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Abstract: In this paper we obtain a common fixed point theorem for six self maps in a metric space without
completeness. We also give an example in support of our result.
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1. Introduction and Preliminaries
In 1986, G. Jungck [1] introduced the concept of compatible maps as follows.

1.1 Compatible mappings [1]: Two self maps E and F of a metric space (X, d) are said to be

compatible mappings if limd(EFx,, FEx,) =0, whenever {x;} is a sequence in X such that

limEx, = limFx, =t for somete X .

n—o0 n—oo

Further Jungck and Rhoades [4] defined weaker class of maps called weakly compatible maps
and is defined as follows.

1.2 Weakly Compatible mappings [4]: Two self maps E and F of a metric space (X, d) are said
to be weakly compatible if they commute at their coincidence point. i.e, if Eu = Fu for some
ue X then EFu = FEu.

It is clear that every pair of compatible maps is weakly compatible but not conversely.
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1.3 Example: Let X= (-1, 1] with the usual metric d(x, y) =|x—y| forall x, yeX. Define self

mappings E and F of X by

if —1<X<£ if —1<X§£
8

E(x)= O F(X) =

if —<x<1

Ok Ok
|
Ol 0|k

if fox<1
8

(@) el )
8 8 8 8 8) 8 8 8) 8
Hence E and F are weakly compatible.

Hence EF(x,)= FE(x,) therefore E and F are but not

compatible.

limEF(x,)=limEF 1+i =E 1 zlandlim FE(x,)=limFE l+i =F|= :1
N> N0 8 2n 9) 9 n—><0 N—o0 8 2n 8) 8

1.4 Associated sequence[6]: Suppose E,F,G,H,I and J are six self maps of a metric
space (X,d)such that E(x) < 13(X) and F(X) = GH (x).Then for an arbitrary X, € X we

have Ex, e E(X). since E(X) < 13(X), there existsxl e X such that Ex, = 13x,. for this

point X, there is a point x, € X such that Fx, =GHx, and so on. Repeating this process to

obtain a sequence {y,}in X such that Y,, =Ex,, =13x,,,, and Y, , =Fx,, , =GHXx,,,, for

n > 0 we shall call this sequence{y,} an associated sequence of X, relative to the six self maps
E,F,G,H,land J.

2. Lemma:Let E, F, G, H, I and J are six self maps of a metric space (X,d) satisfying
E(X) <= 13(X) and F(X) < GH (X) 2.1)

d(Jy, Fy)[1+ d (GHXx, ExX)]
[1+d(GHXx, 13y)]

d(Ex,Fy) <« + Ad (GHXx, 1Jy) (2.2)

forall x,yin X where «t, 8> 0, + 8 <1.

Furtherif X is complete, then for any X, € X and for any of its associated sequence

EXy, FX, EX,yy FXgy e EX,,, FX, converges to some point p in X

naleeeee

Proof: From the conditions (2.1) and (2.2) we have
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d (y2n ' y2n+1) = d (EXZn ! FX2n+1)

o d(13x,,.,, FX,, 1) [1+d (GHX,, , EX,,)]
[1+d(GHXx,,, 13y,,.,)]

- d(yZn’ y2n+1)[1+ d(yZn—l! y2n )]
[1+ d (y2n—11 y2n)]

= ad (y2n,y2n+1) + ﬂd (y2n711 ygn) and SO that

+ Sd(GHXx,,,, 13y,,.,)

+ﬁd(y2n—l’ y2n)

QA—)d(Yon: Yonia) < BA(Yan 15 Yon)

A(Yans Yonis) < 20 (Vo s+ Vo) = N0 (Va4 Yan): where h— —2—
l-o) -«

Thatis d(Yan, Yonia) <D (Yan 1, Yan) (2.3)

Similarly, we can prove that d (Y,,.1: Yoni2) < hd(Yan: Yonia) - (2.4)

Hence, from (2.3) and (2.4), we get

AV Vo) SNA (Y0, V) S0PV g0 Vo) S SR (Y5, ¥)- 2.5)
Now for any positive integer k, we have

d(Yns Vo) <AV0s Vo) #AVoias Yoio) Foveeens +d (Vo1 Vo)

<h"d(Y,,Y,) +h"d Yy, Vy) +eeeneen. +h™ ' d(y,, y,)
—(h"+h™ R (Y, )

=h"(l+h+h®>+... +h*Md(y,, Y,)

1-h

<

d(Y,,Y,) >0 as n—oo,since h<l,

So that d (yn’ yn+k) — 0.

Thus the sequence {y }is a Cauchy sequence in X. Since X is a complete, it converges to some

pointp in X.

2.6 Remark: The converse of the above Lemma is not true. Thatis, if E, F, G, H, | and J are self

maps of metric space(X, d) satisfying (2.1), (2.2) and even if for any x, in X and for any of its

associated sequence of converges. The metric space need not be complete. This can be seen from

the following example.

2.7 Example: Let X=(-1, 1] with the usual metric d(X,y) = |x— y| for all x, ye X.Define self

mappings E, F, G, H, I and J of X by
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if —l<xsl

1 1
= = if —l<x<=
E(x) = F(x) = ‘i 1 8., = i 1
—if —<x<1 ——x if =<x<1
9 8 4
% if —1l<x<=
1(x) = =x if — < =
(X)=G(x)=x if —1<x<1 , H(X) 8x+7 . 1
if —<x<1
64
Then
1 Cex<l I c1ex<?
13(x) = i . 8, GHM- g _— |
1oy if <x<1 Lt 2<x<1
4 8 64 8
11 -31 31
E X :F X) = v (1 \J X) = R B I‘] X) = o
(x) (X) {89} ()[48} ()[48}
and

w22 oo (3iu24]

Clearly E(X)<= 13(X), F(X)=GH(X). Also the inequality (2.2) can easily be verified for

. . 1 1
appropriate values of &, =0, o+ <1. Moreover if we take X, = st on for N =1 then the

1
associated sequence Ex,, Fx,, Ex,, Fx,,...Ex,,, FX,, ;... CONVerges t0§. Note that (X, d) is not

complete.

The following theorem was proved in [5].

2.8 Theorem: Let P, Q, S and T be self mappings from a complete metric space (X,d) into itself
satisfying the following conditions

S(X) = Q(X)and T(X) < P(X) (2.8.1)

d(Qy, Ty)[1+d(Px, Sx)]
[1+d(Px,Qy)]

forall x,yin X where &, >0, + 8 <1.

d(Sx,Ty) <« + Ad (Px,Qy) (2.8.2)

one of P, Q, S and T is continuous and (2.8.3)
the pairs (S, P) and (T, Q) are compatible on X. (2.8.4)
Then P, Q, Sand T have a unique common fixed point in X.
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Now we extend and generalize the above Theorem to six self maps as follows.

3. Main result

3.1 Theorem: If E, F, G, H, | and J are self maps of a metric space (X,d) satisfying the

conditions
E(X) < 13(X) and F(X) = GH (X) (3.1.1)
d(Ex, Fy) < o U FVR+ACHEI] | 54 iy 12y) (3.1.2)

[1+d (GHXx, 1Jy)]

forall X,yin X where o, 20,0+ f <1.

1J=J1, GH=HG, HE=EH, FJ=JF, (GH)E=E(GH) and (1J)F=F(1J) (3.1.3)
the pairs (E, GH) and (F, 1J) are weakly compatible on X (3.1.4)
1J(x) and GH(x) are closed in X (3.1.5)

Further if there is a point X, € X and its associated sequence
LY.} ={Ex, FX, EXy, FXgueoiniinnne 3 relative to six self maps E, F, G, H, I and J converges to some

point peX, then p is a unique common fixed pointof E, F, G, H, land J. (3.1.6)
Proof: From (3.1.6), we

have Ex,, — p, 13%,,,., = P, FX,,,, =& p, and GHXx,, , — p asn — . (3.1.7)

n+1
Suppose 1J(x) is closed in X. Then there exists ue X such that

p=>H0u= lim 1%, (3.1.8)

Now from (3.1.2), we obtain

d(13u, Fu)[L+d (GHx,,, Ex,,)]

d(Ex,. , Fu) <
(Bxn, Fu) < [1+d (GHx,, 19u)]

+ pd(GHx,, , 13u)

d(p, Fu)[1+d(p, p)]
[1+d(p, p)]

(1-a)d(p,Fu)<0

d(p,Fu) <« +pd(p, p)

d(p,Fu)< Osince a, B > 0, o+ B <1 and this implies Fu = p.

Hence p = Fu = Ju. (3.1.9)
Since (F, 1J) is weakly compatible, we have (1J)Fu = F(1J)u. Thus 1Jp =Fp. (3.1.10)
Again from (3.1.2), we obtain
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d(13p, Fp)[1+d(GHXx,,, Ex,,)]

d(Ex, ,Fp) <
(B Fp) < [1+d(GHx,, 19p)]

+ pd(GHx,,,, 1Jp)

d(p, Fp)[1+d(p, p)]
[1+d(p, Fp)]

(1-B)d(p, Fp) <0,

(p, Fp) < 0, since a, B > 0, o+ B <1 and this implies Fp = p.

Hence p=Fp = 1Jp. (3.1.11)

So from equation (3.1.2), we obtain

d((13)Ip, FIp) [1+d(GHX,,, EX,,)]
[1+d(GHx,,, (13)3p)]

d(p,Fp) <« +pd(p, Fp)

d(Ex,, FIp)<a + pd(GHx,,, (13)Jp)

d(Jp, Ip)[1+d(p, p)]
[1+d(p, Ip)]

1-A)d(p.Jp) <0,
d(p,Jp) <0, since a, B > 0, o+ B <1 and this implies Jp = p.

d(p,Jdp)<a +pd(p, Jp)

Thus Up=p = Ip =p.

Hence Fp=Jp =1Ip =p. (3.1.12)
Now since GH(X) is closed, we can find ve X such that
P=GHv = lin GHx,,,, (3.1.13)

So from (3.1.2), we obtain

d (13%,,1, FXy,1) [1+d (GHV, EV) ]

d(Ev, Fx,,,,) <
( 2n+1) o []_—f-d(GHV; IJX2n+l)]

+ Sd(GHv, 13x,,,.,)

d(p, p)[1+d(p,EV)]

d(Ev, p) <a 0. )]

+pd(p, p)

d(Ev,p)< 0,

d(Ev,p)< Osincea, p > 0,0+ B <1 andso that Ev = p.

Hence p = Ev = GHv. (3.1.14)
Since (E, GH) is weakly compatible, we have (GH)Ev = E(GH)v. Thus GHp =Ep. (3.1.15)
Therefor from (3.1.2), we obtain

d (I‘]X2n+1’ FX2n+1) [1+ d (GHp1 Ep)]
[1+d(GHp, 13%,,,.,)]

d(Ep, Fx,,.,) <a +pd(GHp, x,,.,)
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d(p, p)[1+d(Ep,Ep)]
[1+d(Ep, p)]

(1-Ad(Ep, p) <0,

d(Ep,p)<0,since o, B > 0, a+ P <1 and so that Ep = p.

Hence p = Ep = GHp. (3.1.16)

So from equation (3.1.2), we obtain

d(Ep, p) <& +Bd(Ep, p)

d (%10 FXap.) [1+d ((GH)Hp, EHp)]

d(EHP, FX,p,1) <
(EHp, FX,,.,) <a [1+d(GH)Hp, 13%,,.,)]

+Bd((GH)Hp, 13x,,.,,)

d(p, p)[1+d(Hp, Hp)]
[1+d(Hp, p)]

d(Hp, p) < pd(Hp, p)
(- p)d(Hp, p) <0,

d(Hp,p)<0,sincea., B > 0,0+ B <1and sothat Hp =p.

d(Hp, p) <« +/d(Hp, p)

Thus GHp=p = Gp =p.
Hence Ep = Hp = Gp = p.
Therefore Ep = Fp = Gp = Hp = Ip = Jp =p, showing that p is a common fixed point of E, F, G,

H, I and J. The uniqueness of fixed point can be proved easily.

If I =Jand G = H, we get the following result.

3.2 Corollary: Let E, F, G and | be self mappings from a metric space(X, d) into it self
satisfying the following conditions.

E(X) <= I1(X)and F(X) = G(X) (3.2.1)

d(ly, Fy)[1+d(Gx, EX)]
[1+d(Gx, 13y)]

d(Ex,Fy) <« + Bd(Gx, ly) (3.2.2)

forall x,yin X where o, =0, + 8 <1.

the pairs (E, G) and (F, 1) are weakly compatible on X (3.2.3)
I(x) and G(x) are closed in X (3.2.4)

Further if there is a point X, € X and its associated sequence
LY.} ={Exy, Fx,, EX,, FXguniennne. 3 relative to four self maps E, F, G and | converges to some

point peX, then p is a unique common fixed point of E, F, G and |I.
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3.3 Remark
In the example (2.7), the self maps E, F, G, H, | and J satisfy all the conditions of the Theorem

(3.1). It may be noted that % is the unique common fixed point of E, F, G, H, 1 and J.
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