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Abstract. Recently, Horvath introduced a new method to refine the well known discrete Jensen’s
inequality (see [2]). He also gave a parameter dependant refinement of the discrete Jensen’s inequality
(see [3]). We apply the new exponential convexity method as illustrated in [7], to the functionals obtained
from the refinement results of [2] and [3]. In this way we are able to generalize the results given in [4] as
well as given in [1].
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1. Introduction and Preliminary Results

We start with the notations given in [2]:
Let X be a set. The power set of X is denoted by P(X). |X| means the number of
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elements in X. For every nonnegative integer m, let
P (X)={Y CcX||Y|=m}.

We need the following hypotheses:

(Hy) Let Si,..., S, be finite, pairwise disjoint and nonempty sets, let

S = LTLJ Sj,
j=1

and let ¢ be a function from S into R such that
c(s) >0, se€S, and Zc(s) =1, j=1,...,n.
SES]'

Let the function 7: S — {1,...,n} be defined by
T(s) =y, if seS;.

(Hs) Suppose A C P(95) is a partition of S into pairwise disjoint and nonempty sets. Let
k:=max{|A| | A€ A},

and let
A ={AcA||A|=1}, I=1,... k.

Then A; (I=1,...,k — 1) may be the empty set, and |S| = Zk: [|A;|. The empty sum is
taken to be zero. -

In the sequel, we also require the following hypotheses:

(Hs) Let J C R be an interval, x := (z1,...,x,) € J", and p := (p1, ..., p,) be a positive
n-tuple such that ipi = 1.

(Hy) Let f:J — ]é:ll)e a convex function.

(Hs) Let h, g : J — R be continuous and strictly monotone functions.

Theorem 1.1. [2| Assume (Hy)-(Hy). Then

(1) f<ipj:cj> gngNk1§...§N2§N1:zn:pjf<xj),

j=1
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where

(2) N, ::Z Z (ZC(S)Z?T(S)

=1 AeA; seEA

se€eA

Z C(S>p7(s) ’

seA

> C(S)pT(s)ZBT(s)
) f

and for every 1 < m < k — 1 the number Nj_,, is given by

(3) Nkm:i(Z(Z()pT() T )>+Z(z—1 (I—m)

I=1 \AcA; \scA I=m+1

> c(8)Pr(s)Tr(s)
f seB
) Z C(S)pT(s)

seB

S (z o)
(A)

seB

Assume (H;), (Hs) and

(Hg) Let x := (21, ...,x,) and p := (p1, ..., py) be positive n-tuples such that Zpi =1.
i=1
We define the power means of order r € R corresponding to A € A, (I = 1,...,k) as

follows:
Z C(S)pT(s)xT<S) T
SEA .
( pzereEa I 70,
(4) MT(Xa p, A) = °c s (1)
c(8)Pr(s) \ sEa P _
(SI;[A T (s) ) o r=0.

We also use the means
1
szx: ) r 7é 07
M?" = =1
[T, r=0.
i=1

Assume (H;), (Hs) and (Hg), and let v, n € R. We define the mixed symmetric means

corresponding to (2) and (3) as follows:
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andfor 1 <m<k-1
Mé,—y<xapak - m) =

5 < > (z c(s)p7<s>x2<s>>>+ !
=1 \AcA; \scA
k

)
> e X < > << > c(s)ms)) M (x, p, B))))
l=m+1 AcA; \BeP,_,,(A) seB

if n # 0 and for n = 0, we have

M! (x,p,k—m):= (1‘[ xc(s)p7<s)) X
Tm( ) fale] (Alelll sea T

(= (=
k <ZBC(s)pT(s)> o l
[1 [1 I[I (M, (x,p,B))\e
I=mt1 AeA, \ BeP_,.(A)

The monotonicity of these mixed symmetric means is a consequence of Theorem 1.1.
Corollary 1.2. Assume (Hy), (Hy) and (Hg). Let n, v € R such that n <. Then
(5) M, < M, (x,p,k) < M, ' (x,p,k—1) <..< M, ' (x,p,1) = M,
(6) M, =M, (x,p,1) < ... <M, (x,p,k—1) <M, (x,p,k) < M,.

Proof. Assume 7, v # 0. To obtain (5) we apply Theorem 1.1 for the function f(z) = zn

(x > 0) and the n-tuples (z7,...,2") in (1) and then raising the power % (6) can be

proved in a similar way by using f(z) = ] (x > 0) and (z],...,27) and raising the
1

power .

When 1 =0 or v = 0, we get the required results by taking limit. 0

Assume (H;-H3) and (Hs). Then we define the generalized means with respect to (2) and
(3) as follows:

(5 (S et ) noo (s
) ¢ SpTS Og_ . c(s )
=1 \ Ac A, SEA (©) EA (8)Pr(s)
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andfor 1 <m<k-1
M (x,p, k —m) =

m k ,
> < > <2 c(s)pﬂs)h(ms)))) + 2 (==

Bl =1 \A€A, \s€a —mg1
) EZB c(8)Pr(s)9(Z7(s))
x 3 > > cS)Prs) | hog™t | P
Aca, \Bep . (A) \ \se€B ) S P

We also need the quasi-arithmetic mean. Assume (Hj3), and let ¢ : J — R be a continuous

and strictly monotone function:

M, :=q" (imﬂ%)) :

The monotonicity of the generalized means is given in the next corollary.

Corollary 1.3. Assume (Hy-H3) and (Hs). Then

(7) My < My (x,p,k) < My (x,p, k—1) < ... < M, (x,p,1) = My,

1

if either h o g=1 is convex and h is strictly increasing or h o g~! is concave and h is strictly

decreasing;
(8) My =M, (x,p,1) < ... < My, (x,p, k—1) < M, (x,p, k) < My,

if either g o h™" is convex and g is strictly decreasing or g o h™' is concave and g is strictly

INCTeasing.

Proof. First, we can apply Theorem 1.1 to the function h o g~! and the n-tuples (g(x1), . .., g(z,)),
then we can apply h~! to the inequality coming from (1). This gives (7). A similar argu-
ment gives (8): go h™!, (h(zy),...,h(z,)) and g 'can be used. O

We illustrate the means defined above by a concrete example based on an example from

[2]. Further interesting means can be derived from the other examples in [2].

Example 1.4. Let n > 1 and k > 1 be fized integers, and let I;, C {1,... ,n}k such that

O{]k,iz]ﬂ ]'SZSTL?
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where oy, ; means the number of occurrences of i in all the sequences i*

from I),. For j =1,... n we introduce the sets

S]:{((Zl,,Zk),l)|(Z1,,Zk)EIk, lglgk’, Zl:j}

Let ¢ be a positive function on S := |J S; such that
j=1

> e((..i) )=1, j=1...n
The condition (Hy) is fulfilled if

A= {{((in, i) D) [ T=1,0 0 kY | (rse e ig) € L)

= (il,...

In this case Ay, = A and Ay =@ (I=1,...,k—1). If (H;) and (Hy) also hold, then the

numbers Ny_,, (0 <m <k —1) are given as follows:

© M= [ (Selemomn) 7|

(’i1 ..... ik)elk =1

and for every 1 <m <k —1

m!
(10) N = Gy i), 2 2

(i1,eensip) €D, \1ZUh<..<lp—m<k

k—m > C((ila""ik)alj)pil].l'ilj
( c((i, ..., l)pn> f =1
C((ilv"'aik)alj)pilj

Jj=1
(a) Assume (Hg). For 1 <m <k —1 let
Jeom = {(11,...,zk_m) {1, KT 1< h <. <l < k}

We give the analogue of the power means defined in (4). Forr € R and i* € I

M, (x,p, ik) — l;l c((i15ei1),0)pi
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and forr €R, i* € I, and 1¥"" € J,,_,,

k—m :,
> C((ily-ufik),lj)ml_IZ'
j=1 J Y . 0
k—m i r # )
ok 1k—m) . > c((inyeenin) )iy
MT'<X7p71 71 ) J=1 J

1
, ) k—
k—m  c((i1,ik),l)Pi 'ch((il ,,,,, ir) ),
H xil. ! e , = 0,
Jj=1 /

Now let v, n € R. The mized symmetric means corresponding to (9) and (10) can be
written as

\

Mﬁ,z(x, p, k)

k n
( 5 (chl, i) ,1>pn)Mz<x,p,ik>> £ 0,
(i1,0in)el, \i=1

k
S e((i1yeenyin)sl)pi
((M7<X,p, ik)>l:1 1 k)st)DPi,

; =0
L (i1msik) €D
and forl <m <k—1
M, (%, p, k —m)
(k=1)...(k—m) (i1,-yig)EIg

— . ,
( z << Z C((il 1111 Zk)7lj)pll> M”‘Z(x7p7ik71km)>>>
1<) <.o.<lp—m <k j=1 J

if n # 0, and for n =0, we have

1
Mn,’y(xa b, k— m)

k—

( .EnlC(m,,,,,ik),lj)pil/_) F=1)...(k—m)
= I1 I1 (M (x, p, ¥, 157 m)) L=t ! :
[CRTN ig)El, | 1Shi <. <lp—m<k

(b) Assume (Hs) and (Hs). The generalized means with respect to (9) and (10) can be
written as

M; ,(x,p, k) =

k
L k ] ) L lgl c((i1,nyik),0)piy 9(@4;)
h™ ) Z zc((zlv"'vlk)al)pil h097 — % 5
(i1,0-sig) €Dy =1 l§1 e((iq

,,,,, iK),0)pi;

and for1 <m < k—1
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M, (%, P,k —m) :==

19

__m!
(1-1)...(01—m) (i1 4eees ig)Elg

k—m
ht k—m 3 e((i1seenin)ily)pey 9@y )
Z ( Z C((ilv"'fik)vlj)piz,> hog_l JZlk,m 4 .
Ish <o <lp_m<k J=1 ! 32 e((i15esin) by )Py
j=1 J
Remark 1.5. By choosing

((in, i) ) = o =

|:S;]

if  ((ir,...,1),0) €55

alkz’]

in the previous example, we have the means defined in [4] (1.14), (1.15), (1.20) and (1.21)
as special cases. Thus we have some extensions of these means.

Remark 1.6. Results about mired symmetric means and generalized means similar to

Corollary 1.2 and Corollary 1.3 can be given for Example 1.4 as a special case.

The following result is given in [3]

Theorem 1.7. Assume (Hs) and (Hy) and let A > 1 be a real number. We introduce the
sets

SkZ:{(il,...,in)ENn|Zij:k}, kEN,
j=1

and for k € N define the numbers

Ck()‘) - Ck(xla -5 TnsP1y - - -5 P )\)

Then

<G <L gzpjf(xj).

Remark 1.8. The results about mixed symmetric means and generalized means corre-
sponding to Theorem 1.7 are given in [3].

Remark 1.9. Under the conditions (H,)-(Hs) we define
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THf) = Th (%P, f) =Ny — Ny 1 <m <l <K,
T2(f) = Ti(xp, f) =N~ f (ZP;‘%’) ;1 <1<k,
=1
and under the conditions (Hs) we define

T3(f) =73, (xp, f) i =Cn(A\) =C(\); 0<TI<m <k, keN,
THS) = TEx,p, f) = 3 pf(a) — CGiA); 0< 1<k, keN,
j=1

where f:J — R is a function.
It is easy to see that the functionals f — Y'(f) are linear, i = 1,...,4, and Theorem 1.1

and Theorem 1.7 imply that

if f:J— R is a convex function.

In [1] the log-convexity and in [6] exponential convexity is proved for some functionals
obtained from the interpolations of the discrete Jensen’s inequality. The results in [1]
are without weights but in [6] are with weights. In [4], a more general class of twice
differentiable convex functions is used to construct the exponential convexity of some
more general functionals. In [7] a notion of n-exponential convexity is introduced as a
generalizations of log-convexity.

In this paper, we use a new method given in [7], to prove the n-exponential convexity
and exponential convexity of the functionals f — Ti(f) for i = 1, ...,4, together with the
Cauchy type mean value theorems. In this way, our results are more general than the
corresponding results in [4].

The notion of n-exponentially conver function and the following properties of ezponentially

convex function defined on an interval I C R, are given in [7].

Definition 1. A function g : I — R is called n-exponentially convezr in the Jensen sense

if

2o (M5 20

ij=1
holds for every a; € R and every x; € I, 1 =1,2,...,n.
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A function g : I — R is n-exponentially convex if it is m-exponentially convexr in the

Jensen sense and continuous on I.

Remark 1.10. From the definition it is clear that 1-exponentially convex functions in
the Jensen sense are in fact the nonnegative functions. Also, n-exponentially convex
functions in the Jensen sense are m-exponentially convex in the Jensen sense for every

m e N, m < n.

Proposition 1.11. If g : I — R is an n-exponentially convex function, then for every
m
rvi€l,1=1,2,...n and for allm € N, m < n the matrix [g (MT%)} 1S a positive
ij=1
semi-definite matriz. Particularly,

s (5]
ij=1

Definition 2. A function g : I — R is exponentially convex in the Jensen sense, if it is

forallme N, m=1,2,...,n.

n-exponentially convex in the Jensen sense for all n € N.
A function g : I — R is exponentially convex if it is exponentially convex in the Jensen

sense and continuous.

Remark 1.12. [t is easy to see that a positive function g : I — R is log-convex in the

Jensen sense if and only if it is 2-exponentially convex in the Jensen sense, that is

xr +
atg(z) + 2aia29 (Ty) + a3g(y) > 0

holds for every ay,as € R and x,y € I.
Similarly, if g is 2-exponentially convex, then g is log-conver. Conversely, if g is log-

convex and continuous, then g is 2-exponentially convex.
Divided differences are fertile to study functions having different degree of smoothness.

Definition 3. The second order divided difference of a function ¢g : I — R at mutually

different points yg, y1,y2 € I is defined recursively by

[vi; 9] = g(y;), i=0,1,2
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g(yi 1) - g(yi) .
[ylalerl?g] = + ) 22071
Yi+1 — Yi

[y1, 25 9] — [yo, Y1 9]
Y2 — Yo

(11) [Yo, Y1, Y2; 9] =

Remark 1.13. The value [yo, y1, y2; ] is independent of the order of the points yo, y1, and
Yo. By taking limits this definition may be extended to include the cases in which any two

or all three points coincide as follows: ¥ yo, y1, y2 € I such that ys # yo

lim [yo,yh Y2; 9] = [ymyo, y239] = g(yg) — g(yo) — 9 (y2o)(y2 — yO)
Y1—Yo (y2 — yo)

provided that g exists, and furthermore, taking the limits y; — yo, i = 1,2 in (11), we get

Qll(yo)
2

[0, Yo, Yo; 9] = Yo, Y1, y2; 9] = for i=1,2

lim
Yi—Yo

provided that g exist on 1.

2. Main Results

Theorem 2.1. Assume J C R is an interval, and assume A = {¢; | t € J} is a family of
functions defined on an interval I C R, such that the function t — [yo, Y1, y2; &) (t € J) is
n-exponentially convex in the Jensen sense on J for every three mutually different points
Yo,Y1,Y2 € I. Let T be a linear functional on the vector space of real functions defined
on I such that Y(f) > 0 for every convex function f on I. Thent — Y(¢:) (t € J) is
an n-exponentially convex function in the Jensen sense on J. If the function t — Y (¢;)

(t € J) is continuous, then it is n-exponentially convex on J.

Proof. Let ty, t; € J, ty = @ and by, b; € R for k,1 = 1,2, ...,n, and define the function

w on I by
wi= Y bbigy,.
k=1

Since the function ¢t — [yo, y1, yo; @] (t € J) is n-exponentially convex in the Jensen sense,

we have

[Yo, Y1, yos w] = Z bebi[yo, Y1, yo; ] = 0,
k=1
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which implies that w is a convex function on I. Therefore we have T(w) > 0, which yields
by the linearity of T, that

> b Y(dy,) > 0.

k=1
We conclude that the function ¢ — Y(¢;) (¢t € J) is an n-exponentially convex function
in the Jensen sense on J.
If the function ¢ — Y(¢) (t € J) is continuous on J, then it is n-exponentially convex on

J by definition. O

As a consequence of the above theorem we can give the following corollaries.

Corollary 2.2. Assume J C R is an interval, and assume A = {¢, | t € J} is a family of
functions defined on an interval I C R, such that the function t — [yo, y1,Y2; ¢¢) (t € J)
1s exponentially convex in the Jensen sense on J for every three mutually different points
Yo,Y1,Y2 € I. Let T be a linear functional on the vector space of real functions defined
on I such that Y(f) > 0 for every convex function on I. Thent — Y(¢) (t € J) is an
exponentially convex function in the Jensen sense on J. If the functiont — Y(¢;) (t € J)

1s continuous, then it is exponentially convex on J.

Corollary 2.3. Assume J C R is an interval, and assume A = {¢, : t € J} is a family of
functions defined on an interval I C R, such that the function t — [yo,y1, Yo; ¢¢) (t € J) is
2-exponentially conver in the Jensen sense on J for every three mutually different points
Yo, Y1, Y2 € I. Let T be a linear functional on the vector space of real functions defined on

I such that Y(f) > 0 for every convex function on I. Then the following two statements
hold:

(i) If the function t — Y(¢y) (t € J) is positive and continuous, then it is 2-
exponentially convex on J, and thus log-convez.
(i) If the function t — Y(¢y) (t € J) is positive and differentiable, then for every

s,t,u,v € J, such that s < wu and t < v, we have

(12) us,t<T7 A) S uu,v(Ta A)
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where

1
Ys#£t
(¢s)

exp <f51(r¢5) ) , s=1

(sz))
(13) (T, A) 1= § VT

for ¢, ¢ € A

Proof. (i) See Remark 1.12 and Theorem 2.1.

(ii) From the definition of a convex function ¥ on J, we have the following inequality
(see [8, page 2])

" V) — ) _ v) — )

s —t - U —v

Vs, t,u,v € J such that s <wu, t <w, s #t, u#wv.
By (i), s — Y(¢s), s € J is log-convex, and hence (14) shows with ¢(s) =
log T(¢s), s € J that

1OgT(¢s) - 1OgT(¢t) < 10gT(¢u) - logT<¢v)

s—t uU—0

for s <w, t <w, s #t, u# v, which is equivalent to (12). For s =t or u = v (12)
follows from (15) by taking limit.
U

Remark 2.4. Note that the results from Theorem 2.1, Corollary 2.2, Corollary 2.3 are
valid when two of the points yo,y1,y2 € I coincide, say y1 = yo, for a family of differ-
entiable functions ¢; such that the function t — [yo, Y1, Y2; i) is n-exponentially convex
in the Jensen sense (exponentially conver in the Jensen sense, log-convex in the Jensen
sense), and moreover, they are are also valid when all three points coincide for a family
of twice differentiable functions with the same property. The proofs can be obtained by

recalling Remark 1.13 and suitable characterization of convezity.
The following result is related to the first condition of Theorem 2.1.

Theorem 2.5. Assume J C R is an interval, and assume A = {¢; | t € J} is a family of

twice differentiable functions defined on an interval I C R such that the functiont — ¢ (z)
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(t € J) is exponentially convex for every fized x € I. Then the function t — [yo, y1, Yo; Pi]

(t € J) is exponentially convex in the Jensen sense for any three points yo, y1, ya € 1.

Proof. Let ty,t; € J, ty = t’“;rt’ and by, b € R for k,l =1,2,...,n, and fix x € I. Then

(Z bkbﬂbtkl) (z) = Z bebidy, () > 0.

k=1 k=1

It follows that the function

> bibidy,,

k=1

is convex, and hence
Z bebu[yo, Y1, Y23 Pey] = [Yo, Y1, v2; Z brbigy, ] > 0
k=1 k=1
for every three mutually different points yg,y1,y2 € I. This implies the exponential

convexity of t — [yo, Y1, yo; ¢¢] (t € J) in the Jensen sense. O

Remark 2.6. It comes from either the conditions of Theorem 2.5 or the proof of this

theorem that the functions ¢y, t € J are convex.
Now we formulate mean value theorems.

Theorem 2.7. Let T be a linear functional on the vector space of real functions defined
on [a,b] C R such that Y(f) > 0 for every convex function f on [a,b]. Let g € C?[a,b].
Then there ezists € € [a, b] such that

T(g)==g"(&) 7T (2*).

2

Proof. Since g € C?[a,b], there exist the real numbers m = m[ir%)] ¢"(z) and M =
z€|a,

m[a)z] g"(z). Tt is easy to show that the functions ¢; and ¢ defined on [a, b] by
z€[a,

M

¢1() = 7552 —g (),

and

are convex.
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By applying the functional T to the functions ¢; and ¢5, we have the properties of T that
M
T (Gt -a@) 20

(16) =T (g) < %T (%)

(17) = %T (°) <Y (g).

From (16) and from (17), we get

Hence we have

0

Theorem 2.8. Let Y be a linear functional on the vector space of real functions defined
on [a,b] C R such that Y(f) > 0 for every convex function f on [a,b]. Let g,h € C?[a,b].
Then there ezists £ € [a,b] such that

i) _g'(c
T(h) h"(&)
provided that Y (h) # 0.
Proof. Define L € C?[a,b] by
L :=c19 — coh,

where
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and

Now using Theorem 2.7 for the function L, we have

(18) (01 e _ M (5)) T (22) = 0.

2 2

Since T (h) # 0, Theorem 2.7 implies that Y (z?) # 0, and therefore (18) gives

T(g) _g"()
Y(h) ()

3. Applications to Cauchy Means

In this section we apply the main results to generate new Cauchy means. We mention
that the functionals Y%, i = 1,...,4 defined in Remark 1.9 are linear on the vector space
of real functions defined on the inteval J C R, and YT?(f) > 0 for every convex function

on J.

Example 3.1. Assume (Hy)-(Hs) with J = R, and consider the linear functionals Y*
defined in Remark 1.9.

We consider the class of convex functions

A i={¢:R—[0,00) | t € R},

where
1 tx
€ t# 07
() = ¢
s% =0

Then t — ¢} (x) (t € R) is exponentially convex for every fivred x € R (see [5]), thus by
Theorem 2.5, the function t v« [yo, Y1, yo; @4], t € R is exponentially convex in the Jensen
sense for every three mutually different points yo, y1,y2 € R.

Now fir 1 < ¢ < 4. By applying Corollary 2.2 with A = Ay, we get the exponential
convezity of t — YT (¢p;) (t € R) in the Jensen sense. This mapping is also differentiable,

therefore exponentially convex, and the expression in (13) has the form
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1
Yi(es) | =t
(fp‘(@)) ) S 7& t?

neToh) =) exp (5455 —2) s =t £0,
Y (id ¢o) —f—
exp(SW(%‘))) ,s=1t=0,

where “id” means the identity function on R.
From (12) we have the monotonicity of the functions us (Y% A1) in both parameters.

Suppose Ti(¢) > 0 (t € R), a:= min{zy,....,x,}, b := max{zy,...,x,}, and let
fms,t(T", Ay) = log u&t(Ti,Al); s,t € R.
Then from Theorem 2.8 we have
a <M, (T A) < b,

and thus M, (T*, A1) (s,t € R) are means. The monotonicity of these means is followed
by (12).

Example 3.2. Assume (H,)-(Hs) with J = (0,00), and consider the linear functionals
Y¢ defined in Remark 1.9.

We consider the class of convex functions

Ay = {1y : (0,00) = R | t € R},

where
Z‘t .
o t# 0.1
Py(z) = —logx; t =0,
xlogx; t =1.

Then t — Y'(z) = 2'72 = =218z (+ ¢ R) is exponentially convex for every fived
x € (0, 00).

Now fir 1 <1i < 4. By similar arguments as given in Example 3.1 we get the exponential
convezity of t — Y(1;) (t € R) in the Jensen sense. This mapping is differentiable too,

therefore exponentially convex. It is easy to calculate that (13) can be written as
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( . 1
T () | 5t
(Fe) ™ s 21,
1-2s Yi(stho) \ . o _
exp <5(5—1) — Ti(ws)o ) s=1#£0,1,
'ri 2
exp (1 - 2’1‘1'((12?0))) ; s=1t=0,

'
exp (—1 — 2;?8;@) ; s=t=1.

us,t (X, P, Ti7 A2) -

Suppose Y'(¢y) > 0 (t € R), and let a := min{xy,...,z,}, b := max{zy,...,2,}. By

Theorem 2.8, we can check that
(19) a § us,t(x7 P, Ti7A2) S b7 $7t € R.

The means u, (x,p, T, Ag) (s,t € R) are continuous, symmetric and monotone in both
parameters (by use of (12)).
Let s,t,r € R such that v # 0. By the substitutions s — 2, t = L (21,...,2,) —
(xf,...,2%) in (19), we get

a S us/r,t/r(xru P, Tia A2> S 67

where a = min{z},... 2"} and b := maz{zy,... a7 }. Thus new means can be defined

with three parameters:

3=

(Us/reyr(X7, P, TH AS)) 7 7 #£0,

us,t,r(xa p, Ti? AQ) = )
u,(logx, p, T, Ay); r=0,

where logx = (log x1, ..., log x,,).
The monotonicity of these three parameter means s followed by the monotonicity and

continuity of the two parameter means.

Example 3.3. Assume (H,)-(Hs) with J = (0,00), and consider the linear functionals
Y defined in Remark 1.9.

We consider the class of convex functions

Ag = {n; : (0,00) = (0,00) [ £ € (0,00)},
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where

it # 1,
() = bft
o t=1

2
t — Y/(z) (t € (0,00)) is exponentially convex for every fited x € (0,00), being the
restriction of the Laplace transform of a nonnegative function (see [5] or [9] page 210).

Now fir 1 < i < 4. We can get the exponential convezity of t — Y (i) (t € R) as in
Example 3.1. For the class A3, (13) has the form

(““Ez))si s#t
ug (T, Ag) = < M) ;s =1t#1,

slogs sTt(ns)
eXp( 3sz;711 ); s=t=1.
The monotonicity of us (Y, A3) (s,t € (0,00)) comes from (12).

Suppose Ti(n;) > 0 (t € (0,00)), and let a :== min{zy,....,x,}, b := max{zy,...,z,}, and
define
M, (T A3) := —L(s,t) logu, (T, A3), s,t€ (0,00),

where L(s,t) is the well known logarithmic mean

s—t .
L(st) = { Pt 70

t; s =t.

From Theorem 2.8 we have

a <M (T A3) <b, s,t€(0,00),

and therefore we get means.

Example 3.4. Assume (Hy)-(Hs) with J = (0,00), and consider the linear functionals
Y defined in Remark 1.9.

We consider the class of convex functions

= {7 :(0,00) = (0,00) | € (0, 00)},

where
ezVi

t

Ye(x) =
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t = Y)(z) = eVt t € (0,00) is exponentially conver for every fized x € (0,00), being
the restriction of the Laplace transform of a non-negative function (see [5] or [9] page
214).

Now fizr 1 < i < 4. As beforet — Y'(¢;) (t € R) is exponentially convex and differentiable.
For the class Ay, (13) becomes

1
T (vs) o=t
(Ti(%)> ; s# L
1 Yidy) \. . _
exp (=}~ i) o=t
where id means the identity function on (0,00). The monotonicity of us (Y%, Ay) (s,t €

(0,00)) is followed by (12).

us,t (T27 A4) -

Suppose Ti(n;) > 0 (t € (0,00)), let a := min{xy,...,x,}, b:= maz{xy,...,1,}, and define
M, (T8 Ay) = — (V5 + Vi) logue, (TP, Ay),  s,t € (0,00).
Then Theorem 2.8 yields that
a < M, (T, Ay) < b,
thus we have new means.
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