1,2,---. (2.10)

(2.10) implies that x,, and x,, are comparable for all m,n = 0,1,2,---, hence modifying and
repeating the process of the proof of Theorem 2.5, we know that {x, } is a Cauchy sequence and
there exists u € fX UgX such that x, — u as n — oo.
Using (i1), we have
u= r}i_{I;XZn—i—l = r}i_fgfxzn = fnli_fgoloxzn = fu,
U= r}i_rgxzmz = }E;IgogXZn—H = gr}i_{loloxznﬂ = gu,

hence Su = Tu = u, i.e., u is a common fixed point of f and g.
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The next result is the non-continuous version of Theorem 2.7.

Theorem 2.8 Let (X, <,d) be a ordered metric space, f,g: X — X two mappings. Suppose
that The conditions (2.1) and (2.2) hold for each two comparable element x,y € X and r > 0
respectively. Furthermore, if the following conditions hold
(i) for each x € X, x < fx and x < gx;
(ii) If {x,} is a non-decreasing sequence and lim,,_,c X, = u € X, then x, < u for all n € N;
(iii) f(X) or g(X) is complete.
Then f and g have a common fixed point u € fX UgX.

Proof. Just as the proof of Theorem 2.7, using (i) and (iii), we have that there exists a non-
decreasing Cauchy sequence {x,} satisfying (2.10) such that x, — u € fX UgX as n — oo and
x, 2 u for all n € N by (ii). Hence by (2.1), we have

7g” (f-XZn-,gu)
" / £)dt) = Tim w( / o(1)d1)

n—oo

) d(x,u)
<F(y(limsup{[a(d (xan, 1)) /0 o(1)di

n—oo

d(x2n,f%20) d(u,gu)
Bl [ o0+ Yd(ran)) [ @),

] d(x,u)
0 (lim sup[ct(d (xan, 1)) /O o(1)dt

n—oo

d (X2, %2n) d(u,gu)
) [ o)+ y(dlanm) [ @)
(u,gu) (u,gu)
<ru( [ pwan.o( [ o),

hence fo .g4) ¢(t)dt = 0 by the property of {€*, P}, P}, therefore d(u,gu) =0, i.e., gu = u.
Similarly, we also have fu = u, hence u is the common fixed point of f and g.

Let C(f,g) = {x € X : fx = gx = x} be the set of common fixed point of f and g.

Theorem 2.9 Suppose that all of the conditions of Theorem 2.7 or Theorem 2.8 are satisfied.
Furthermore, if any two different elements u,v € C(f,g) are comparable and a(t) # 1 for all

t > 0, Then f and g have a unique common fixed point.

Proof. Obviously, there exists u € C(f,g) by Theorem 2.7 or Theorem 2.8. Suppose that v is
also a common fixed point of f and g. If u # v, then d(u,v) # 0 and a(d(u,v)) < 1.
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Since u and v are comparable, using (2.1), we have

d(u,v) d(fu.gv)
o<w([ ewdr=w([ " e

d(u,fu)

d(u,) d(v,gv)
<F(y(od(w) [ @dr+Bldy) [ p)dr+v(d(w)) [ o)

d(u,fu)

(u,v) (v.gv)
olatatun) [ o+ latn) [ g+ vian) [ gwan)

d(u,v)
<y(a(d(u,v)) /0 o(1)dr)

d(u,v)
<v([ oW,
which is a contradiction. Hence u = v, so u is the unique common fixed point of f and g.

Remark 2.10 It is needed that the sum of the coefficient functions is less than 1 in Theorem 1.3
and 1.4, but the sum may equal to 1 in Theorem 2.5-Theorem 2.9.
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