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1. Introduction and preliminaries

It is well known that the Banach contraction principle is a fundamental result in fixed point
theory. After this classical result, many fixed point results have been developed, see[1-5] and
others. In 2002, Branciari[6] obtained the following integral version of the Banach contraction

principle as follows:
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Theorem 1.1 Let (X,d) be a complete metric space, A € (0,1) and 7 : X — X be a mapping

such that for each x,y € X,

d(Tx,Ty) d(x,y)
/ 0 (1)dt < A / 0(t)dr,
0 0

where @ : [0,00) — [0,00) is a Lebesgue integrable mapping which is summable(i.e., with finite
integral) on each compact subset of [0,00) := R, non-negative, and such that for each € > 0,
Jo ¢ (t)dt > 0. Then T has a unique fixed point z € X such that for each x € X, lim, e T"x = z.

Later, Some generalizations of Theorem 1.1 have been appeared, see[7-12] and others.

Gadhler[13, 14] investigated the concept of 2-metric spaces, and many authors discussed and
obtained fixed point or common fixed point theorems on 2-metric spaces, see [15-21] and others.
These results greatly improve and generalize the Banach fixed point theory. But, few authors
discussed the problems of (common) fixed points for mappings with contractive conditions of
integral type on 2-metric spaces. Hence, the purpose of this paper is to consider several real
functions and discuss the existence problems of common fixed points for a family of mappings
with implicit contractive conditions of integral types on 2-metric spaces.
Definition 1.1([13-14]) A 2-metric space (X,d) consists of a nonempty set X and a function
d:X xX xX — [0,+0c0) such that

(i) for distant elements x,y € X, there exists an u € X such that d(x,y,u) # 0;

(ii) d(x,y,z) = 0 if and only if at least two elements in {x,y,z} are equal;

(iii) d(x,y,z) = d(u,v,w), where {u,v,w} is any permutation of {x,y,z};

(iv) d(x,y,z) < d(x,y,u) +d(x,u,z) +d(u,y,z) for all x,y,z,u € X.
Definition 1.2([13-14,18]) A sequence {x, },cn in 2-metric space (X,d) is said to be a Cauchy
sequence, if for each € > 0 there exists a positive integer N € N such that d(x,,x,,,a) < € for
alla € X and n,m > N.
Definition 1.3([13-14,18]) A sequence {x, },cn is said to be convergent to x € X, if for each
a€X,lim, ,d(x,,x,a) =0. And we write that x,, — x and call x the limit of {x, },eN.
Definition 1.4([13-14,18]) A 2-metric space (X,d) is said to be complete, if every Cauchy
sequence in X is convergent.

Now, we give some notations and well-known lemmas.
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Let ¢ € ® < ¢ : R" — R* is a Lebesgue integrable mapping which is summable(i.e.,
with finite integral) on each compact subset of R™, non-negative, and such that for each € > 0,
Is ¢ (t)dt > 0.

Lemma 1.1([22]) Let {x,, } be a sequence in 2-metric space (X, d) such that lim,,_,c d (X, X1 1,a) =
0 for all @ € X. If {x,} is not a Cauchy sequence, then there exist a € X and € > 0 such that for
each i € N there exist m(i),n(i) € N with m(i),n(i) > i such that

(i) m(i) > n(i) and n(i) — e as i — oo}

(i1) d (X (i)s Xn(i)» @) > €, but d(Xp(i)—1,%u(i), @) < E.

Lemma 1.2([18-19]) If (X,d) is a 2-metric space and a sequence {x, } in X converges to x € X.
Then
lim d(x,,b,c) =d(x,b,c),Vb,c € X.

n—roo
Lemma 1.3([11-12]) Let ¢ € ® and {r,} be a nonnegative sequence with lim,,_,.. 7, = r. Then

lim "’ o(t)dt = /Or(Z)(t)dt.

n—eo J(

Lemma 1.4([11-12]) Let ¢ € ® and {r,} be a nonnegative sequence. Then

lim / "6 (t)dt =0 <= lim r, = 0.
0 n—soo

n—yoo

2. Unique Common Fixed Points

Akram et. al[23] introduced the concept of .o7-contractions (also see [9]) as follows:

Let a nonempty set .o/ consisting of all functions o : R 5 R+ satisfying:

(71): o is continuous on R+ of all triplets of non-negative reals;

(%): a < kb for some k € [0,1) whenever a < at(a,b,b) or a < a(b,a,b) or a < a(b,b,a)
forall a,b € R™.

¢ € & is said to be sub-additive if ¢ satisfies that for each a,b > 0,

/0 “ (1) < /0 o()dt+ /0 " o(0)dr.

Let ¢(¢) = IL—‘,-I’ then ¢ € ®, and for a,b > 0,

a+b a b
/0 q)(l)dt:]n(l—i-a—l—b)Sln(l—i—a)(l—i-b):ln(1+a)+1n(1+b):/0 ¢(r)dt+/0 ¢ (t)d.
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Hence ¢(t) = ILH is sub-additive.
Now, we give the first common fixed point result for a infinite family of mappings satisfying

an implicit .o/ -contractive condition with integral type on 2-metric spaces.

Theorem 2.1 Let (X,d) be a complete 2-metric space and { f;};cn a family of self mappings

on X. Suppose that for each i, j € Nand a,x,y € X,

d(fix.fiy.a) d(x,y,a) d(x, fix,a) d(y.fiy.a)
/ owar<a [ owar, [ ewar, [ gwar), @)
0 0 0 0

where ¢ € ®. If ¢ is sub-additive, then {f;};cn has a unique common fixed point.
Proof. Take any element xy € X, and let x| = f,+1x, foralln =0,1,2,---, then we obtain a

sequence {x,}>_,. Forany n € Nand a € X, by (2.1),

xn Kn+1,4
dt

(fuXn—15fnt1%n,0
/ (0

2.2
d(xnfbxnv ) d(xnflvfnxnfba) d(xn7ﬁ1+1xnaa) ( )
<af [ o(oyar, | o(oyar, [ 0(1)d )

0 0 0
d(xXy—1,%n,a) d(xXp—1,%n,a) d(XnXpi1,a)
~o | o), | o), [ o(0)dr).
0 0 0
so by (2#;) and mathematical induction,
d (X Xnt1,0) (Xn—1,%n,a) d(Xp—2,%n—1,a) d(xg.x1,a)
/ dt<k/ dt<k2/ ¢(t)dt§~~§k”/ o (t)dt.
0 0 0
Hence
) d (X Xnt1,a)
Jim | ¢(t)dt =0,
so by Lemma 1.4,
lim d(x,,x41,a) =0, VaeX. (2.3)

n—yeo
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Using (2.1) again, we obtain

d(xn Xn+1 aer»Z)
i (1)
0

/d (a4 2% 15S 1% Xn)

o (r)dt
0

d(xn 7x717xﬂ) d(xn WJnr2Xn axn) d(xnafn xmxn)
SOC(/ +1 ¢(t)dt,/ +15/n+2Xn+1 ¢(t)dt,/ +1 ¢(t)dt> (2‘4)
0 0 0
d (X 11 ,%n%n) d(Xp41, %042 %n) d (X X 41,%n)
([ o(o)a, o(o)d, | o(1)dr )
0 0 0

d(anrl Kn+2 7xn)
=a<0,/ q)(t)dt,O),
0
so by (@),

d(‘x’l+1 Xn+42 7x'l)
J o(t)dt =0,
0

hence by property of ¢,

d (X, Xpt1,%n42) =0,V ne N. (2.5)

Fix any k=0,1,2,--- and suppose that d(x;,x,_1,x,) =0 forany n € Nwith (n—1) —k > 1,

then by (2.1) and the assumption,

d(xn Xn+1 7xk)
/ o (t)dt
0

/d(fnxnl 7fn+1xn~,xk)
0

¢(t)dr

d(xn71 Xn ,)Ck) d(xnfl 7fnxn71 axk) d(xl‘l7fn+lxn 7xk)
af [ o(oya, [ o(oya, | 0(r)d )
0 0 0
d(xn,I Xn ,Xk) d(xn,I »Xn 7xk) d(xn Xn+1 ./Xk)
af o(oyar, [ ooy, [ 0(r)d )
0 0 0

d(Xn+1%n42%%)
:oc(0,0,/ (Z)(t)dt>,
0

so by (@%), we obtain

IN

d(xn+1 ,xn+2,xk) =0.

Combining (2.5) and the inductive assumption, we obtain

d(xg,Xn, Xnt1) =0,V n,k=0,1,2,--- \n>k.
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Therefore, for any /,m,n € Nwithl <m < n,
d(xp, %myXn) <d (X7, %myXn—1) +d (X7, X0—1,%n) + d (X, Xn—1,%n) = d (X7, X, Xn—1)
<d(x7,%m,Xn—2) +d(x;,X0—2,Xn—1) +d (Xp, Xn—2,Xn—1) = d (X7, Xm, Xn—2)
<.
<d(x7,Xm, Xm+1)
—0,
hence
d(x;,Xm,xn) =0,¥ I,mn=0,1,2,---. (2.6)

We now show that {x, } is a Cauchy sequence. Suppose that it is not true, then by Lemma 1,1,
there exist ap € X and € > 0 such that for any i € N there exist m(i),n(i) € N with m(i),n(i) > i
satisfying

(i) m(i) > n(i) and n(i) — oo as i — oo;

(i1) d(Xp(i) s Xn(i)> @0) > €, BUL A (Xp(i)—1,%Xn (i), A0) < €1 =1,2,---.

Using Lemma 1.1, (2.3), (2.6) and the following fact

d(xm(i)7xn(i)aa0) < d(xm(i)vxm(i)—lvao) + d(xm(i)—l axn(i)va()) +d(xm(i)axn(i)7xm(i)—l)7
we obtain

lim d(xm(,-)7xn(l~),a0) = lim d(xm(,-),l,xn(i),ao) =E. (27)

i—oo i—oo
Since the following two inequalities hold
| (Xin(iysXn(i)> @0) — A (Xm(iy s Xn(i)~1,@0) | < d(X(i)—15%n(i)@0) +d (Xm(i) s Xn(i) s Xn(i)—1)
and
|d (X (i)~ 15 %n(i)—1500) — d (Xm(i) s Xn(i)—15@0) | < dXm(i)—1,%m(i)» @0) +d Xn(iys Xm(i)—15%n (i)~ 1)
so using (2.3), (2.6) and (2.7), we obtain

l.li_{gd(xm(i)»xn(i)—hao) = l.li_glod(xm(i)—l 1 Xn(i)—1 ,ap) = €. (2,8)
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Using (2.1), we have

d(xn i) Xm(i >a0)
/ (8)*m(i) (])([)d[
0

d(fa(i)Xn(i)—1Fm(i)Xm(i)—1:90)
= / o (t)dt
0

d (%) 1 %m(i)—1,90) d (i)~ 15 n(i)¥n(i)—1+90) d(Xn(i)— 1 3Sim(i) (i) —1-00)
<o [ o(rydr, | oy, | (1))
0 0 0

d(xn(i)—l Am(i)—1 7a0) d(xn(i)—] Xn(i) ,40) d(xm(i)—l (i) 7“0)
([ o(r)dr, [ o(oya, | 0(r)dr ).
0 0 0

Letting i — oo and using (<7), Lemma 1.3, (2.3), (2.7) and (2.8), we obtain

&€ €
| owar<a( [ owdr0.0),
0 0
s0 by (),
£
/ 0 ()di = 0.
0

This is a contradiction, hence {x,} is a Cauchy sequence. Let u be the limit of {x,} by the

completeness of X. For any fixed n € N, take any i € N with i > n. Since

d(fnu,u,a) < d(f"”?fl'-i-lxiaa) +d(fnu> l/l,.XH_]) +d(xi+17u;a)7 VaeX
so by sub-additive property of ¢ and (2.1),

d(fn”7“7a)
/ o(r)dt
0

/d(fnuﬁfmxi7a)+d(fnu7u7xi+1 )+d(xiy1,u,a)
<

¢(t)dt
0

d(fuu, fi11%i,0) d(futtuXig1) d (X1 1,1,0)
< /O o ()t + /0 o ()i + /0 0 ()dt

d(u.x;,a) d(u,fau,a) d(Xi, fiv1Xia) d(fuuuxisr) (i1 ,0)
Sa( /0 ¢ (¢)dt, /O o(t)dt, /0 q)(t)dt) - /0 o (1)dt + /0 o(1)dr.

Letting i — oo, then by Lemma 1.2, Lemma 1.4, (27]) and Cauchy property of {x,}, we obtain

d(fuu,u,a) d(fu,u,a)
/ o(t)dr < (0, / 6(1)d1,0),
0 0
50 by (%),
d(fnuﬂ,tﬂ)
/ 0(t)di =0,
0

which implies that

d(fpu,u,a) =0,Va € X.
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Hence f,u = u for all n € N, that is, {f;};cy has a common fixed point u.

Suppose v is also a common fixed point of { f;};en, then by (2.1), for any a € X,

d(u,v,a) d(fiu,frv,a) d(u,v,a) d(u,fiu,a) d(v,fav,a) d(u,v,a)
L= e )=al)) ),
0 0 0 0 0 0

By (@%) again, f(;i(“’v’a) =0 for all a € X, that is, d(u,v,a) = 0 for all a € X, so u = v. This
completes that u is the unique common fixed point of { f;};en.

Let a : R*> — R* is defined by o(x,y,z) = kyx + kpy + k3z for each x,y,z € R, where
kyi,ky, k3 € R satisfying k; +kp + k3 < 1, then « is a &7-contractive function.

From Theorem 2.1, we obtain the next results:
Corollary 2.1 Let (X, d) be a complete 2-metric space and f a mapping on X. Suppose that for

eacha,x,y € X,

d(fx’fy7a) d(x7y7a) d(‘thx?a) d(y7fy7a)
/ o(t)dt < a(/ ¢(t)dt,/ ¢(t)dt,/ ¢(t)dt>,
0 0 0 0

where ¢ € ®. If ¢ is sub-additive, then f has a unique fixed point.
Proof. Let f; = f for all i € N, then the conclusion follows from Theorem 2.1.
Corollary 2.2 Let (X,d) be a complete 2-metric space and {f;};cn a family of self mappings

on X. Suppose that for each i, j € Nand a,x,y € X,

d(fixvijva) d(x>y7a) d(x7fix7a) d()’vfj)’va)
/O o(t)dt < ki /0 0 (1)dt + k2 /0 0 ()di + k3 /0 o(0)dr,

where ¢ € ® and ky,ky, k3 € RT satisfying ky +ky + k3 < 1. If ¢ is sub-additive, then {f;};cn
has a unique common fixed point.

In 2011, M Saha and Anamika Ganguly[24] obtained the next fixed point theorem:

Let (X,d) be a complete 2-metric space and let 7 : X — X a self-mapping such that for all

x,y,acX,
v(d(Tx,Ty,a)) < y(d(x,y,a)) — @(d(x,y,a)),

where ¥, @ : [0,00) — [0,0) are continuous and strictly increasing functions with y(z) = @(t) =
0 <=1t =0. Then T has a unique fixed point.
The above result is a generalization of the corresponding conclusion in [25] from a metric

space to a 2-metric space.
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Now, we give the integral version of M Saha and Anamika Ganguly’ theorem for infinite
mappings as follows
Theorem 2.2 Let (X,d) be a complete 2-metric space, {f;}icn a family of self mappings on X
satisfying f;(X) C fi+1(X),VneN. Ifforeach i, j,k € Nwithi+# j,i#k,j#kandx,y,z,a € X,

w([" o) <w( [ owar) —o [ o), 29

where ¢ € ®, y is a continuous and strictly increasing function with y(¢) =0 < ¢t = 0 and
@ : [0,00) — [0,00) is a continuous function such that ¢(r) =0 < ¢t = 0. Then {f;},cn have a
unique common fixed point.

Proof. Take any xo € X. By the condition f;(X) C fi+1(X) foralln=1,2,---, we can construct

two sequences {x,} and {y,} as follows:
fnxn—l :fn—i-lxn = Yn, Vn= 1,2,3,---.
Takei=n—+2,j=n+1,k=n,x =x,11,y = x,,2 = X,—1, then by (2.9), for any a € X,

w</0d(f,,+2xn+17fn+1xn,a) ¢(;)d;) - ll]</0a'(fn+1xmfnxn1,(1) q)(t)dt) B (p(/od(fn+l)m:fn)€nl7a) (])(t)dt),

that is,

(2.10)
hence by the strictly increasing increasing property of v,
d(yn+17ynva) d(ynvynflva)
/ ¢(t)dt§/ O(t)dt,VaeX,n=2,3,---. (2.11)
0 0
Now, we show that
dVni1,Yn,a) <d(yn,yn-1,a), VaeX,n=23,---. (2.12)

Suppose that (2.12) does not hold, that is, there exist k € N and b € X such that

d(Yiy1,Yk:0) > d(Yi, Yi—1,b).

If d(yg,yr—1,b) =0, then d(yr1,yk,b) = 0 by (2.11) and the property of ¢, hence

d(yk-i-laykub) = d(ykvyk—lub)a
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this is a contradiction, therefore d(yxi1,yk,b) > d(yk,yk—1,b) > 0. By the properties of ¢ and

0,
d(yi,Yk—1,b)
o / 6(1)dr) > 0.
0

So using (2.10), the property of y and the above result, we have

d(Vit1.9k:b)
0 <1,u( /0 ¢(t)dt>

SW(/Od(Yk»)’klab) ¢(t)dt> o (/Od(Yk,ykub) (])(l)dt)
<W(/0d()’k7)’kl b) o (t)dt> .

This is also a contradiction and hence (2.12) holds. Therefore, for any fixeda € X, {d(yy,yu—1,a) }

is a non-increasing and non-negative real sequence, hence there exists r(a) > 0 such that

lim d(ymyn—l?a) = r(a)
n—oo

Let n — oo, then from (2.10) and by Lemma 1.4, we obtain

w([“owa) <w( [ owar) —o( [ owar) <w( [ o).

hence

o [ oar) =0,

which implies that r(a) = 0 by the property of ¢. Therefore, we have the following fact:

lim d(y,,yy—1,a) =0,Va € X. (2.13)

n—oo

Take a = y,—1 in (2.10), then we obtain
d(ylﬂ—lvynayn—l) d(ymyn—layn—l)
v( [ o) <w( [ 6(0)dr) = w(0) =0,Yn =172,
0 0
hence by the property of vy,
d(yn+2ayn+layn) :Ovvn: 1127"' . (214>

Fix any o € N, then d(yo,Ya+1,Ya+2) = 0 by (2.14). Suppose that d(yg, Yn,Yu+1) = 0, where
n>oa+1.Takei=n+3,j=n+2k=n+1,x=x,12,y = Xy+1,2 = Xn,a = Yg, then by (2.9)
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and the above assumption,

v ( /d (Vn+2:Yn+1.Ya) " (t)dt)

d fn+3xn+2 Snr2Xnt1 a)’a)
v( 0

0 (t)dt>

(
W(/Od Fot2Xni 1o fas 150V ¢(;)dt) B (P(/d(fn+2xn+l7fn+1xnaya) ¢(t)dl‘)
(

IA

0

v /Od Ynt1:Yn:Yar) o )dt) B (p(/od(YnHJ’n,)’a) ¢(t)dt)
v (0) —9(0) =

Hence by the property of v,

d()’n+2;)’n+1;)’a) =0.

So using the mathematical induction, we obtain
d(yo, n:yn1) =0, Vn> o > 1. (2.15)

Therefor, for all m,n,k € N with k > n > m, using (2.15), we obtain

d()’ma)’m)’k)
<d(Ym,Yn,Yk—1) +dYm, Yi—1,Yk) +dVn, Yi—1:Y%) = dVms Y, Yi—1)

<+ <d(Ym,Yn,Ynt1) = 0.

So we have the following fact
d(yM7yn7yk) :O7vm7n7k€N- (216)

Suppose that {y, } is not a Cauchy sequence, then there exist ay € X and € > 0 such that for
any i € N there exist m(i),n(i) € N with m(7),n(i) > i satisfying
(1) m(i) > n(i)+ 1 and n(i) — oo as i — oo}

(i1) d(Ym(i)s Yn(i)»@0) > €, but d(Yyn(iy—1, V(i) a0) < €,i=1,2,--.
Using (2.13) and (2.16) and the method in proof of Theorem 2.1, we also obtain

1 d (i) Yui) @0) = B d(Vin(i)-1,Vn(i)» @0) = WM d (Vi) Yn(iy-1,@0) = HMd (Yn(iy -1, V(i) -1,d0) = €-
(2.17)
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Take i =m(i) + 1, j = n(i) + 1,k = m(i),x = X(3), Y = Xp(i), 2 = X(i)—1, then by (2.9),

d(fn(i)+1%m(i) Ja(i)+1%n(i)90)
w( /O q)(t)dt)
(i) +1%ni) o fin(i) ¥m(i) —140) A (fu(i)+1%n(i) Sn(i) Xm(5)—1,40)
<v(/ o(nydr) o | 6(0)dr),

1.e.,

d(Ym(i)Yn(i)@0) d(Yn(iyYm(i)—1,00) d(Yn(iyYm(i)—1,00)
v( [ o) <w( [ o) ~o( [ 6(1)dr).
0 0 0

Let i — oo, then by (2.17), Lemma 1.4 and the above formula,

w([ owar) < w( [ owar)—o( [ owar).
o( [ owar) =0,

s0 [ ¢(t)dt = 0. This is a contradiction. Hence {y,} is a Cauchy sequence.

hence

Since X is complete, there exists u € X such thaty, — u as n — oo. For any fixed n € N, take
[ € Nsatisfyingl >n+1.Leti=n,j=1+1,k=1,x=u,y =x;,z = x;_1, then by (2.9), for

any a € X,

d(fuu.fi1x,,a) d(fir1x,fix1-1,a) d(fir1x,f1x1-1,a)
v( [ o) < w( [ o) - o o(0)dr),
0 0 0

1.e.,

Il/</0d(fnu,y,,a) ¢(;)dt) - w(/od(y/,yzl,a) q)(t)dt) B (P(/Od(yz,YJ1,a) (])(t)dt)-

Let [ — oo, then by (2.13), the above formula reduces to

v(/ U g 0)dr) < () - 9(0) =0.¥ a € X,

Hence d( f,u,u,a) = 0 for all a € X by the property of y, threrfore f,u =uforalln=1,2,---.
This shows that u is a common fixed point of {f;};en.
Suppose that v is also a common fixed point of {fi};en. Take i=1,j=2,k=3,x=u,y =

z =1, then by (2.9), for each a € X, we have

lIl</0d(flu, ) ¢(t)dt> - 11V</Od(f2V,J"3v,0t) q)(t)dt) B (p(/od(sz,fav,a) (Z)(t)dt),
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hence

1.e.,
d(uv,a)
1//(/ ¢(t)dt> —0,VaeX,
0

therefore u = v by the property of y. So u is the unique common fixed point of { f;}icn.
Remark 2.1 In Theorem 2.2, we do not need the monotone condition of ¢.

Corollary 2.3 Let (X,d) be a complete 2-metric space, f a self mapping on X. If for each

x,yv,z,a€X,

w(/()d(fX7fy7a)) (P(t)dt) - w</0d(fy7fz,a) q)(t)dt) B (p(/od(f%fzﬂ) ¢(t)dt)’

where ¢ € ®, y is is a continuous and strictly increasing function with y(r) =0 <t =0 and
@ : [0,00) — [0,00) is a continuous function such that ¢(¢) =0 < ¢t = 0. Then f has a unique

fixed point.
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