
_________  

*Corresponding author 

Received April 16, 2012 

33 

 

 Available online at http://scik.org 

 Advances in Inequalities and Applications, 1 (2012), No. 1, 33-42 

     

 

AN INEQUALITY FOR THE POLAR DERIVATIVE OF A 

POLYNOMIAL 

NISAR A. RATHER* AND MUSHTAQ A. SHAH 

Department of Mathematics, University of Kashmir, Srinagar 190006, India 

Abstract: In this paper, an inequality for the polar derivative of a polynomial with restricted zeros is obtained, 

which refines and generalizes some well known polynomial inequalities. 

Keywords: polynomials, polar derivative, inequalities in the complex domain. 

2000 AMS Subject Classification: 30A06, 30A64, 30C10. 

 

1. Introduction 
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Inequality (1) is due to P.Turan [10]. 

 As a generalization of (1), Malik [8] considered the class of polynomials )(zP of 

degree n having all the zeros in kz || where 1k  and proved that  
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The result is sharp and equality holds for the polynomial nkzzP )()(  . 
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 The case 1k was considered by Govil [7] who showed that if )(zP is a polynomial 

of degree n having all the zeros in kz || where 1k   then 
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Equality in (3) holds for the polynomial nn kzzP )( . 

 The polar derivative )(zPD  of a polynomial )(zP of degree n with respect to a 

point α ∈ C is defined as 

)()()()( zPzznPzPD   . 

(for reference see [9]) 

The polynomial )(zPD  is of degree at most 1n , and it generalizes the ordinary 

derivative in the sense that 
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uniformly for 0,||  RRz . 

 Aziz and Rather obtained several sharp results concerning the maximum modulus of 

)(zPD on 1|| z . Among other things, they [3] established the following extension of 

inequality (3) to the polar derivative of a polynomial.  

Theorem A. If )(zP is a polynomial of degree n having all the zeros 

in kz || where 1k  , then for every real or complex number α with k|| , 
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In this paper, we present the following result, which is a refinement as well as 

generalization of the Theorem A. 

 

2. Preliminaries 

For the proof of the Theorem, we need the following Lemmas.  
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 Lemma 1. If 
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where
2

1
,12 32  cc  and for 4n , nc is the unique positive root of the equation 

    041623816 432  xnxxnn  

lying in (0, 1). 

The above lemma is due to Bhat [4]. 

  Frapper [6] showed that the coefficient nc appearing in the above Lemma is given by 
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The above result is a special case of a result due to Dewan, Singh and Mir [5] with 1K . 
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 Lemma 3. If 0,)(
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This Lemma is due to A.Aziz and Dawood [1]. 

 

3. Main results 
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Proof.  

By hypothesis, all the zeros of )(zP  lie in ,|| kz   therefore the polynomial )()( kzPzF   

has all its zeros in 1|| z . Applying Lemma 3 to the polynomial )(zF , we get 

(7)                                      |)(||)(|
2

|)(|
1||1||

/

1||
zFMinzFMax

n
zFMax

zzz 


 
. 



AN INEQUALITY FOR THE POLAR DERIVATIVE OF A POLYNOMIAL                        37 

Let  zFzzG n /1)(  , then all the zeros of )(zG lie 1|| z . Moreover, it can be easily 

verified that for 1|| z , 
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This can be written as 
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which implies, 
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Combining (11), (12) and (13), we get 
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Since )(zPD  is a polynomial of degree 1n and 1k , applying Lemma 1, we 
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nc is defined as in the Theorem. These in conjunction with (14) and (15) yields, 
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where
 

nc is defined as in the Theorem. This completes the proof of Theorem 1. 
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 If we divide the both sides of (5) and (6) by ||  and let || , we get the 

following result, which is a refinement of the inequality (3). 
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