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1. Main results

We start from the famous formula

e = lim (1 +)—C)" — lim (14 rx) /"

n—oo n r—0

In this article, we consider the inverse function of r-exponential function exp,(x) = (1 + rx)l/ "

x'—1

namely r-logarithmic function defined by In, x = *—

for x > 0 and a real number r # 0.

Lemma 1.1. In, x is a monotone increasing function in r.
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Proof. In the inequality logt <t —1forz > 0, we sett = x ", we obtain the following

r r_ —r
dln, x _x (logx" —14x7") > 0.
ar r -

Lemma 1.1. implies the following lemma.

Lemma 1.2. Let r,v,¢ be real numbers with r # 0 and ¢ > 0.

(1) ForO<r<v— 2orv 2<O<r,wehave

1\t —1
) (v——) il
2 r

(i) ForO <r<vorv <0 <r, we have

r_

) v <t'—1.

-

Applying (i) and (ii) of Lemma , we can derive respectively [1, Theorem 1] and [1, Theorem
3] without using the supplemental Young’s inequality given in [1, Lemma 5] which used to
prove [1, Theorem 1] and [1, Theorem 3].

Theorem 1.1. ([1, Theorem 1]) Let v,¢ be real numbers with # > 0, and n € N with n > 2.

(i) Forv ¢ [1 2—1+1] we have

3) (1—v)+vt <"+ (1-v) (1—\/2)2+(2v—1)\/22n:2k2(2f/2—1>2
k=2

(i) Forv ¢ [Zn;ln_l , %] , we have

@) (I=Wr+v <t v (Vi— 1)+ (1 —2v)\/2f2’<—2 ( Wi — 1)2
k=2

Proof.

(1) Direct calculations imply

(1=v) vt —(1—v) (1=v7) = (2v—1) Zz“( )2

5) =¢Z+¢Z(v—%)2"(2"¢2—1).

Thus the inequality (3) is equivalent to the inequality

(6) (v—%)zn(z\"/i—l) <h o,
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This inequality is true by (i) of Lemma 1.2. with r = 5, since the conditions 0 < r <

2}1?

n—1 . .
v — % orv-— 2 < 0 < r are satisfied in the case of v ¢ [1 %} in (i) of Lemma 1.2.

(i) Exchanging 1 —v with v in (i) of Lemma 1.2., we have

1 -1
(7) (——v) <1V
2 r

forv < % —ror % < v. Exchanging 1 — v with v in the inequality (6), we have

(8) (%—02’1(2{’/2—1) <V,

This inequality is true by the inequality (7) with r =

2"’ since the conditions v < % —r

1
or 2 < v are satisfied in the case of v ¢ [#, ﬂ in (i) of Lemma 1.2.

Theorem 1.2. ([1, Theorem 3]) Let v,¢ be real numbers with ¢t > 0, and n € N.
(i) Forv ¢ [0, 5], we have
2

©) () bur <) 2! (1- )

k=1
(ii) Forv ¢ [ s ] we have

n 2
(10) (1—v)t+v <t 4 (1—v) ) 2¢! (1— 2(‘/2)
k=1
Proof.

(i) Direct calculations imply
k-1 2*-\ 2 on
(11) (1—v)+v—vY 2F (1—\/2) :v2”<\/f—1>+1
k=1
so that the inequality (9) is equivalent to the inequality
(12) v2"<2{72—1>§zv—1

This inequality is true by (i1) of Lemma 1.2. with r = 5, since the conditions 0 < r <v

2n9

or v < 0 < r are satisfied in the case of v ¢ [ , 2,,] in (i1) of Lemma 1.2.
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(i1) Exchanging 1 —v with v in (ii) of Lemma 1.2., we have

t"—1
r

(13) (1—v) <71

forO<r<1l—vorl—v<0<r. Exchanging 1 —v with v in the inequality (12), we

also have

(14) (1—\;)2"(2{“/2—1) <1

1

This inequality is true by the inequality (13) with r = 5, since the conditions 0 < r <

I —vorl—v<0< rare satisfied in the case of v ¢ [22—,71, 1] in (ii) of Lemma 1.2.
O
By theory of Kubo-Ando [2], we have the following corollary from Lemma 1.2.
Corollary 1.3. Let r,v,t be real numbers with » # 0 and ¢ > 0. For o € R, a positive definite
matrix A and a positive semidefinite matrix B, we define AfyB = Al/2 (A*I/ 2BA—Y/ 2) aAl/ 2,
Then we have the following matrix inequalities.

) F0r0<r<v—%0rv—%<0<r,wehave

1\ Ag,B—A
)\« _
(1) (v 2) LA e yB-a
(i) ForO <r<vorv <0 <r, we have
Af,B—A
(16) vh— < Af,B—A.
r

2. Additional results

The methods in previous section are applicable to obtain the inequalities in the following
propositions.

Proposition 2.1. Let v,z be real numbers with r > 0, and n € N.

(1) Forv e [O,zin},we have
- k—1 ok -\ 2
(17) (1—v) 4+ > +v ) 2F (1— \/E>
k=1

o c s 1, ab = - - 1S callel Ot-WClg te geometrlc mean.
If a €[0,1], AfoB = AY2 (A-1/2BA~1/2)% A1/2 is called ighted i
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(i1) Forv € [2’;—;1, 1] , we have

(18) (1—v)t+v2t1_v+(l—v)i2k_l (1— 2f/Z)2
k=1

Proof.

(1) By Lemma 1.1., we have

r

v >t"—1, (0<v<r)

which implies

|
(19) 2! (tz%—l) > —1, for ve [o,z—n}

by putting r = ZL" Since we have the identity (11), the inequality (17) is equivalent to

the inequality (19).

(i) Exchanging 1 —v with v, the inequality (19) becomes

1 1 2n_1
(20) (1—v)2"(m—1>2rV—1, for ve[ - ,1}.

Then the inequality (17) is also changed to the inequality (18), which is true by the
inequality (20).
Proposition 2.2. Let v,z be real numbers with # > 0, and n € N with n > 2.

. n—1
(i) Forv e [%, 22%1] , we have

1) (1=v)+vt > 1"+ (1—v) (1 —\/Z)2+(2v—1)\/22n:2’<2(2(‘/2—1>2
k=2

(ii) Forv € [2”’1—1,

o ] , we have

N[ —

(22) (I=vv> v (Vi 1)+ (1 —2v)\/2f2’<—2 ( Vi — 1)2
k=2

Proof.

(i) By Lemma 1.1., we have

1Nt —1 1 1
— > <y—-<
(v 2) r >t , (O_v 2_r>,
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which implies

! 127141
) (=g)2 ()2t o ve |5 5

by putting r = % Since we have the identity (5), the inequality (21) is equivalent to the
inequality (23).

(i) Exchanging 1 —v with v, the inequality (23) becomes

1 n=l_1 1
0 (5-)2 (=)= o ve [T

Then the inequality (21) is also changed to the inequality (22), which is true by the
inequality (24).
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