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Abstract. In this paper, by using the known class W¥* of 5-dimensional functions determined by the known classes
{€,®,}, we discuss the existence problems of coincidence points for three mappings of integral type with semi-
implicit contraction conditions and obtain a common fixed point theorem for two mappings on ordered metric

spaces. Finally, we give a sufficient condition under which there exists a unique common fixed point.
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1. Introduction and preliminaries

Throughout this paper, we assume that Rt = [0, +o0) and
®=1{¢:¢:R" — RT|¢ is Lebesgue integral, summable on each compact subset of
R*™ and [ ¢(t)dt > 0 for each € > 0}

The famous Banach’s contraction principle is as follows:
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Theorem 1.1([1]) Let f be a self mapping on a complete metric space (X,d) satisfying

d(fx, fy) <cd(x,y), Vx,y €X, (1.1)

where ¢ € [0, 1) is a constant. Then f has a unique fixed point £ € X such that lim,,_,. f"x = £
for each x € X.

It is known that the Banach’s contraction principle has a lot of generalizations and various
applications in many directions, see, for examples, [2-12] and the references cited therein. Es-
pecially, in 1962, Rakotch!!'3l extended the Banach’s contraction principle with replacing the
contraction constant ¢ in (1.1) by a contraction function ¥ and obtained the next theorem:

Theorem 1.2([13]) Let f be a self-mapping on a complete metric space (X,d) satisfying

d(fx, fy) < y(d(x,y))d(x,y), Vx,y € X, (1.2)

where y: Rt — [0,1) is a monotonically decreasing function. Then f has a unique fixed point
X € X such that lim,,_,. f"x = X for each x € X.
In 2002, Branciaril'¥ gave an integral version of Theorem 1.1 as follows:

Theorem 1.3([14]) Let f be a self-mapping on a complete metric space (X,d) satisfying

d(fx.fy) d(x.y)
/ ¢(l)dt§c/ o(t)dt, Vx,yeX, (1.3)
0 0

where ¢ € (0,1) is a constant and ¢ € ®. Then f has a unique fixed point £ € X such that
lim,,_, f"x = X for each x € X.

The further generalizations of Branciari’ theorem were given with replacing the contraction
constant ¢ in (1.3) by two or three contraction functions in [15-16].

The following concept of class € of functions F : [0,00)> — R was introduced in [17-18].
Definition 1.1([17-18]) A continuous mapping F : [0,00)> — R is called €-class function if it
satisfies following axioms:

(DF (s,1) <53

(ii) F(s,t) = s implies that either s = 0 or t = 0 for all s,7 € [0,00).

Note for some F' we have that F(0,0) = 0.

Definition 1.2([18]) Let ®, be a set of all functions @ : R — R™ satisfying the following

conditions:
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(1) @ is continuous;

(ii) ¢(¢) > O for all > 0 and ¢(0) > 0.

Definition 1.3([18]) Let y € W* if and only if y : R*+> — R is a continuous and nondecreasing
function about the 4th and 5th variables and the following conditions hold:

(i) there exists F| € €, @1 € ®,, such that u < y(v,u,v,0,u+v) implies u < Fy (v, 01 (v));

(ii) there exists F> € €, ¢, € ®,, such that u < y(v,v,u,u+v,0) implies u < F> (v, ¢2(v));

(iii) w(z,0,0,¢,1) < t, y(0,7,0,0,7) < t and y(0,0,¢,¢,0) < ¢ for all 7 > 0.

Ansari and Piao et al'8! discussed and obtained several common fixed point theorems for two
mappings of integral type with semi-implicit contractive conditions determined by functions
F € € and ¢ € ®, and y € ¥* in metric spaces. These results generalized and improved many
common fixed point theorems for mappings with integral type.

The aim of this paper is to discuss the existence problems of coincidence points and common
fixed points for three and two mappings respectively with integral type and semi-implicit con-
tractive conditions on ordered metric spaces, and finally give a sufficient condition under which
there exists a unique common fixed point. The obtained results further extent and improve the
corresponding various known conclusions.

To do this, we give some known definitions and lemmas.

Lemma 1.1([19]) Let (X, d) be a metric space and {x, } a sequence in X such that d(x,,x, 1) —
0 as n — oo. If {x, } is not a Cauchy sequence, then there exist an € > 0 and sequences of positive
integers {m(k)} and {n(k)} with m(k) > n(k) > k for each k € N such that d(x,, (), %,x)) > €,
d(Xm(k)—1,%n(k)) < € and the following result hold

1M d (X015 %) 1) = M d (X1 Xn(r)) = MM d (X1 Xn(1)) = €-

Remark 1.1 Under the conditions of Lemma 1.9, we easily obtian the following result:

lim d =limd =limd =limd =E€.
1 d (X 0), X 41) = B0 d (X 415 Xn(r) ) = B A Qa1 Xy 1) = 1M @ Qo) ) 1) = €

Definition 1.4 Let X be a nonempty set. Then (X,d, <) is called an ordered metric space if

(i) (X,d) is a metric space;

(ii) (X, <) is a partially ordered set.
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Definition 1.5([20-21]) Let (X, =) be a partially ordered set and f,g,h : X — X three given
mappings such that fX C hX. We say that (f,g) is partially weakly increasing with respect to
h if and only if for all x € X and y € h~!(fx), we have

fx=gy.

Definition 1.6([21]) Let (X,d, <) be an ordered metric space. We say that X is regular if the
following hypothesis holds: if {x,} is a non-decreasing sequence in X with respect to < such
that x,, — x as n — o, then x,, < x for all n € N; equivalently, if {y, } is a non-increasing sequence
in X with respect to < such that y, — y asn — oo, then y, > y for all n € N.

Lemma 1.2([15]) Let ¢ € ® and {r, },cn be a nonnegative sequence with lim,,_,e 7, = a. Then

’}ggo/or%(z)dt - /anb(t)dt.

Lemma 1.3([15]) Let ¢ € ® and {r;, },,cn be a nonnegative sequence. Then

n—oo

lim / "0 (t)dt =0 <= lim r, = 0.
0 n—oo
Definition 1.7([22]) ¢ € ® is called to be sub-additive if, for all a,b € R,

/O “ oyt < /0 o()di+ /0 " o(0)dr.

Definition 1.8 ¢ € @ is called to be strictly increasing about integral type if, for any x,y € [0, o)

with x <y,
X Y
/ o()dt < / o (1)dr.
0 0
Itis easy to check that the function ¢ : R™ — R, ¢(r) = 1~ for eachr € R is a sub-additive
and strictly increasing function about integral type.
Definition 1.9 Let X # 0 and f,g,T : X — X three mappings. If there exist v,u € X such that
fv=gv=Tv=u, then v is called a coincidence point of {f,g,7} and u is called a point of

coincidence of {f,g,T}.
Let C(f,g,T) be the set of all points of coincidence of {f,g,7T'}.

2. Coincidence points and Common fixed points

The following result is the main coincidence point theorem.
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Theorem 2.1 Let (X,d, <) be an ordered metric space such that X isregularand 7, f,g: X — X

three mappings. Suppose that for each x,y € X with Tx and T’y being comparable,

d(fx.gy)
[ et
0

d(Tx.1y) d(Tx.fx) d(Ty.gy) d(Tx,gy) d(Ty, fx)
<y( /0 o (t)dr, /0 o (t)dr, /0 o ()dr, /0 0 (1)dr, /0 ¢(t)d(t2>1>

where ¢ € ® and y € W*. If

(i) ¢ is sub-additive and strictly increasing about the integral type;

(1) fXUgX CTX;

(iii) (f,g) and (g, f) are both partially weakly increasing with respect to 7';

(iv) one of {TX, fX,gX} is complete.
Then C(T, f,g) # 0, that is, there exist u,v € X such that Tv = fv = gv =u € TX. Furthermore,
either C(T, f,g) is singleton or any different two elements in C(7, f, g) are not comparable.
Proof. Let xy € X be an arbitrary point. Since fxg € fX C TX, there exists x; € X such that
fxo = Txp; Since gx; € gX C TX, there exists x, € X such that gx; = Tx,. Continuing this

process, we can construct two sequences {x, } and {y,} in X as follows
Yon = [Xon = TXont1, Yont1 = gXont1 = Txont2,Vn=0,1,2,---. (22)
From (2.2), we obtain
Xoni1 € TN fx2n), Xong2 € T Hgxons1),Vn=0,1,2,---,
hence using (iii), we have
Jxon = 8Xont1, 8Xont1 2 fXony2,Vn=0,1,2,---,

that is,
Yon = fxon 2 8Xon+1 = Yont1 = fXon+2 = Yont2,Vn=0,1,2,---.
Therefore,

yvo=Tx1 2y1=Txa 2y, =Tx3 =, (2.3)
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Letd, =d(yn,yn+1) foralln=0,1,2,--- . Since Tx, =< Tx, forall n € NU{0}, using (2.1)

and (i), we have

dan d(y2n.y2n41) d(fx2n,8%2m+1)
oy = | ol = | (1)
0 0 0

d(Txon,TX2n41) d(Tx2,fx2,) d(Tx2n11,8%2n41)
<v(/ o(ryar, | o(wyar, | o(r)dr,

/d(TXZn »8X2n+1 )

d(Tx2n+11,fX2n)
o(oya, |

¢(t)dt>

0 0

l[/(/odzn1¢(t)dt,/0dznl¢(t)dt, 0d2n¢(l)dt,/0d(y2n17y2n+1)¢(l)dt,0>
l[/(/odzn_l ¢(t)dt,/()d2n_l ¢)(t)dt,/0d2n¢(t)dt,/()d2n_]+d2n+] d)(t)dt,O)
gw(/odznl q)(t)dt,/odznlq)(t)dt,/()dzn(p(t)dt,/odznlq>(t)dt+/0d2n¢(t)dt,0>.

So by the condition (ii) of y € W*, there exist F; € ¢ and ¢, € P, such that

IA

dZn

o < ([ owan e [ o1an). (2.4

0

Similarly,

donti d(Yans1:Y21+2) d(fX2n+42,8%2n+1)
| ewar= [ o) = | 0(1)di
0 0 0
d(Tx2p42,TX2041) d(Tx2p42,fX2n42) d(TX2p41,8X2n+1)
<v(/ o(wyar, | o(wyar, | o(1)dr,

d(szn+2,gXZn+1 ) d(Tx2p41,fX2n+2)
/ o(wyar, | 0(r)d )

W(Ad2n¢(t)dt,[)d2n+l(p(t)d[,/odzn(P(t)dt,o,/od(yzmyszZ)(P(t)dt>
Sl]/( Odzngb(t)dt,/odznﬂ(})(t)dt, Od2n¢(t)dt,0,Ad2n+d2n+l(P(l)dl)
gw(/odzn¢(r)d:,/0db’+1 ¢>(r)dt,/odzn¢>(r)dt,0,/odz"<1>(z)dz+/0dz”+1 o(r)d).

So by the condition (i) of ¥ € W*, there exist F| € € and ¢; € ®, such that

/Odzn+1 o(t)dt < F </0d2n ¢ (t)dt, ¢ (/Odzn (])(t)dt)). (2.5)

Combing (2.4)-(2.5) and using the property of F; and F,, we have

dn+l dn
/ o(t)dt < / ¢(t)dt, Vn e N. (2.6)
0 0
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If there exists ny € N such that d,,, 1 > dj,, then by the strictly increasing property of ¢ about

integral type, we obtain

[ o [ o

0

which is a contradiction to (2.6), hence we have

dpi1 <dp,Vn=0,1,2,--. (2.7)

(2.7) implies that there is u € R™ such that lim,, . d, = u. From Lemma 1.2 and (2.5), we

obtain

u dani day, don
| o = tim [ g0y < Filim [ 901 Jim n( [ 9(0)d)

n—o J(
—R([ owdrei( [ ow)an)

So [y ¢(r)dt =0 or @;(fy ¢(t)dt) = 0 by the property of F, which implies that [ ¢ (¢)dt = 0.
Therefore, u = 0, i.e.,

lim d(x, 1) = lim dy = 0. (2.8)

n—>oo

We claim that {y,} is Cauchy. Otherwise, by Lemma 1.1 and Remark 1.1 and (2.8), there
exists € > 0 such that for each k € N, there exist m(k),n(k) € N with m(k) > n(k) such that the
parity of m(k) and n(k) is different and the following result holds
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If m(k) is even and n(k) is odd, then by Lemma 1.2, (2.1), (2.8), (2.9) and (iii) of Definition
1.3,

0 </08¢(t)dt

) d(Ym(k) Yn(k))
= lim o (1)dt
k—o0 JO
. d(fxm(k) 7gxn(k))
= lim o (t)dt
k—o0 /O

. d(Txm(k) vTxn(k)) d(Txm(k) vfxm(k)) d(Txn(k) vgxn(k))
<timy( [ o(r)dr, [ o(o)ar, o(t)dr,
0 0 0

k—oo
d(T Xy (1) :8%n(k)) d( Xy T Xn(k))
/ o(r)dr, [ o(0)dr)
0 0
d(Vim(k)—1Yn(k)-1) d(Yim(k)—1-Ym(k)) d(Vn(k)=1Yn(k))
— lim w(/ B ¢(t)dt,/ o ¢(t)dt,/ T (1),
k—oo 0 0 0

d(Xp(k)—1:Yn(k)) d(Ym(k) Yn(k)—1)
/ o(wyar, | (1))

:w(/oe(p(t)dt,O,O,/(Jegb(t)dt,/()gq)(t)dt)

</08¢(t)dt.

This is a contradiction. Similarly, we obtain the same contradiction for the case that m(k) is odd
and n(k) is even. Hence, {y,} is a Cauchy sequence.

If TX is complete, then y, € TX for all n € NU{0} implies that there exist u,v € X such that
yp—u=Tvasn— oo,

If fX is complete, then y,, = fxz, € fX foralln=0,1,2,--- implies that there exist u,v; € X
such that y,, — u = fv| as n — oo, therefore there exists v € X such that yp,, - u= fv; =Tv

by the condition fX C 7X. On the other hand, (2.8) and

d(yon+1,u) <d((yan+1,Y2n) +d(yon, u)

imply that yp,, 1 — u = fvyasn — oo, hence y, - u=7Tvasn — oo.
Similarly, we can obtain the same result for the case of gX being complete. Hence we can

assume that y, — u = Tv as n — oo for any case in the condition (iv).
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Since X is regular, using (2.3) and y, — u, we obtain y, < u for all n =0,1,2,---, hence

Txp1=yp2u=Tvforalln=0,1,2,---. By Lemma 1.2, (2.1), (2.8) and y, — u,

d(u,gv)
/ o (t)dt
0

i d(y2n,8v) J
= lim | ¢ (r)dt

d(fXZn 7g\/)
= lim o (t)dt
n—oeo J

. d(TXZmTV) d(TXvafXZn) d(Tvng)
<timy( [ o(wyar, | owar, [ o),
d(TXvagV) d(TvvaZn)
[ ewar [ otar)
0 0
. d(yanlvu) d(anfl,}Qn) d(u,gv)
~timy( [ o(nyar, | owar, [ o(nyar,
d(y2n-1,8v) d(u,yan)
[ e, [ g(0ar)
0 0

d(u,gv) d(u,gv)
ZW(O,O,/ ¢(t)dr,/ ¢>(t)dt,0).
0 0

Hence fod (1.gv) ¢(t)dt = 0 by the condition (iii) of Definition 1.3, therefore u = gv. Similarly,
we can obtain u = fv, hence u = Tv = fv = gv. This complete C(f,g,T) # 0.

If C(f,g,T) is not singleton and there exist two different element u and u; in C(f,g,T)
such that they are comparable, then there exists v,v; € X such that u = fv = gv = Tv and

u; = fvy =gvy =Tvy and Tv and Tv;| are comparable, hence by (2.1),

d(uuy)
[ etwar
0
d(fvgvi)
= [ ewar
d(Tv,Tvy) d(Tv,fv) d(Tvyi,gv1) d(Tv,gvy) d(Tvy,fv)
([ ewan [ e, | owdr, [ gar, [ g(0ar)

0
—y( /0 ) o dr. 0.0, /0 ) /0 ) 0(r)dr ).

Hence fod (1) ¢ (1) = 0 by (iii) of Definition 1.3, which implies u = u;. This is a contradiction,

IN

hence any different two elements in C(f,g,7) are not comparable.

Using Theorem 2.1, we obtain a common fixed point theorem for two self-mappings.
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Theorem 2.2 Let (X,d, <) be an ordered metric space such that X is regular and f,g: X — X

two mappings. Suppose that for each x,y € X with x and y being comparable,

d(fx.gy)
[ etwar
0

SW( /0 d(m(b(t)dt, /0 d(LfX)(P(t)dt, /0 d(%gy)(l)(t)a’t, /0 d(x’gy)q)(t)dt, /0 d(y’fx)q)(z)dt),

where ¢ € ® and y € W*. If

(2.10)

(i) ¢ is sub-additive and strictly increasing about the integral type;

(i) x S gxforall x € fX and x < fx for all x € gX;

(ii1) fX or gX is complete.
Then f, g have a common fixed point v, that is, there exist v € X such that v = fv = gv.
Proof. Let T = ly, then fx € 15, (fx) and gx € 15! (gx) and (ii) imply that (f,g) and (g, f)
are both partially weakly increasing with respect to 1x, hence there exists v € X such that
fv=gv=Tv=vby Theorem 2.1, hence v is a common fixed point of {f,g,7T}.

Now, we give a sufficient condition under which there exists a unique common fixed point in
Theorem 2.2
Theorem 2.3 Suppose that all of the conditions of Theorem 2.2 are satisfied. Furthermore, if
the following conditions hold:

(iv) for each x,y € X, there exists z € fX UgX such that {z,x} and {z,y} are both comparable
pair respectively;

(v) for any two elements u,v € X with u <v, f"u <vand g"u <vforalln € N;

(vi) w € P* satisfies that there exist F3 € ¢ and @3 € ®, such that u < y(v,0,u + v,u,v)
implies u < F3(v, ¢3(v)) and y is also non-decreasing about the 3th variable;

(vii) feX = gfX.
Then f and g have a unique common fixed point.
Proof. We have proved that f and g have a common fixed point v € X in Theorem 2.2. Suppose

u is also a common fixed point of f and g.
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Case 1. If u and v are comparable, then by (2.10),
d(u,v)
[ ewar
0

d(fu,gv)
= [ owar
Sl)l/(/od(uy)(p(t)dt,/od(u?fu)(P(t)dt,/od(v,gV)(P(t)dt,/od(mg‘/)¢([)dt,/0d(‘}7fu)q)(t)dt)
([ owar0.0 [ pwar [T o(0ar)

hence by (iii) of Definition 1.3,

d(u,v)
| ear=o,
0

therefore u = v.
Case 2. If u and v are not comparable, then u # v and there exist w € fX UgX such that w
and u are comparable and w and v are also comparable by (iv). In this case, w # u and w # v.
Without loss of generality, let w € fX, then w < gw by (i1) in Theorem 2.2. Since gw € gfX =
fgX C fX by (vii), gw < ggw = g*>w by (ii) in Theorem 2.2 again. Repeating this process, we

obtain
w=gw=gw= - ZgwVn=12,--.

If u < w, then using the above conclusion and (v), we obtain that foranyn =1,2,---,
flusw=gw=gw=-=g'w,

hence f"u and g"w are comparable for alln =0,1,2,---. By (2.10),

d(u,g"w)
[ ewar
0
d(ff" u,gg"'w)
= / O(r)dt
0
d(f" g w) d(f* u, f ) d(g" 'w.gg" 'w)
<v(/ owyar, [ o(nyar, | o(r)dr.
d(fnilu,ggnilw) d(ffnflu’gnflw)
| oloya, [ o(0)dr)
0 0
d(u,g"'w) d(g" 'w,g"w) d(u,g"w) d(u,g"'w)
([ ewaro. [ ode, [ owdr, [ oar)
0 0 0 0

d(ug"'w) d(ug"'w) d(ug"'w) d(u,g"w) d(u,g
<y([ Tewaro [T Tewars [ Tewar [ etnar, [

n—1

n—Iw)

o(t)dr).
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hence by (vi), there exist F3 € € and ¢3 € ®, such that

d(u,g"w) d(u,g" 'w) d(u,g" 'w)
/0 ) ¢(t)dt§F3</0 ) ¢(t)dt,(p3(/0 ) o(0)dr) ). (2.11)

So by (i) in Definition 1.1,

d(u,g"w) d(u,g""w)
[ et [T et
0

0

hence by the strictly increasing property about the integral type of ¢, we obtain
d(u,g"w) < d(u,g" 'w),¥n=1,2,---. (2.12)

From (2.12), we know that {d(u,g"w)}>_, is a nondecreasing and non-negative real se-

quence, hence there exists M (u,w) > 0 such that

lim d(u,g"w) = M(u,w). (2.13)

n—oo

Letting n — oo in (2.11) and using (2.13), we obtain

[ owar<m ([ oo [ owan), 219

hence we obtain féu(u’w) o(r)dt =0 or (pg(féu(u’w) ¢(t)dt) = 0, therefore

lim d(u,g"w) = M(u,w) = 0.

n—soo
This implies that

lim g"w = u. (2.15)

n—yoo

If w < u, then since u = gu € gX, we also obtain similarly
g”wjujfujfzuj jfnuu 7vn: 1727"'7

which shows that g"w and f"u are comparable for all n = 0,1,2,---. Hence similarly, we also
obtain (2.15). Therefore (2.15) always holds for two comparable elements u and w. Since w

and v are also comparable, we also obtain

lim g"w = . (2.16)

n—oo

Hence (2.15) and (2.16) implies that u = v, which is a contradiction. Therefore f and g have a

unique fixed point.
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