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Abstract. In this paper, we generalize some existing discrete Pachpatte type inequalities to more general situations.
These inequalities in turn can be applied to study various qualitative as well as quantitative properties of solutions

of various finite difference and sum-difference equations and its variants.
Keywords: nonlinear; difference inequalities; difference equations; sum-difference equation.

2010 AMS Subject Classification: 26D15, 65Q10, 39A70, 39A10.

1. INTRODUCTION

The role played by finite difference inequalities in the development of the theory of finite
difference equations is well known. In recent years, the desire to widen the scope of applica-
tions of finite difference equations has resulted into the necessity of discovering various new
finite difference inequalities in order to study the qualitative as well as quantitative behavior of

solutions of such equations.
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During the past few years various mathematicians have discovered many fundamental and
useful finite difference inequalities; see [1, 2, 3, 4, 5, 6, 7, 8, 9]. In [5, 6, 7], Pachpatte in-
vestigated a number of new finite difference inequalities which are useful in the study of new
classes of difference and sum-difference eqautions. In present paper, we generalize some of the
inequalities reported in [5, 6, 7] to obtain explicit bound on some of the nonlinear difference
equations. Some applications are also given to convey the importance of our results.

In what follows, we let Nyg = {0,1,2,...} and for any function u(z), t € Ny, we define the
operator A by Au(t) = u(t+1) — u(t). The class C(R1,R. ) consists of all real valued, nonneg-
ative and continuous functions defined on R . As usual, throughout the paper the empty sum
and product are taken to be 0 and 1 respectively.

Before proceeding to the statement of our main result, we state some important lemmas and

finite difference inequalities that will be used in further discussion.

Theorem 1.1. (Pachpatte’s Inequality [5]) Let a(t) be nonnegative function defined on Ny and

¢ > 1 be a constant. Let u(t) > 1 be a function defined fort € Ny. If

<c+Za s)logu(s), t € Ny,
then
t—1
[T [1+a(s)]
u(t) < cs=o - , fort € Ny.

Theorem 1.2. (Hull and Luxemberg [1]) Let u(t) and b(t) be nonnegative functions defined
fort € Ny and c be a nonnegative constant. Let g(u) be a nondecreasing continuous function

defined on R with g(u) > 0 for u > 0. If

i—1
ult) <c+ ;)b(s)g(u(s)), t € No,

then
t—1
u(t) <G G(e)+ Y b(s)|, for0 <t <n1, 1,1 € Ny,
=
where G~ is the inverse of G defined as

[ d
G(r)= /_s r >0, ro is arbitrary
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and t; € Ny be chosen so that

+Zb ) € Dom(G 1),foralltGNosuchthatogtStl.

Theorem 1.3. (S. Sugiyama [2]) Let u(t) and b(t) be nonnegative functions defined on Ny and

¢ > 0 be a constant. If

t—1

u(t) <c+ Y b(s)u(s), t € Ny,
s=0

then

—1 —1
1) < cH[l +b(s)] < cexp <Z b(s)) , fort € Ny.
s=0

s=0
Lemma 1.4. [Zhao [10]] Assume that p > 1,a > 0, then
1 1

1— _
ar < -k ra+?
p

1 1
k!l’,foranyk>0.

Lemma 1.5. [Zhao [10]] Assume thata > 0, p > q > 0 and p # 0, then

p_qk%,foranyk>0.

a _q a-»
ar < —k v a+
p

2. MAIN RESULTS

In this section, we state and prove some new nonlinear difference inequalities of Pachpatte
type and we obtain a bound on an unknown function, which can be used in the analysis of

various problems in the theory of nonlinear difference and sum-difference equations.

Theorem 2.1. Let u(t) > 1 be a function defined for t € Ny and ¢ > 1 be a real constant. Let a(t)

be a nonnegative function defined fort € Ny. Let ¢ € C(R,R.) be strictly increasing function
with ¢(e0) = oo and Y, € C(R4,R.) be nondecreasing such that y(u) < ¢ (u), x(u) < ¢(u)
and (1) =1. If

() ) <c+ Za s))log x (u(s)), 1 € No,

then

2) u(t) < 97! e ' |- remo.
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Proof. Define a function z(z) by

—1

3) 2(t) =c+ ) als)w(u(s))log(x (u(s))).
s=0

Then z(0) = ¢ and inequality (1) can be restated as

) 9 (u(t)) <z(r).

Using the fact that y(u), x (1) < ¢ (u), we get

() Az(t) = a(t)y(u(t))log(x (u(r))) < a(t) ¢ (u(t))log(¢(u(r))) < a(r)z(r)logz(r).

A suitable application of Theorem ([3], p.11) to (5) yields

t
(6) ) < cH +a(s)logz(s)] < cexp (Za )logz(s )>
s=0
From (6), we observe that
i—1
(7) logz(r) <logc+ ) a(s)logz(s).

s=0

A suitable application of Theorem (1.3) to the inequality (7) implies the estimate

(8) logz(t) < (ﬁ[l -|-a(s)]> loge = logcaHO[Ha( H.
s=0
From (8), we have
©) ) < )
Using (9) in (4), we get
(10) u(t) < 9 [csnow( ",
which is the desired inequality in (2). This proves our theorem. U

Corollary 2.2. Let u(r) > 1 be a function defined for r € Ny and ¢ > 1 be a real constant. Let

a(t) be a nonnegative function defined for t € Ny. If

(11) <c—|—Za s)log(u(s)), t € No,
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then
(12) u(r) < e

Proof. Define ¢(u) =uP, p> 1 and y(u) =u = x(u) on Ry in Theorem 2.1. The rest of the

proof can be easily completed by following the proof of the Theorem 2.1. U

Corollary 2.3. Let u(¢) > 1 be a function defined for r € Ny and ¢ > 1 be a real constant. Let

a(t) be a nonnegative function defined for t € Ny. If

i—1
(13) ul (1) <c+ Z a(s)ul(s)log(u'(s)), t € N,
s=0

where p>¢g >0, p>r>0, p#0, then

t—1
l+a(s)]7 L
(14) u(t) < [Csno[ - ()]] e Ny

Proof. Define ¢ (u) =uP, y(u) =uf and x(u) =u"on Ry withp>¢g >0, p>r>0, p#0
in Theorem 2.1. The rest of the proof can be easily completed by following the proof of the
Theorem 2.1. UJ

Remark 2.1. We note that Theorem 1.1 proved by Pachaptte in [S] can be obtained as a special

case of Theorem 2.1 by taking ¢ (u) = u = y(u) = x(u), u € R;.

Theorem 2.4. Let u(t),a(t),c,¢, vy, x be as in Theorem 2.1. If

(15) ¢(u(r) <c+ Y a(s)w(u(s))logx(u(s)), € No,
s=t+1

then

(16) u(t) < ¢! [csrrlﬂ[w(s)]] , 1 € Np.

Proof. Define a function v(¢) by the right side of (15), then
(17) v(t)—v(t+1)=a(t+1)y(u(t+1))log x(u(t+1)).
Using the facts that y(u), x(u) < ¢(u) and ¢(u(r+1)) <v(t+1), we get

(18) v(t) <[1+a(t+1)log(v(t+1))]v(r+1).
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By setting # = s in (18) and then setting s =,7 +1,...,m — 1 successively for some arbitrary

m € Ny, we obtain

m

(19) v(t) < v(m) H [1+a(s)logv(s)].
s=t+1
Noting that 11_r>n v(m) = ¢ and by letting m — oo in (19), we get
m—roo

(20) H [1+a(s)logv(s)] < cexp Z a(s)logv(s)

s=t+1
From (20), we observe that
(21) logv(t) <logc—+ Z s)logv(s).

s=t+1

Define a function z(z) by the right side of (21). Then z(0) = logc, logv(t) < z(t), t € Ny and
2(t)—z(t+1)=a(t+1)logv(t+1) <a(t+1)z(t+1)
Le.
z(t) <[1+4a(t+ 1)zt +1)

which by following the above arguments yields

= IT [1+a(s)]
(22) 2t) < | [] [1+a(s)] | loge =loges=+ :
s=t+1
Using (22) in (21), we have
1 [1+a(s)
(23) logv(t) <loges=+! :
The inequality (23) implies the estimate
IT [1+a(s)]
(24) v(t) < es=itl :
Using (24) in ¢ (u(r)) < v(t) we get the required inequality in (16). O

Remark 2.2. We note that Theorem ([3], p.244) proved by Pachaptte in [6] can be obtained as
a special case of Theorem 2.4 if we take ¢ (1) = u = y(u) = x(u), u € R;.
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Theorem 2.5. Let u(t),a(t),c, @, ¥, x be as in Theorem 2.1 and g € C(R1,R}.) be nondecreas-

ing. If

(25) )<c+ Za )g(logx (u(s))), 1 € No,
then
t—1
(26) u(t) < ¢! <exp G! [G(logc) +Y a(s)]] )
s=0
where
/ ds
27) G(r):ro/@, r>0

ro > 0 is arbitrary, G~! is the inverse of G, and t; € Ny is chosen so that

-1
G(logc) +Za ) € Dom(G™)
s=0

forallt € Ny such that 0 <t <t.

Proof. Defining a function v(¢) by the right side of (25) and following the same arguments as

in the proof of Theorem (2.1) upto the inequality (7) we get

t—1

(28) logv(t) <logc-+ Z a(s)g(logv(s)).
s=0

A suitable application of Theorem (1.2) to the inequality (28) yields

(29) logv(r) < G~}

-1
G(loge) + Z a(s)] :

s=0

From (29), we observe that

(30) v(t) <exp |G~

i—1
G(loge)+ ) a(s)] ] :

s=0

Now using (30) in ¢ (u(r)) < v(t) we get the desired inequality in (26) for 0 <7 < 1. O

Theorem 2.6. Let a(t), b(t) be nonnegative functions defined for t € Ny and u(t),c, ¢, v, x be
as in Theorem 2.1. If

(31) <c+2a <logx +Zb Ylog x (u ))),teNo,
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then
+Y a(s) H [1+a(0)+b(0)]
(32) u(t) < ¢ lle =0 o0 , fort € Np.

Proof. By seeting v(t) equal to the right side of (31) and following the same arguments as in
the proof of Theorem (2.1) upto the inequality (7) we obtain
-1
(33) logv(t) <logc+ Za(s) llogv + Z b(o)logv(o ]
s=0
Now by applying Theorem ([3], p.26) to the inequality (33) and following the last arguments as

in the proof of Theorem 2.1, we obtain the required inequality in (32). U

Theorem 2.7. Let u(t),a(t),c,g(u),9,y,x be as in Theorem 2.5. If

s—1
)<c+ Za <logx( () + X a(O’)g(logx(u(G)))> , 1 € No,

o=0

then for 0 <t <ty, t,t; € Ny,

u(t) < (])*

cexp<za

where Q71 is the inverse of Q defined as,

d
Q(r) = /@, r >0, ro > 0 is arbitrary,
0

and t; € Ny be chosen so that

i—1
Q(loge) + Z a(s) € Dom(Q "), for0 <t <, t,1; € Np.
s=0

Proof. The proof of this Theorem follows by the same arguments as in the proof of Theorem

2.5 and making use of the Theorem ([3], p.134). 0
Theorem 2.8. Let u(t),a(t),b(t),c,d,y,x be as in Theorem 2.6. If
(34) O (u(t)) Sc—i—Ea(s) (Z b(o)logx(u ))> , fort € Ny,
s=0
then

t—1

(35) u(t) < o~ | cid [Ham (céob(c))} , fort € No.
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Proof. Define a function z(¢) by the right side of (34). Then z(0) = ¢, ¢ (u(t)) < z(t) and

(36) Az(t) = a( (Zb )log x (u )>>-

Using the fact that w(u), x(u) < ¢(u) we get

(37) Az(t) (Zb )logz(o )

A suitable application of Theorem ([3], p.11) implies the estimate

1+a(s <Zb )logz(c )]gcexp<§a (Zb )logz(c ))

From (38), we observe that

t—1
(39) logz(r) <logc+ Y a(s) (Zb o)logz(o >

s=0

(38) z(r <cH

Define a function v() by the right side of (39).Then v(0) = logc, logz(t) < v(¢) and v(z) is

nondecreasing in t € Ny. Now

-1 i—1
(40)  Av(z (Z b(o)logz(o ) <a(r) <Z b(G)v(G)) <af(t) (Z b(G)) v(t).
=0 o=0

On application of Theorem ([3], p.11) to the inequality (40) yields

()

41) =log C:I—T(IJ{HQ(S) (;i:ob(o)ﬂ .

t—1

v(t) < (logc) H

s=0

From (41), we observe that

t—1 s—1
I1[14+a(s) ¥ b
(42) Z(t) S CSO|: ( )(G:() (G))] .
Using (42) in ¢ (u(r)) < z(r) we get the required inequality in (35). O

Theorem 2.9. Let u(t),a(t),b(t),c,d, ¥, x be as in Theorem 2.6 and g(u) be as in Theorem 2.5.
If

t—1
@) o) <et Y als)u( (Zb g(logx(u(o >>>>,forrezvo,
s=0
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then

t—1 s—1
G(logc) + Za(s) (Z b(G))])] , fort € Ny.
o=0

s=0

(44) u(t) < ¢! [exp (G_l

where G,G~ " are defined as in Theorem 2.5 and t; € Ny be chosen so that

t—1 s—1
(45) G(loge)+ Y a(s) ( Y b(G)) € Dom(G™1)
s=0 oc=0

forallt € Ny such that 0 <t <t.

Proof. Define a function z() by the right side of (43). Then z(0) = ¢, ¢(u(t)) < z(¢) and
(46) Aar) = (2 b(o)g(logx(u(o >>>>.
Using the fact that y(u), x(u) < ¢(u) we get

(47) Az(t) (Z b(o)g(logz(o )))

A suitable application of Theorem ([3], p.11) implies the estimate

-1 s—1
1+a(s ( Z b(o)g(logz(o )))] < ce (Sgoa(s) (Gzob(c)g(logz(a)))).

(48) ) < cH

From (48), we observe that
t—1 s—1
(49) logz(t) <loge+ Y a(s) [ ) b(c)g(logz(o)) | .
s=0 o=0
Define a function v(¢) by the right side of (49). Then v(0) = logc, logz(r) < v(¢) and v(¢) is

nondecreasing in t € Nyo. Now

(50) <a(t)| ¥ b(o)] S(v(1)).
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From (45) and (50), we have

v(t+1) 1
(51) Gv(t+1))—GH(t)) = / % A(v((?))) <a(r) (Zob(a)> :
W(1) o=

Now by setting t = s in (51) and summing over s from O to r — 1 we obtain the estimate

t—1 s—1
(52) G(v(t)) < G(loge)+ ) a(s) ( ) b(o)) .
o=0

s=0

/\

Using (52),(49) and ¢ (u(r)) < z(r) we get the required inequality in (44). O

Theorem 2.10. Let u(t),a(t),b(t),c,d,y, x be as in Theorem 2.6. If

(53) )<c+ Za s))log x (u(s)) <1ng )+ Z b(c)log x (u ))) :
and 1 — (logc) tila(s) f[ [1+D(1)] >0, fort € Ny then
s=0 =0
(54) uw(t) < ¢! (anoma(s) Q(s)]) , fort € No.
where

(loge) T [1 4 b(s)]
(55) (1) = =0

1~ (loge) X a(s) IT[1 +5(2)]

s=0 =0
Proof. Define a function z(¢) by the right side of (53). Then z(0) = ¢, ¢ (u(t)) <z
(56) Az(t) = a(t)y(u(t))log x (u(r)) <log(x<u(t)) + ) b(G)logx(u(G))> :
Using the fact that y(u), x (1) < ¢(u), we get
57) Az(r) < a(t)z(r) ogz(1) (logz + Z b(o)logz(c )

A suitable application of Theorem ([3], p.11) implies the estimate

<cH

1+ a(s)logz(s) <logz(s) + s_i b(G)IOgZ(G))]

t—1 s—1
(58) < cexp (Z a(s)logz(s) <logz(s) + Z b(o) logz(G))) :

s=0
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From (58), we observe that
—1
(59) logz(t) <logc+ Za Y1ogz(s) | logz(s) + o)logz(o

s=0

Define a function v(¢) by the right side of (59). Then v(0) = logc, logz(r) < v(t) and v(¢) is

nondecreasing in t € Ny. Now

-1
(60) Av(t) = a(t)logz(r) (logz(t)+ Z b(G)logz(G)) <a(t)v(t) (v(t)—l— Z b(G)v(G)) :

Put

1) 0 =+10)+ T, bo(@),

Then #(0) = v(0) = loge, v(r) < r(z) and

6 A1) = Av(e) + bV < altr) 4 bE)r(e) < alt)(0) + (D).

A suitable application of Theorem ([3], p.108) implies the estimate

(logc) ﬁ[ +b(s)]
(63) r(r) < - =0(1),
1—<logc>s:0 a(s) IT [1+5(7)

—1 s

Provided 1 — (logc) Z a(s) TI[1+b(t)] >0, fort € Ny. Thus from (64) we have

s=0 7=0
(64) Av(t) < a(t)Q(t)v(t).

The inequality (64) implies the estimate

(65) v(t) < (logc) H[l +a(s)0(s)].
s=0

Using this in logz(r) < v(r), we obtain

t—1
14+a(s)O(s
©6) (1) < LR

From (66) and ¢ (u(r)) < z(¢) we get the desired inequality in (54).
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3. APPLICATIONS

Example 3.1. Consider the nonlinear difference equation
(67) —xo+Za (s)loglx(s)|,

where x(t), p(t) are real valued functions defined on Ny and xo is a constant. Let x(z), t € Ny be
a solution of (67). From (67), we observe that
-1
(68) [x*(r)] < |xol + Z la(s)| [x(s)| [log [x(s)I| < |xo| + }_ [a(s)| (1 +|x(s)[) [log(1 +[x(s)])].
5s=0 5s=0

Now using Lemma 1.4, we get

(14 |x())* = L+ 2|x(t)| + [x*(2)]

1

r—1 2
<1+2 <|x0| +) la(s)[ (1+]x(s)]) [log(1 + |X(S)|)|>

s=0

(IXOI + Z ja(s)] (1 +[x(s)[) llog(1 + IX(S)|)|>

<1+2 \/7%

W/ (IXO|+ZIa )1+ Ix( )I)Ilog(1+IX(S)|)|> +

(!xo\ + Z ja(s)| (1 +[x(s)[) llog(1 + \X(S)\)I)

(69) (1+|x r+%+f) +2 (”f <s>|> (14 x(s)]) log(1 + x(s)D)I,

for any k > 0.
Let u(t) = 1+ |x(¢)|, then ug = 1+ |xo| and (69) takes the form

i—1
k> + Z (%]_C |a(s)|> u(s) [logu(s)|, for any k > 0.

s=0

(70)  u*(r) < (uo

Application of Theorem 2.1 to (70) yields

1
2

t—1
B T [ 1+ 25 fa(s)|
(71) u(t) < <uo+”°\/%l+ﬁ>”[ v }
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i.e.

1

V()] |

t—1 1
k) I [1

(72) lx(2)] < (

—1,k>0.

ugp— 1
Vk
The above inequality obtains bound on the solution of Equation (67) in terms of the known

functions.

Example 3.2. Consider the nonlinear difference equation

—1
(73) () =xo+ Z a(s)x? ( Z b(o)log|x(o >
s=0
where x(t),a(t),b(t) are real valued functions defined on Ny and x is a constant. Let x(), r € Ny
be a solution of (73).
From (73), we observe that

r—1
20)] < ol + T Jas)] |26 \(z\b g m)

s=0

—1
(74) < xol+ ) la(s)| (1 +x(s) <Z|b )| [log(1 + |x(c )|)|>-

s=0

Now using Lemma 1.4, Lemma 1.5, we get

(1 (1) = 143 e(0)| 43 x(0)* + x(0)

1
3

§1+3<1xo\+t2\a(s (1+[x(s) (Z\b )| [log(1 + [x(o )\)\))

s=0

1

+<|xo]+26\a(s (14 |x(s) <Zb )| log(1+[x(o ))
1

+(\xor+zoa<s (1-+1x(s) <Zb ltog(1+ Ix(o ))

1 =
W(’XO“F‘&’@(S (14 |x(s) <Z|b )| [log(1+|x(o >>+

—1 (Vk)?
3 M(!xo\fg\a(s (14 |x(s) (Z\b )| [log(1+ |x(o )\)\)) 3 ]

<1+

t—1
+ IXO|+;)|0(S )1+ [x(s) (Zlb )| [log(1 + |x(o )I)\)]
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_ . |xo e 20x%0] a0
_[1+|o\+(\3/];)2+2\/1€+ i +(\/I€)}

+ 2 [ (g 7)) 10-4100? ( F toostr o)
s=0 (\7];)2 \3/]; o= )

for any k > 0.

Let u(t) = 1+ |x(¢)|, then ug = 1+ |xp| and above inequality takes the form

() < {1+ |x0|+%+2\3@+ 2\';%' +(Wc)2]

(75) —l—ll[(H——l —l—i)| ()|] 2(s) g 1b(0)]logu(o)| | . =0
s;() (Vk)?  Vk A w3 cgo ogu , for any _

Application of Theorem 2.8 to the inequality (75) yields

t—1 | 5 s—1 3
|xo] 3 2 [xo| 3 2) I [H KH RGN 3ﬂ> ‘a(s)l} <a§ob(a)>}
O < | 1+ |x|+ +2Vk+ + (Vk —1,k>0.
lx()| < ( [xol RE Tk (Vk)

The above inequality obtains bound on the solution of equation (73) in terms of the known

functions.
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