Available online at http://scik.org
Adyv. Inequal. Appl. 2018, 2018:9
https://doi.org/10.28919/aia/3649
ISSN: 2050-7461

SOME NEW RESULTS ON CERTAIN TYPES OF PROXIMINALITY IN BANACH
SPACES

S. ALSURADI AND R. KHALIL*
Department of Mathematics, University of Jordan, Amman, Jordan

Copyright (©) 2018 S. Alsuradi and R. Khalil. This is an open access article distributed under the Creative Commons Attribution License, which

permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper, we prove that any convex set in a normed space is € —proximinal. Consequently, every
subspace in a Banach space is €—proximinal. Some other results of proximinality in tensor product spaces are

given.
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1. Introduction

Let X be a Banach space and Y be any subset of X. For x € X we define
d(x,Y) = inf ||x —
(6, Y) = inf{lx—y]|

However, such infimum need not to be attained in Y. If for any x € X there exists some yg € Y

such that ||x — yo|| = d(x,Y), then we say that Y is proximinal in X and yy is called a best

approximant to x out of Y. Y is called uniquely proximinal if every x € X has a unique best
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approximant in Y.The problem of whether a set is proximinal or not is a very important problem.
It has many applications in approximation theory in function spaces. In fact one of the most
classical open conjecture in approximation theory is : If E is a uniquely proximinal set in
a Hilbert space X,then E is convex. We refer to [1], [2], [3], and [10] for many results on
proximinality. Many other types of proximinality were introduced over the years. The concept
of €— proximinality was introduced later. Many papers were written on such concept, see
[4]1, [5], [6], [7], [8] and [9] . In this paper we prove that every set in a Banach space is

€—proximinal. Some other results on proximinality in tensor product spaces are presented.

2. e—Proximinality In Banach Spaces

The notion of €— proximinality was introduced in [9], then used in [5], [6], [7], and [8].
In this section we prove that every set in a Banach space is €é— proximinal. We start with the

definition of €— proximinality.

Definition 2.1. Let G be a subset of a Banach space X. Let € > 0 be given and x € X. Then we

say that xo € G is an €—best approximant or €—best approximation of x in G if

lx—xoll < llx—gll+eVeeG

If this is true for every x € X, then we say G is €—proximinal in X.

Remark 2.1. Let G be proximinal in X. Then G is € —proximinal in X for every € > 0. This is

because, if x € X and x is the best approximant of x in G, then

lx—xol| < [lx—gl <[x—gl+e

However, the converse need not be true. The set A = [0, 1) is not proximinal in R, but it is
e—proximinal. Indeed: It is clear that A is not proximinal since Vx > 1, x has no best approxi-

mation in A. Now, to show that A is € —proximinal, let x € R. Then

(1) If x <0, then O is the best approximation for x in A.

(2) If x € A, then x is the best approximation to itself.
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(3) If x > 1, then for any € > 0 take xo € [1 — &, 1). Then xo is an €-best approximation of
x in A. This is true since:
x—xo| <|x—(1—¢)] < |x—1|+¢

< |x—gl+evgeA

Consequently A is €—proximinal.

Now we prove the main theorem in this section.
Theorem 2.1. Let E be any set in a Banach space X. Then for any € > 0, E is €— proximinal
inX.

Proof. Let x € X be any element.

If x € E, then take xop = x. So
|x—x0]| < ||[x—e|| +eVe € E

Now, let x € X — E, such that d(x,E) = r.
Consider B [x,r+ 5]. Then B [x,r + §]| NE # ¢.
Since if not, then Ve € E we have e ¢ B [x, r+ %]

That means,
€
l|lx—el| >r—|—§Ve€E.
Hence
£
=inf |[x—e|| > —.
r elgEHx eH_r+2

This is a contradiction.

So take any y € B [x,r+ 5] NE. Then

E &
VI <r+S = infllx— b
e=ylfsr+5 = nflx—ef+3
€
< Hx—eH—l—EVeEE
< |lx—e|| +eVecE

Thus E is €— proximinal.
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Theorem 2.1 shows that the definition of €é— proximinality that was introduced and used in

[4], [5], [6], [7], [8] and [9] is really redundant.
3. Proximinality In Injective Tensor Product Spaces

We recall the following definition

Definition 3.1. Let X be a Banach space. Then X is said to have the approximation property if
for every compact subset K of X and every € > 0 there exists a finite rank operator S : X — X

such that

|Sx — x|| < € for everyx € K

For the next result, We need the following two Lemmas.
Lemma 3.1. [/]], Let X and Y be Banach spaces such that X* has the Radon-Nicodym
property and either X* or Y* has the approximation property . Then

Vv A
XQY)"ZX"QY"

Lemma 3.2. [10], Let X andY be Banach spaces such that X* has the approximation property.
If every A € L(X,Y*) is compact ,then

A V
XRY)"ZX"®Y"

Theorem 3.3. Let X be a reflexive space with the approximation property. If H is a finite

v Vv
dimensional subspace of a Banach space Y, then X @ H is proximinal in X QY.

Proof. Since X is reflexive, then so is X*. Hence, X* has the Radon-Nicodym property; [11].
Also H* has the approximation property, since the Identity operator is a finite rank operator on

H* such that

||Ix — x|| < € for every x € H*and every € > 0

Thus by Lemma 3.1 we have

Vv A
(XQH)"Z2X*"QH"
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Now, since X is reflexive then X** = X has the approximation property. Further, any A €
L(X*,H**) = L(X*,H) is compact. This is because for any bounded subset M C X* we have

A(M) is closed and bounded in H and hence is compact. So, by Lemma 3.2 we get

A V
(X*QH" )" 2X®H

v v
Consequently, X ® H is reflexive subspace in X ® Y. But every reflexive subspace is proximinal

Vv Vv
[12]. Thus X ® H is proximinal in X ® Y.

4. Proximinality In Projective Tensor Product Spaces

A
Let X and Y be two Banach spaces, and let X ® Y denote the completed projective tensor

product of X and Y. Then

1

/\ oo
XRY = {in®yi :
i—=1

1

x| |yi]| < oo, where x; € X and y; € Y Vi € N}; see [10]
=1

Theorem 4.1. Let E and F be two subsets of X and Y respectively. We let [E] and [F] denote
the span of the sets E and F respectively. Assume that |E| is separable dual space in X and [F]

A A
is finite dimensional in Y . Then [E|® [F] is proximinal in X Y.

A
Proof. Let h € X ®Y such that

d(hE)OF]) = inf [h—w|=r
we[E]|®[F]

A
By the definition of the infimum; there exists a sequence (w,,) € [E] ® [F] such that lim ||h—
m—oo

A
wp|| = r. Since [F] is finite dimensional, then any element z € [E] ® [F| can be written

7= in®e,~ where x; € [E]| and {ej,e,,,,e,} is a basis for [F]; [10]
i=1

Thus w,, = Y1 xI" ®e;, where

wy = x% X e —i—xé@ez—i—....—i—x}l@en

wy = x%@el +x%®ez+....+x,%®en
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Further we have ||wy,|| < 2||k|| is a bounded sequence; [12].

Now, Consider the sequences (x{'), (x7'), ,,(x))).

Then each one of them has a w*—convergent subsequence; being a bounded sequence in a
separable dual space space [E|, (Helly’s selection theorem).

. . . m; m; m;
We can extract w*—convergent subsequences with uniform index, say (x;”), (x,7), ,,(x,”).

Now, take the sequence
Um, =X, @e1+Xy Rert..+x,’ Qe

Then (uy;) is a subsequence of (wy,) which is w*—convergent, say to u.
A v
Thus we have for any f in the unit ball of the predual space of [E] ® [F] = (G® H)* where G

and H are the predual spaces of [E| and [F| respectively; Lemma 3.1.

| <h—uf>] = fim|<|h—un,f>|
Jj—reo

< lim [[2 — |
J—reo

= inf ||h—w]|
welE)B[F]

Hence

Ih—ul| < d(h,[E] & [F])

A
This implies that [E] ® [F] is proximinal and u is a best approximation to A.

A

Corollary 4.2. Let Y be a finite dimensional subspace of a Banach space X, Then (P QY is
A

proximinal in (P @ X for 1 < p < oo

Corollary 4.3. Let [E] be reflexive in X and [F| be a finite dimensional subspace in'Y. Then

[E] (}% [F] is proximinal in [X] 6% [Y].

Proof. It follows by proceeding as the proof in Theorem 4.1 and using the fact that every

bounded sequence in reflexive space has a w— convergent subsequence; [11].
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