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Abstract. A semigroup is a well studied structure so is a function. This paper describes a way in generating a
semigroup from a function on a finite set, using its directed graph. Further this paper also studies the properties of

the semigroup generated.
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1. INTRODUCTION

Let o be a function on a set X. Recent studies have shown when a function forms an inner
translation (also known called Cayley functions) of a semigroup. In 1972 Zupnik characterised
all Cayley functions algebraically(in powers of ) [7]. In 2016, Araoujo et all characterised
the Cayley functions using functional digraphs[1]. He also described a process(a problem half
solved) on generating a semigroup from Cayley functions by constructing a graph with Cay-
ley functions as the vertices and identifying the maximal cliques of the common semigroup
graph Gg( two Cayley functions are edge connected if appear on the same semigroup). There
are many ways to construct a semigroup from graphs, for example Endomorphism semigroup,
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graph semigroup, commutative graph semigroup, inverse graph semigroup, path semigroup, etc.
There is no instance of a semigroup from a function. This paper describes a way in generating
a semigroup from a single function on a finite set, using directed graphs, studies the properties

of the semigroup generated.

In the sequel o will denote a function mapping a non-empty finite set X onto itself. For any
positive integer n, & denotes the ' iterate of o. By o’ we mean the identity function on S,
so a®(x) = x. Let X be a finite set, then T (X) denotes the set of all transformations (functions)

from X to X.

2. DIRECTED GRAPHS

A directed graph is an ordered pair D = (S, p) where the elements of S are called vertices and
A is a set of ordered pairs of vertices (binary relation), called arrows, directed edges.

Any pair (a,b) € p is called an arc of D, which we will write as a — b. A vertex a is called
is called an initial vertex in D if there is no b in p such that b — a; it is called a terminal vertex
in D if there is no b € S such thata — b
Definition: A digraph D is called a functional digraph if there is a : S — S such that for all
x,y € S,x — yisanarcin D if and only if ot(x) = y.

Such a functional digraph is denoted as Dy, as there is one and only one function that repre-
sents a functional di-graph.

Let D be a digraph and if there exists pairwise distinct vertices ...,x,Xg,X1,... of D such that
X0 —>X] — e — x;_1 — Xo then the graph is said to have a cycle of length k denoted as
(x0x1...X%—1). D has a chain of length m, denoted [x(x...x,,] if there are pairwise distinct vertices
such that xo — x| — ....... — X, in D. Similarly D has a right ray [left ray or double ray]
denoted [xpx1x7...); [{...x2x1X0],(...x1x0x]...)] if there exist pairwise distinct vertices such that
X0 —>X] —> X2~ eeee. [(...... —Xp = X] —>X0) OF (. > X_] = X0 = X] — .....)]

Let S be a non-empty set, then 7'(S) denoted the set of all functions on S, o € T(S) and Dy
the directed graph that represents ¢, then a right ray [xpxjx;....) in Dy is called a maximal right

ray if xg is an initial vertex of Dy,.
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Definition:Let Dy, be a functional digraph, where o € T(S)

o Aleftray L = (...xpx1xp] in Dy is called an infinite branch of a cycle C[double ray W]
in Dy if xg lies on C[W] and x; does not lie on C[W]. We will refer to any such L as an
infinite branch in Dg,.

e A chain P = [xpx]...x,] of length m > 1 in Dy is called a finite branch of a cycle C
[double ray W, maximal right ray R, infinite branch L] in Dy, if x¢ is an initial vertex of
Dg, xp, lies on C[W,R,L] and x,, > 1 does not lie on C[W, R, L]. If x,, lies on an infinite

branch L = (...y2y1y0], we also require that x,, # yo.

The components of D, correspond to the connected components of the underlying undirected
graph of Dy where the component containing x is defined as follows

Definition: Let o € T(S), x € S. The subgraph of D, induced by the set

{y € S: ak(y) = o (x)for some integers k,m > 0}

is called the component of Dy containing x.
The following two propositions is due to [4] shows the character of functional digraphs.
Proposition: Let Dy, be a functional digraph. Then for every component A of Dy, , exactly one

of the following three conditions holds:

(1) A has a unique cycle but not a double ray or right ray;
(2) A has a double ray but not a cycle ; or

(3) A has a maximal right ray but not a cycle or double ray.
Proposition: Let Dy be a functional digraph. Then for every component A of Dy, :

(1) if A has a (unique) cycle C, then A is the join of C and its branches;
(2) if A has a double ray W, then A is the join of W and its branches;
(3) if A has a maximal right ray R but not a double ray , then A is the join of R and its

(finite) branches(type rro).

As we are dealing only with finite functions every component will be a join of a cycle C and

its branches.
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3. CONSTRUCTING A SEMIGROUP FROM A FUNCTION

arelation < on Ay,.....A; such that < is a total ordering on Ay,.....A;. Without loss of generality,
letA; <..... < A; (otherwise renumbering as required). Now for each A; fix a a; € A; such that
a; 1s the initial vertex of the longest branch of the cycle (if the cycle has no branches then choose
any one vertex in the cycle ), if there two or more branches of the same length choose any one.

For x,y € X define N(x,y) = {(r,q) : a’(x) = a4(y)}. If N(x,y) is empty then X, y are
in different connected components. If N(x,y) is non-empty then x, y are in same connected
component and in this case we define O, = Wy, — T, Where Ty, = min{q: (r,q) € N(x,y)} and
Wy = min{r: o' (x) = a™ (y)}. If you take two vertices x,y in the directed graph Dy, then 7,
is the minimum distance from y to the path travelled by x as « is composed again and again
which is zero if y is on the path, that is 7,, = 0 if there is an integer n such that o”*(x) = y, again
if y/ = o™ (y) then s, is the minimum distance from x to y'.

The following lemma is required to prove the associativity of the semigroup constructed.

Lemma 1: Let X be a finite set and o € T'(X). Let yy be as defined above, then 6,1, = 6y +1

Proof. The proof is by induction, when / = 1 we have to prove that
but Oy = Wiy — Try and Sy (y) = Yiar(y) — Trar(y) DY definition, also oy = min{q: (r,q) € N(x,y)}

and Yy, = min{r: o’ (x) = a™(y)}

if 7, =0, Tea(y) = 0 and Yyg(y) = Yay + 1

if 7, >0, Tra(y) = Ty T 1 and Yxa(y) = Yay
so either way

() Bray) = Oy + 1
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Now assume that &, o) = Oxy + [ to prove 5xa1+1(y) =0y +I1+1,

éxal“(y) = va(y) + 1 from (1)

= Oyy + [+ 1 from assumption

Hence proved

Now for two elements x,y € X, o € T(X) define

.

6(!'X 1 . .
| A " (y) if x and y are in the same connected component A;.
(2) X*xy=9qx ifxeA;,ycAjandA; > A;
y ifxcA;,ycAjandA; <A;.

\

To show that (X, x) forms a semigroup we need to show that its an associative binary opera-

tion (x*y)*z = x* (y*z)¥x,y,z € X. For this we have five cases,

Case 1: x,y,z are in 5 different components say A; A ; A respectively, then

xk(yxz) = (xxy)xz=xif A; > Aj A; > Ay
xk(yrz) = (xxy)xz=yifA; > A;A; > Ay

xx (yxz) = (xxy) k2 =zif Ay > A Ap > A

Case 2: x,y are in one component say A; and z in A then

x* (ykz) = (x*y)kz=xxy ifA; > A;

xx(yxz) = (xxy)rz =2 ifA; <A;
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Case 3: x, z are in one component say A; and y in A;

xk(yxz) = (x*y)*xz=x%Z ifA; >A;

xk(y*z) = (x*xy)*xz=y ifA; <A;

Case 4: y, z are in one component say A; and x in A;

x* (yxz) = (xxy)*z=x ifA; > A;

xx(yxz) = (x*y)xz=y*z ifA; <A;

Case 5: x, y, z are in one component say A;,

Letk = 04y + 1 and [ = Oy, + 1 then

xx(yrz) =xxad0tl(z) = Pt (%t (7)) = a*H(z)

+1

0 s
(X*y) %7 = a&llx—’_l(y) *Z = ai<a60lx+1(y)) (Z) — a6ai(al(y))+l<z) — a5aly+l+1(z)by lemma 1

— akJrl (Z)

Hence * is a associative operation on X, and so (X, *) is a semigroup, and this summaries to the
following theorem,

Theorem 1: Let X be a finite set and & € T(X) then there exist a semigroup operation on X
derived from the function «.

So now one can construct a semigroup from any function ¢ on a finite set which I would
rather call a functional semigroup and denote by S the semigroup constructed from a function
in the above manner. Sy changes with a change in the total order though there is a similarity in
them begin that the principal sub-semigroups are isomorphic.

Theorem 2: Let X be a finite set and o € T(X), S}, S% be two semigroups constructed from
o as described in (2), with two different total ordering but same fixed points, then a principal

sub-semigroup of S}, is isomorphic to a principal sub-semigroup of S,.
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Proof. Let x € X, be a vertex of A; a connected component of & then x *x = oSt (x) in both

S!, and §%, invariant of change in the total order, hence the theorem. UJ

So changes with a change in the choice of the fixed points a; as well, though there is a
similarity in them being that the sub-semigroups generated by a;, and b;, are isomorphic.
Theorem 3: Let X be a finite set and o € T'(X), Suppose that & has t connected components
and a connected component (say Ay )such that the length of the longest branch is s and there
is at-least two branches of length s, let the initial vertex say of these branches be ay, by, ...
Let S, S%‘ be two semigroups constructed from ¢ one with fixed points ay,...ak,...,a; and the
other with fixed points ay,..bg,...a;with two different choice of fixed points then a principal
sub-semigroup generated by a; S}, is isomorphic to a principal sub-semigroup generated by by

of §2. Also the principal sub-semigroup a; is a commutative sub-semigroup.

Proof. Let a; be a fixed point as described, then
aixa; = a6“i“i+1(ai) = o(a;),
aixo(a;) = a(a(a;)) = a?(a;)
ofa;)xa; = Océai“(“i>+1(a,-) = o*(a;) by lemma 1
and hence we get the sub-semigroup generated by a; = {&"(a;);n € N} Also, o (a;) * o™ (a;) =
e @) (@ (g;)) = odaaitH (oM (a;)) by lemma 1 = @™ (a;) = a™(a;) * " (a;), hence
the commutativity is proved.

To prove that S, = {&"(ay);n € N} is isomorphic to Sp, = {a&"(br);n € N}, Let ¢ : S, —

Sp, be such that ¢ (o (ax)) = o (by), then for x = o' (ax),y = ™ (ax) € Sq,

¢(xxy) = (o (ar) x o)) = (o™ ()= " (by)
o) x0() = o(a"(@))*p(a"(@) = a"(Br)xa"(b) = " (by)

Hence ¢ is an isomorphism

OJ

Hence if the directed graph Dy has at-most one branch in each connected component then
the semigroup generated from o is commutative. Moreover if ¢ is a permutation then the

semigroup generated is a union of groups. Further for a function o, if Dy has ¢ connected
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components then Sy has + maximal-subgroups. Precisely the vertices of a cycle in Dy form a
group.

Now comparing the number of semigroup on a finite set and the number of function on a

finite set one can see that [3]

n | functions semigroups | commutative semigroup
2 4 4 3

3 27 18 12

4 256 126 58

5 3,125 1,160 325

6| 46,656 15,973 2,143

71 823,543 836,021 1,7291

8 116,777,216 | 1,843,120,128 221,805

So now one concludes that most of the semigroups constructed from a function in a manner
described above must be isomorphic.
Theorem 4: Let X be a finite set and & and 3 two functions on X, then for any Sy, there is a
ordering on the directed graph D and a choice of vertices b; such that S¢ and Sg are isomorphic

if and only if the directed graphs Dy and Dy are digraph isomorphic.

Proof. Suppose that Dy and Dg are digraph isomorphic with isomorphism ¢p and S¢ is con-
structed from « such that A; < ..... < A; and for each A;, a; € A; is the chosen fixed vertex, then
let b; = ¢p(a;) be the fixed vertices and B; be the connected component such that b; € B;. Then
the semigroup constructed with the order By < ..... < B; and b; the fixed vertices is isomorphic to
Sqaswhena,b € A;, op(axb) = gp(adiat! (b)) = B teop@t (¢p(b))( by digraph isomorphism ) =
op(a) * ¢p(b), when a,b belong to different components its trivial .

Conversely suppose that S¢ and Sg are isomorphic and that s is the semigroup-isomorphism,

then ¢ is also the digraph isomorphism for when a(a) = b then by semigroup isomorphism

Os(a;) x ¢s(a) = ¢s(a;*a)

¢s(aixa) = ¢s(a(a)) = ¢s(b)
0s((ai) * 9s(a) = B st ™ (gs(a)) = Bt (9s(a)) = B(9s(a))



ON GENERATING SEMIGROUPS FROM A FUNCTION 9

which shows that if there is an edge from a to b in Dy (a¢(a) = b) then B(¢s(a)) = @s(b) so
there is an edge from ¢g(a) to ¢s(b) and vice-versa. Hence Dy and Dy are digraph isomorphic.

0

6a1x+1

Remark: If in equation (2) o ' (y) is replaced by a&'f" (y) then the isomorphism in theorem

4 is not obtained.
This construction could be extended to the case when X is countably infinite
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