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Abstract. In this paper, we provide an extension of the Ostrowski’s inequality for vector-valued functions for k
points via a parameter. We also provide a sharp Ostrowski-Griiss type inequality for vector valued functions for k
points. Our results generalize some of the results for the real-valued case in the literature.
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1. Introduction

Throughout this paper, (X, || - ||) denotes a Banach space over the real numbers.
Definition 1.1. X is said to be a Radon-Nikodym space if every absolutely continuous X -valued
function is almost everywhere differentiable.
It is well-known that every reflexive space is a Radon-Nikodym space. For example every
Hilbert space is a Radon-Nikodym space. However, the space L; ([0, 1]) of all integrable func-

tions defined on the interval [0, 1], endowed with the norm

1
lelh := [ le(0)a

E-mail address: skermausour@alasu.edu

Received December 19, 2017



2 SETH KERMAUSUOR

is not a Radon-Nikodym space.

Definition 1.2. Let a,b € R,a < b and f : [a,b] — X be an X-valued function. f is said to be
Bochner integrable if and only if the real-valued function || f|| : [a,b] — R defined by || f]|(z) :=
| £(2)|], is Lebesgue integrable on [a, b].

We will denote the Lebesgue integral of a real-valued function g by | f g(t)dt and denote the
Bochner integral of an X-valued function f by (B) |, f f(t)ds.

The integration by parts formula holds for the Bochner integral under the following conditions.
Theorem 1.1. Let a,b € Rja < b,g : [a,b] — R and f : [a,b] — X. Suppose f and g are both

differentiable, and the functions gf’ and g’ f are Bochner integrable on [a, b], then

Theorem 1.2. If f : [a,b] — X is Bochner integrable then

@ [ soar| < [1ro)a

For more information on the Bochner integral we refer the reader to [4] and [8].

In 1938, the Ukranian mathematician Alexander Ostrowski [11] obtained an inequality known
in the literature as Ostrowski’s inequality to provide a bound for the difference between a real-

valued function and its integral mean. This result is stated in the following theorem;
Theorem 1.3. Let f : [a,b] — R be continuous on [a,b] and differentiable in (a,b) and its
derivative f”: (a,b) — R is bounded in (a,b). If M := sup,¢(, ) |f'(t)| < oo, then we have

x— &b :
< <i+((b_z)2)> (b—a)M (1.1)

05 [ 1o

for all x € [a,D]. The inequality is sharp in the sense that the constant }1 cannot be replaced by
a smaller one.

This inequality has been studied and extended in several different ways by many authors over
the past years. For more information about the Ostrowski inequality and its associates, we refer
the reader to [1, 2, 5, 6, 7, 9, 10, 12]. In 2002, Barnett et al [2] extended Theorem 1.3 for

vector-valued functions in the following theorem.
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Theorem 1.4. Let (X,| -||) be a Banach space with the Radon-Nikodym property and f :
la,b] — X an absolutely continuous function on [a,b] with the property that [’ € L.([a,b],X),
ie f :[a,b] = X and

17 W p) 0 = €55 sup [Lf'(£)]] < oo
t€la,b]

Then we have the inequality

1
b—a

b g atb)?
765 [ roar] < (}ﬁ%) G-l (12

for all s € [a,b].

The purpose of this paper is to extend Theorem 1.4 for k points via a parameter which will be
done in Section 2. In Section 3, we provide a sharp Ostrowski-Griiss type inequality for vector-
valued functions by using a sharp Griiss inequality obtained by Barnett et al in [3]. Our results
extends some of the results in the literature for real-valued functions to the case of vector-valued

functions. In addition, we consider some particular cases as examples.
2. Ostrowski inequality for vector-valued functions for k points

To prove our main results, we obtained the following generalized Montgomery identity for
vector-valued functions. In what follows, we assume that (X, | - ||) has the Radon-Nikodym
property. We first define the following kernel function which was first provided by Xu and Fang
[12];

Definition 2.1. Let

(D) a,beR, A €[0,1], :a=xp <x; <+ <xr_1 <X, =bis a partition of the interval
[a,b],
2) ; €eR (i=0,1,---,k+1) is k+ 2 points so that op = a, ; € [x;_1,x;]| (i=1,--- k)

and Ojt1 = b,
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we define the kernel function K(,I;) : [a,b] — R as follows;

p

t—(al—lo‘lz‘“>, t€la,0),

tr— (OCl —|—)L@>, te [OCl,xl>,

r— <(X2—l%>, te [Xl,az),

K(t,I) =g (2.1)
t— <Otk—1 +l%>, t € [o—1,Xk—1),

Oy — O —
r— <(Xk—l%>, re [xkflaak%

\l’_ <ak+lm>a re [ak7b]7

for all t € [a,b].
Lemma 2.1. [Montgomery Identity for vector-valued functions with k points.] Suppose that

f :la,b] — X is an absolutely continuous function on [a,b]. Then for any A € [0, 1], we have

the identity
b k
(B)/ K(t. 1) f'(t)dt = (1= A) }_ (01 — 04) f(x:)
a i=0
(2.2)
k
+ % Y (Gig1 — ) (f(Oti) +f(06i+1)> —(B) /abf(t)dt

where K (-, I;) is given in Definition 2.1.

Proof. First, we observe that

k=1 Qi1 1 — Ol
@) [ K a= ¥ (@) [0 -2 %)

=0

+(B)

[ = o+ 22 par).

it 2

By applying Theorem 1.1, we have
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(04

_ ot —
/Ktlk Z (etir1 — (Oip1 — A +12 NS (0is1)

— (i (01 =25 ) — (8) [ ey

Olyo — O
(et = (@1 + A= E0) f (i)

— (01 — (Gl +)~M))f(ai+l) —(B) /Xi+1 f(f)dt}

2 Qi1

(04

Z{ O‘l+1 (ai+1)_(xi—ai+1)f(x,~)—7tai+]2_ J(xi) + (i1 — 1) f(xi41)

o o Oy — O
_a z+22 l+1f(xi+1)+;t z+22 z+1 Fl0u) — / £(0) dt}

It follows that,

S
k-1
+ {— (xi = 0iy1) f(xi) + (xig1 —061+1)f(xi+1)]
i—0
k—1 .y e
+ [—A“*; %fﬁﬂ—lgi?fﬁﬂfﬁwﬂ]
i=0
=1 g
_ )L l+2 0; f
L 1) /

—x0.f (x0) +xxf (s +ZO€1+1 J(xi) = fxit1))

i=0
k—1 A

+ ;) D) {(Oclurl — o) f(xi) + (02 — O‘i+1)f(xi+1)] _

That is,

(B) /bK(ka)f’(t)dt :ki,lo‘iﬂ—ai

i=0

@)~ 8) [ s

k—1

+ (o —a)f(a)+(b—ox)f(b)+ Y (Qiy1 — 04) f(xi)

i=1
A k—1

=5 [l —a)f(a) + (b~ ew)f (b) +2 ; (Qtiv1 — 04) f(xi)
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k-1 _
=Y A% ) - 8) [ feya
i=0 a
- (2.3)
F(1=2) X (0601~ )05+ (1= ) (00~ a)f(a) + (0 ) 0
i=1
Now, consider the following
k-1 k-1 k-1
;}(az’u — o) f(Qiy1) = ;)(%H — 0iy1) f(041) + ;}(am — o) f(iy1)
k k-1
=Y (01— (o) + Y (a1 — ) f(Qiy1)
i=1 i=0
k k
=Y (01— i) f(o) — (a1 — ) f(00) + Y (Cti1 — @) f(0i1) = (Otky1 — Ok) f(Ogrr)
i=0 i=0

|
™~

I
S

(i — 06) (F(08) + £(tin)) — | (01 — 00) £ () + (er1 — ak>f<ak+1>] .

»n
k=

k—1

) %(OCHZ — ) f(@ir1) =

i=0

-

(01— ) (f(06) + (1))
0 (2.4)

(o -a(a) + (- a)f0)|

1

N> o>

Substituting (2.4) in (2.3) gives the identity
b k
B) [ K11 @) M Y (@ - e
A k
+EZ Qi1 — 0O < al +f atJrl /f
i=0

This completes the proof.

Corollary 2.1. If we take A = 0 in Lemma 2.1, we have the identity

b b
(B) [ K105 O = Y (01— o) fl) — (B) [ (0 25)
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where
(
t—aoy, t €la,xy),
r—0p, te [xl,xz),
Kt ) =4: (2.6)

t— g1, t € [Xg—2,X%—1),

\l‘—OCk, te [xk,l,b].

Corollary 2.2. Let a,b € R,a < b and let f : [a,b] — X be an absolutely continuous function

on [a,b]. Then for any x € [a, b] we have the identity

1

L) [ K 0d = 12050+ 3 (1@ +50) @) [ 10w @)

b—a

2

where

K(t.x) = r— (a—I—?LZ%), t € la,x), 28)

t— (b—?t’%), t € [x,b].
Proof. The proof follows directly from Lemma 2.1 by taking k =2,x0 = g = 0} = a,x] = x
andx; =y = a3 =b.
Theorem 2.1. Suppose f satisfies the conditions of Lemma 2.1, and f’ € Lo([a,b],X). Then

we have the inequality

I —)v);(am o))+ izzk;omm ~ a1+ stosen) ~8) [ rrar)
el T (L) )] 29
2.9
+ %2 [((b — )t — (o —ﬂ)2> +2]§ (ai+1 — (Xi>2}

0
k1
T3 i;) [(ai+1 —Xi1) (@2 — Q1) — (01 — %) (i1 — a,-)} }

where

M = ess sup || f'(t)] < oo.
t€[a,b)

Proof. We start with the following computation,
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b Qi1
/ K (1,1)|di = /
a

(04 (04 Xit1 o (04
t— (i — /lL ‘dt+/ t— a,+1+7LM )dt}
Qi1
k—1 o1 —A ‘H Y% a Oy , — o
! 1+1 o " Ot — O
- [/ (@1~ 2T~ Yar + e (1= (@ =25 ay
i=0 -/ i1 —A =5

%42 %41
O‘i+1+l i+ . i+

oG — O Xit1 oG — O
+ ((am +l%)—t>dl‘+ i (t—(ai+1+k%)>dt}

-0y
Oy Oy +A 2L

2

Z [( Qi1 — W)_xi)z‘i‘%(aﬁl_ai)Z

Qi — O 2 A2 2
+ (((Xi+1 + A2 5 l+1)_xi+l) +Z(06i+2—06i+1> }
1k 1 2 A2 2
5 Z [( iyl _xi) = A (01 —x;)(Qir1 — 061)4-7(0%1 —Oli)
2 A2 2
+ (((Xm —Xi+1) FA(Air1 = xip1) (42 — O 1) + 5 <06i+2 - 06i+1) }
1k 1 2 2 )2 2 2 2
5 Z [(%‘H _xi) + (Oti+1 —xi+l> +7(O‘i+l_ai> + ) (Oéi+2—06i+1)
— A (01— x) (G 1 — 04) + A (i1 —Xig1) (g2 — Oli+1)}-
That is,
k*l 2 2
/ K (t,Ix)|dt = Z [(Olm _xi) + ((Xi+1 _xi+1) ]
=0
22 k=1 2 )
+T Z [(Otm —%) + (O!i+2— OCiH) ]
i=0

Z [ Ot = Xip1) (G — Gig1) — (Ofiey —Xi) (i1 — ) |-

By applying the parallelogram law for numbers on the terms in the first sum and rearranging the terms

in the second sum, we have

/ab |K(t,1},)|dt :]:_i; [% (xi+1 *xi>2 n (OC,'+1 B )MIT—FX’)Z}
Jr)f[((bo‘k)z(al *0)2) +2]§; (Otm foa‘)z} (2.10)

Z [ Ol 1 — Xig1) (0o — Oip1) — Qg1 — x;) (Ot *Oti)}-
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Now from Lemma 2.1 we have
k

ﬂ, k
(1=2) Y (g1 —04) f(xi) + 2 Y (a1 — o) (f(%) + f( Oﬂz+1 / f(t)
=0 i=0 (2.11)

= (B) / "k (t, 1) f(t)dt.

By taking the norm on both sides of (2.11) and applying Theorem 1.2, we obtain

k A k
H(l—MZ(O‘iH—Oli)f(xi)+52(0¢i+1—0€i) (f(az)+f OCz+1 / f(o)dt]|
part o (2.12)

b
<M [ K1l
a

where

M = ess sup ||f'(t)]| <o
t€la,b)

The desired inequality follows by substituting (2.10) in (2.12).
Corollary 2.3. If we take A = 0 in Theorem 2.1, then we have the inequality

k b
Y- (01— i) f )~ (B) [ flo)a
i=0 a

k—1

1 2 Xip1+Xxi\2

[} 1)+ (s 57
i=0

(2.13)

where

M =ess sup || f'(t)] < o.
t€la,b]

Remark 2.1. If £ = 1 in Corollary 2.3, then we obtain Theorem 1.4.
Corollary 2.4. Let a,b € R,a < b and let f : [a,b] — X be an absolutely continuous function on [a,b]

such that f’ € Lu.([a,b],X). Then for any x € [a,b] we have the inequality
A

[a-asw+ 5 (@ +10)) - ;Lo [ s

1 > a+by2

gM{4(b—a)((1—;L) +A )+<x— : ) }

(2.14)

where

M = ess sup || f'(t)]| < oo.
t€la,b]

Proof. The proof follows directly from Theorem 2.1 by taking k = 2,x9p = o9 = o = a,x; = x and

XQ:OQ:O@:Z).

3. Ostrowski-Griiss type inequality for vector-valued functions for & points
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The following lemma is a particular case of Theorem 2 in [3].
Lemma 3.1. Leta,b € R witha < b. If g : [a,b] — X is Bochner integrable on [a, b] and there exist v € X
and r > 0 such that g(x) € B(v,r) :={y€ X : ||[y—v|| <r} fora.e x € [a,b] and & : [a,b] — R a Lebesgue

integrable function with a.g Bochner integrable on [a, b], then we have the sharp inequality

@ [ ot [ awar® [
gr/; a(z)—bia/aba(s)a’s

Theorem 3.1. Let a,b € R with a < b, If f : [a,b] — X be absolutely continuous on [a, b] such that f” is

(3.1)
dt.

Bochner integrable on [a, b]. If there exist v € X and r > O such that f'(x) € B(v,r):={yeX : |[y—v|| <r}

for a.e x € [a, b], then we have the sharp inequality

02 Y 01— a0+ Lains o (st + @) - o) [ 10
8(191—61)&(1 [/12 (a,url — ai)z — (in —dai+ (A — 2)oc,+1)
+ (20001 - 2012+ (A —z)ozm)2 (- aiﬂﬂ ()~ f@) H (3.2)
< r/ab K(t.1) — S(bla)kg [/12 (e~ ) — (20 2es+- (A~ 2)ot)

+ <2xi+l — A2+ (A —2)05i+1)2 —A? (Oti+2 - O‘i+]>2:| dt.

Proof. By applying Lemma 3.1 to the functions a(z) := K(z,1;) and g(¢) := f'(¢) we have

H /Ktlk dt—b /Ktlkdt /f t)dt
a

Sr/ab K(t,]k)—b_a/a K(s,I)ds|dr. >
But we observe that
5) [ = 50) - r@)3:4)
and
/abK(t,Ik)dt - ékzg [AZ(aM - a,-)z - (2xl~ — o+ (A — 2)a,-+1)2 o
= 35

+
N
R
x
>
)
+
[\S}
+
>
D
)
=
~—
|
>
—
i
+
[3e]
8
=
~——
[\S)
—_
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From Lemma 2.1, we have

b k
B) [ K1) (0)d = (1= 1) Y. (01— 0 ()t
‘ =0 (3.6)

k
+%Z(ai+l_ai)<f(al)+f O"“ / 7o)

i=0

The desired inequality is obtained from (3.3) by using (3.4)—(3.6).
Corollary 3.1. Leta,b € R,a < b, f : [a,b] — X be an absolutely continuous function on [a,b] and f’ is

Bochner integrable. If there exist vectors v,V € X such that

£ — ;(v—i—V)H < %HV—VH a.ex € [a,b)

then we have the inequality

-2 Y@= o)+ 5 Yarr - (1600 + ) - @) [ 10
S(bl_a)kgol [xz(aiﬂ —ai)z— (26— Aci+ (2 —2)a,~+1)2

+ (2xl'+1 — A2+ (A —2)06i+1)2 —A? (Oli+2 - OCi+1>2] <f(b) —f(a)> H (3.7)
<5 |V—VH/ ‘ (t,Ix) — )lg [/12<06i+1 —%)2— <2x,-—/loc,-+(k —2)06i+1>2

dt.

/\

+ (22X 1 — Ao+ (A — 2)(x,-+1) — 12<a,-+2 - Oci+1)z]

Corollary 3.2. If we take A = 0 in Theorem 3.1, then we have the inequality

k

b
Y- (s — ) fx) — (B) [ f(0)as

i=0

z(bl_a) [bZ — _ljz;ocm (xi+1 _Xi>2] (f(b) _f(a)> H (3.8)

b
< /
a

where K (-,I;) is given by (2.6).

1 k—1 2
K(t, 1) — 20b—a) [bz_az - Y o (xi+1 —xi> } dt,

i=0

Corollary 3.3. Let a,b € R,a < b and let f : [a,b] — X be an absolutely continuous function on [a, D]
such that f” is Bochner integrable on [a, b]. If there exist v € X and r > 0 such that f'(x) € B(v,r):={y €
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X :|ly—v|| <r} for a.e x € [a,b], then for any x € [a,b], we have the sharp inequality

1
b—a

[a-nse+ 5 (@ +10) - ;L0 [ s

2

_ S(bl_a) {(Zx— at (A — 2)1))2 (- abt (2 —2)a>2] (1) - 7(@) H (3.8)

b
S /
a

where K (-,x) is given by (2.8).

K(t,x)— dt.

[(2x_za+(/1—z)b)2_ (2 b+ (2 —2)a)1

1
8(b—a)

Proof. The proof follows directly from Theorem 3.1 by taking k = 2,xg = o9 = o = a,x; = x and

Xp) =0 = 03 = b.
4. Conclusion

Two main results have been established. The first result extends a result of Barnet et al in [2] for &k
points via a parameter A € [0,1]. In the second part, a sharp Ostrowski—Giiss type inequality for vector
valued functions has been provided. Some particular cases have been considered as examples. These
results generalizes the results in the literature for vector-valued functions.
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