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Abstract. An integral inequality of Ostrowski type with weights is established for differentiable functions up to

second order, whose second derivatives are bounded and first derivatives are absolutely continuous. The inequality

of weighted integral is then functional to weighted composite quadrature rules.
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1. Introduction

It is a known that Ostrowski type inequalities can be used to estimate the absolute deviation
from its integral mean. These inequalities can be used to provide explicit error bounds for nu-
merical quadrature formulae. The weighted version of Ostrowski inequality was first presented
in 1983 by J. E. Pecari¢ and B. Savi¢ [10]. Keeping in view the importance of this inequality, for

last few decades, the researchers are in continuous effort to obtain sharp bounds of Ostrowski’s
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inequality in terms of weight.

We have introduced a weighted inequality which has its applications in Numerical quadrature
rules and Probability theory. The probability density function, defined by us, has produced the
results of Ostrowski’s inequality in a more organized way.

In 1938, a Ukrainian Mathematician Alexandar Markowich Ostrowski discovered an inequality
called Ostrowski inequality, which states that.

Lemma 1.1. [15] Let ¢ : I C R — R be a differentiable function on I° (I° is the interior of I)

and let ag, by € I° with ag < by. If ¢’ : (ap,b1) — R is bounded on (ag, b ), i.e.,

19|l = sup [@'(t)] < oo,

l‘E(ao,bl )
Then the inequality is

1 (v_ao—é-in)z /
Z+m (b1 —ao)| |||«

\<p<v>— L Mg <

bl —agp Jay

for all v € [ag, b;].The number }l is sharp which cannot be replaced by a smaller one.

G. V. Milovanovi¢ and J. E. Pecari¢ proved a generalised Ostrowski’s inequality in 1976 for n-
times differentiable functions [9]. In which he pointed out the speciality of twice differentiable
functions [8, p. 470].

Lemma 1.2. [15] Let ¢ : T C R — R be a differentiable function on I° (I° is the interior of I)

and let ag, by € 1° with ag < by. If ¢’ : (ap,b1) — R is bounded on (ag, b ), i.e.,

@]l = sup [@'(t)] < oo,

l‘G(ao,bl )
Then the inequality is

1 (V_ao—gbl)z /
Z+m (b1 —ao)||@’||e

\<p<v> L Mg <

by —ag Jay

for all v € [ag, b;].The number 411 is sharp which cannot be replaced by a smaller one.

Lemma 1.3. [15]Let ¢ : [ap,b1] — R be a twice differentiable function such that ¢" : (ag,b;) —
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R is bounded on (ag,by). Then the following inequality holds for all v € [ag,b,].

v—a a —y by
B [‘P(V)Jr( il ijggl )(p(bl)] _51100 /ao @(r)de
19" |- 1 (v gy
< 1 (b1 —ap)? E+—(b1—§lo)2 ]

In 1999, the following inequality is proved by Cerone et.al. in [1].

Lemma 1.4. [15]Let the following assumption (1.2) be valid for all v € [ag, ;]

‘go(v) - <v_ aonrbl> o'(v) — b iao /C:I(p(t)dt
i msny

(b1 —ap)?
0" []e < TH‘P”HM

24 2 2

In the same year, the following result is stated by Dragomir and Barnett in [2].

Lemma 1.5. [15]Let the following assumption (1.2) be valid for all v € [ag, b1 ]

’(p(v)_q’(bl)—(l’(ao) (v_aoer]) 1 /bl(p(t)dt

bl_a() 2 _b]_ao ao
2
b a2 _atbi\? 1 by —ao)’
(a0 [ (v Ly e
= T bi—ap ) 4| T21?1=="g B

An Ostrowski type integral inequality for functions whose second derivatives are bounded
is established by P. Cerone, S. S. Dragomir and J. Roumeliotis in [1]. S. S. Dragomir and N.
S. Barnett in [2] have also established a similar inequality. in [4], an Ostrowski type integral
inequality is similar in sense as that of [1] or [2] pointed out by S. S. Dragomir and A. Sofo.
The following integral inequality in [4] is proved by S. S. Dragomir and A. Sofo.
Lemma 1.6. [15]Let the function @ : [ay,b1] — R is considered having first derivative is ab-
solutely continuous on [ay,b1| and the second derivative ¢" € Lo [ag,b1]. Then we get the

following inequality for all v € [ag, b)]

b (bl—ao){ <P(a0)+<P(b1)] bl_aO( ao+b1> , ’
1) — A + - —
[ o) 15 g+ £ J (-2 g
s (1 bil* (b1 —ap)?
(D < 0" (g‘v_%;r 1 +( 148a0) )
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In present paper, we give weighted version of Ostrowski-type inequality (1) using different
kernel and will also state its application in Numerical quadrature rules, probability theory and
special means. This paper is arranged in the following approach. The first part is based on
preliminaries whereas in second part we are using weights in inequality (1) from which we get
main result, which is in fact probability density functions. In the last part we would state about

the application in terms of composite quadrature rules.
3. Main results

We use here a weighted form of integral inequality which is proved by S. S. Dragomir and
A. Sofo in [4], and also we are using it in numerical integration.

Theorem 3.1.

by —ap

/: QDWW(I)‘”—% {‘P(V) +——— [9(ao)w(ao) + @(br)w(b1)]
_L:l¢(f)<’— ao;bl) / /blw ( “‘);”l)q) (v)d;”
H‘P"Hw{/a:l () (v4_2_ ao—f—blv) +/bl <a0+b1t_§) W(t)dtl

2)

where w : [ag,b1] — [0,00) is a PDF.

Proof. Let us begin with the following integral identity [8] (see also [6]).

b] bl
G vo) = [ wyde+ [ Ry @
ao ag
for all v € [ap,by], given that f is absolutely continuous on [ag,b;] and the weighted kernel
P, : [ao,b1] % [ag,b1] — R is given by:
( t
/ w(u)du, if 1€ lag,v],

t
/a w(u)du, if te€ (vyap+by—v),
P,(vit) = e

t
/ w(u)du, if t€ (ap+b1—v,b],
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where t € [ap,b;]. Let us consider, y(v) = <v — %) ¢'(v). Then (3) implies

(=232 0 0r= [t (1= 25" g+ [ Rt [0

(4) + (z - “O;b‘) ¢"(1)] dt.

Using integration by parts, we get

L (=5 w0 00 =5 fptapw(an) + plon)wlon)

by by a
) - [ otowinar— [ o (1- 21w,
also

by by
(6) a P,(v,t)@'(t)dt = p(v) — 3 o(t)w(t)dt.

Now using equations (5) and (6) in (4), we get

(v— ao;bl) om="" = [p(a0)w(ao) + @(b1)w(b1)]

o(v) -2 / jl (1) w(t)dt — / " o(t) (t _ “O;b ! ) W (1)dt

ao

b
+/ (i) <¢ - “(’;bl) o' (1)dr.
ao

or
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for all v € [ag, b1],

which gives us

[ o0t~ 3 [0+ 22 fptawpwtan) + o(brwitn)

ao

_/ajl o(1) (t_ ao;bl) w(t)dt — (v— aonrbl) (P/(v)} ‘
_ ‘%/a:IPW(v,t) (t—“(’;bl) ¢ (¢)d1

1 b b
5 [ IRl -2
2 Jay

IA

t 9" (1)| dt

Then we have

b ap+b
[ IR =22 o o) dr
ap
by ap+b
) <19l [ Pl 1= 0,
ag
Also
by b
;= / 1Py (v,1)| t—aO; U ar
ap
or
v t b ag+b1—v t
[= / /w(u)du t—a0+ ! dt+/ / , w(u)du
ap agp v %
b b : b
r—a0+ Lldr+ /w(u)du t—a0+ Lar.
ag+b1—v |/ by
(®)

Now, we have a case:

forv e [ao, %} , we find

= /a:(/a:w(u)du> (ao—;bl—t)dt%—/v </tb1w(u)du>
X (aozbl—t>dt+ aj;hl(/tblw(u)du> (t—aoglﬂ)dt.

a0+b|
2
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After solving the equations,we find

2 2
v % aop+ b /v t ao+ b
I = du| = — — - — t t)dt
/aow(u) u(2 7 v) a0<2 7 w(t)
ag+by 2 by 2
) v: apg+ b / 2 ap+by t
_ r—— t)at
+f <>d(2 o) [T (2wl
ap+bi—v ap+ by V2 ap+bi—v ag+ by 12
_/IWI ( ——) +/a0;bl ( 5 —§> w(t)dt
by ap + by vz) by (ao—l—b1 t2>
— w(u)du V— — +/ t—— | w(t)dt
/a0+b1v ( ) ( 2 2 ap+b;—v 2 2 ()
v V2 ao+ b ) v (ao+b1 t2)
= w(u)du | — — v —I—/ t—— | w(t)dt
[t (% - (23w
+/2 ( )d V2 ao—+ by +/a0J2rbl a0+b1t 12 (l‘)dl‘
: w(u)du | - Y : > A
ao+bi—v vV ag+by wth=v fag+by 1
+/aoJ2rbl w(u)du (E— > v) +/a0;bl ( 7 _5> w(t)dt
2

by b by by ?
—1—/ w(u)du (V——a0+ lv) +/ (a0+ lt——) w(t)dt
ag+b;—v 2 2 ap+bi—v 2 2

(€))

and finally

by V2 ap+ by b ap+ by 12
1 1= —— - —
(10) /ao w(u)du ( 5 > v) +/a0 ( 7! 2) w(t)dt

Using equations (7), (8), and (9),we find

[ ottt 3 o)+ 5% lptawyutan) + plbr)wio)]

0

- /bl o) (1= 232 winar— (v- 252 ) )|
Ublw (v_2_a0+b1) / (a0+b1 g)w(t)dt]
o lfoiminy ot

IN
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which is our required result.

remarks 3.2. If we put w(t) = bliao in (2), then we will get

/: o(1) - (blz;a(’) [w(v) 4 $leo) N (P(bl)] phz (v— ao;l”) <p’(v)’

a0+b1)2+ (ao—b1)3

by —ap)
<l oo( 1 0 _
an <o (v N

a0+b1

remarks 3.3. If we put the midpoint v = in (2), then we will get

/asl o(t)w(t)dt — = { <ao +b1) by ;ao (@(ag)w(ao) + ¢(by)w(by))

b +b
AL ( RG]
7 I (ag+ by 1? b ap+ by 2
12y < o HM[/%( 2 t_Z)W(t)dt_/ao w(u)du( 1 )]

remarks 3.4. If we put w(t) = bllao in (12), then we will get

[ ot P20 [ (D0 L P2 (o utan) + gl i)

ag

~r=a0) [ o0 (1= 27 Wi

ag

7 b1 (ay+ b t? by ao+ by 2
o < LI (B L)

remarks 3.5. If we examine an approximation for the end point

v=ag in (2), then we will get

by —a
[ olepwterar 3 fota) + 75 (ganywa) + @(br)w(bn)

0

_ /: o(1) (t_ ao;bl) w'(t)dt + (by —ao)/b1W(t)<P'(ao)df]|

ag

< oL [/ I (“OIblt g) w(r)dt —/{:l w(u)du (aoTln>]
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remarks 3.6. If we examine an approximation for the end point
v=byin(2), we will get

b by —agp

" plemiondr 5 |o(br) + 75 (plau)wlan) + 0(b1)w(b)

- /abl () (t— aO;bI)W’(t)dt —/abl w(t)(by —ao)(p’(bl)dt}

0 0

L[ (23 (2]

3.Application in Numerical Integration

Theorem 3.1. Let I, : ap = vo < vi < ... < vy—1 < v, = by be a partition of interval [ay,b1],

AL =vi1 —vi, ap; < & < by, where ag; = vi, b1; =vir1,i=0,...,n—1 then

[ olpw(e)dr = (0.9 1y vw) + R(9. ' L)

where

(9. o)

= 5T [o080+ 5 om0 + ot

e g

- [0 (- o o
and

koo <o) E [ [ (S i

o ()]

Proof. Applying inequality (2) on &; € [x;,x;11] and summing over i from to n — 1 and using

triangular inequality we get (14) O
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remarks 3.6. If we put w(t) = in (2) then we will get

1
bi—ap

(15) S(9, @, L,v,w)| =
.yl . . . . .
(Vt+12 V,) Z {QD(V)—F (P(Vz) +2(P(Vz+1) +Vz+12 Vi (V_Vz +2V1+1> (p/(v)}
i=0
and
R(9, @' L, v,w)| < |l0"]|.,
(i1 =vi) S (o vitvin 2 (vi—vin)

for all &; € [vi,vit1]

remarks 3.7. for &; = %(l =0,---n—1), in (2) then the following quadrature rule is:

n—1
S(0.6/ ) = 5 T, |9(8)+ 5 [00w(s) + 001s1 i)
a7) —:MWGQ—”U“ﬁWmmPC

and

(vitvig)t  1?
2 2

R(@, ¢ T, w)| < [19”]|. [ [ wa (

Vit1 . . 2
(18) _|_/ B (%) }
Vi 4

1
Vi1~ Vi

remarks 3.8. If we put w(t) = in (12) then we will get

‘S((P, (Plvlnvva W)| =
n—1

DY o (M) 4 P )+ 00 wl0i)

i=0

(19) —mﬂ—w)vwwm(w””;M>w%Mﬂ

Vi
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and

|R((P7 ¢/,In,V, W)‘

n—1 i . . 2 ; . . 2
< H(p”Hoo z;’) [/v"’H <v, +4Vz+1t_ tz) dr _/v“’ﬂdu (vl —|—4v,+1) ]
1= i i

(20)

remarks 3.9. If we examine an approximation for the end point

v=v;in(2), we will get

1 i+1 = Vi
50,0 )] = 5 T [0+ L= (0w 00) + 00wl
i=0
an = [T (1= W+ v - [ w09 0|

and

|R((p7 (p,7InaV7 W)‘ S

v L (Vi A Vi 1? Vitl ViViil
! l & 1Vi+
;)H‘P Hoo [/Vl ( 1 t_Z) w(t)dt—/w w(u)du (T)}

remarks 3.10. If we examine an approximation for the end point

v=nbyin(2), we will get:

|S(g0a (P/aln7VaW)| -
1n71

5 ;) |:q)(vi+1) + v,~+12— i (@(vi)w(v) + @it w(visr))

[ o (t_ #) W= [ w00 =)@ ()

i

(22)

and

[R(@. ¢ Ln,v.w)| < [|@”].,

o3 nZl {/m (vi +4Vi+1t B é) w(t)di — /VHIW(u)du (Vl\;_hq)}
i=0 L/vi vi

11
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4.Application for Probability Density Function

Let X be a continuous random variable having the probability density function
W : [ag,b1] — Ry and the cumulative distribution function
v [ao,bl] — [0, 1],i.e,

5
V(E) = [y, §e(p)C lanb)

ap

is the expectation of the random variable X on the interval [ag;b;] and weighted expectation

would be

EuX) = [ o,

ag

by —ap
2

by—a
(&2

<E<r—&-

is the expected of the random variable X on the interval [ag,b;]. so, we get the following
theorem.

Theorem 4. Let the suppositions of Theorem 2.1 be valid if probability density function belongs
to Lylag,by| space, then we get the following inequality

by
biw(by) — En(X) — / B ()W (1)t

ap

—a N )
_%[q%v»+b12 0[?Wmﬂw@mﬂqﬂbnwmbg_i/ ‘P0)<r— 0;b1>

ow! ()dt — / " o) (v— “(’;b 1)‘P’(v)dt” )

ag

2 b 2
< WW“{(%—mij>+a;<%:b5—%)w@m}

(24)

forall & € [ag,by].
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Proof. Put y =W in (2) we get (24), by using this identities

by by
W (1 )w(t)dt = byw(by) — En(X) — / B ()W (1)dt

ag ag

0J
where w : [ag,b1] — [0,0) is a probability density function
Proof. Put y =W in (2) we get (24), by using this identities
/ "B yw(t)dt = byw(by) — Ey(X) — / " (W (1)dr
ap agp
0J

where w : [ag,b] — [0,0) is a probability density function.
Conclusion

Weighted Peano Kernels are used for Ostrowski type inequalities, depending on the second
derivatives, are stated in this paper. In the research paper [5] and [11], Weighted Ostrowski
type inequalities for the second derivative of the functions are addressed.A generalization and
extension of the inequalities is presented in [5] and [11]. we have presented a generalization
(2) of the inequality (1) found in [5] for twice differentiable function whose first derivatives are
absolutely continuous and 2" derivative belong to L., — (ag,b; ) by presenting a parameter A €
[0,1]. This generalization also results in finding a inequality for a specific value of A as stated
in remarks . The inequality thus found has a better bound than the inequalities presented in [5]
and [11]. Remarks also shows that the perturbed trapezoid inequality that can be found from
(2) is better than the perturbed inequalities presented in [5] and [11] of perturbed trapezoid type.
The inequality is then functional for a partition of the interval [ag, )] to find some composite
quadrature rules and also functional to special means.
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