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1. INTRODUCTION

The aim of the present paper is to produce some viscosity results related to evolution prob-
lems governed by time-dependent subdifferential operators. This work is mainly motivated by
several papers in viscosity theory and the results in Saidi et al [21] (see also [22] for more re-
cent results), concerning the study of a class of evolution problems in Hilbert spaces and its
application to optimal control.

In this article, we are interested in the value function to the problem of maximizing mini-
mizing ”sup inf” an integral functional of the trajectories. These trajectories are the absolutely
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continuous solutions to differential inclusions, driven by the subdifferential of a convex function
involving a Lipschitz perturbation that contains two controls. The existence and uniqueness re-
sult for such problems, has been recently proved in [21] (see also [22]). The two control spaces
here, are compact metric, the control measure belongs to the space of Young measures and
the cost function appearing in the value function, is an integrand. On the one hand, we show
in the finite dimensional setting, that under suitable conditions imposed on the cost functional
and the dynamics, the associated value function, is a viscosity subsolution of the correspond-
ing Hamilton-Jacobi-Bellman equation. On the other hand, we prove that, under some extra
conditions on the cost functional, the dynamics, and the first space of Young measure controls,
the value function under consideration is a viscosity supersolution of the associated Hamilton-
Jacobi-Bellman equation.

In a recent paper, the authors Saidi et al [22], have presented a kind of value functions involving,
in the quest of viscosity subsolutions of some Hamilton-Jacobi-Bellman equation, one relaxed
control. For results of this kind, see also [9].

The theory of viscosity and the resolution of Hamilton-Jacobi-Bellman equations have in-
terested many authors, in the finite dimensional setting. The paper [4], is concerned with
non-convex sweeping processes and m-accretive operators. Dealing with problems when the
dynamic is governed by the subdifferential of an integral functional, we refer to [9] (see also
[7]). In the case of the subdifferential of a primal lower nice function depending only on the
state variable, related results were found in [6]. In all these papers, two Young measures (con-
trols), were considered. The authors in [18] and [14, 15, 16, 17] investigated such problems
arising from differential games theory (with two players). They involved measurable mappings
as controls. A large literature on viscosity solutions applied to optimal control of evolution
equations, sweeping process, some classes of evolution inclusions of second order and related
results including papers and some books, see, e.g. [2, 3, 5, 8, 10, 11, 12, 19, 20].

The paper is organized as follows. In section 2, we give the notations and definitions used
through the paper. We introduce in the next section, the formulation of the model and the
description of the value function under consideration. In section 4, we investigate in the finite

dimensional setting, the existence of both viscosity subsolutions and viscosity supersolutions of
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Hamilton-Jacobi-Bellman equations related to control problems subject to evolution inclusions
involving time-dependent subdifferential operators. The last section contains some concluding

remarks on the presented work.

2. NOTATIONS AND DEFINITIONS

We provide here, notations and definitions which will be needed in the development of the
paper. Throughout the paper 7 := [0,7] (T > 0) is an interval of R. In the real Hilbert space
RY, the inner product is denoted by (-,-) and the associated norm by || -||. We denote by A
the Lebesgue measure, by Blx, 7] the closed ball of center x and radius » on RY and by .Z(I)
(resp. %(R?)) the c-algebra of measurable sets of I (resp. Borel o-algebra of measurable
sets of RY). By Lﬁd (I) for p € [1,+oo[ (resp. p = +0), we denote the space of measurable
maps x : [ — R? such that [;|[x(t)||Pdt < +oo (resp. which are essentially bounded) endowed
with the usual norm HxHLﬁd(,) = (f,\|x(t)||1’dt)%, 1 < p < oo (resp. endowed with the usual
essential supremum norm || ||). On the space €ga (1) of continuous maps x : I — RY, we consider
the norm of uniform convergence defined by ||x|| = sup||x(¢)||. Let X be a metric space, we
denote by ¢’(X) the set of all continuous functions frtOGrIn X into R. When X is compact, the
topological dual space of (¢(X),||-||~) corresponds to the space .# (X ) of all Radon measures
on X. For any subset S of R?, §*(S,-) represents the support function of S, that is, for any
y R, §%(S,y) := sup(y,x).

xS
Let ¢ be a lower semi-continuous (Isc) convex function from R? into R U {40} which is proper
in the sense that its effective domain dom ¢ defined by dom¢ := {x € R? : ¢(x) < +oo} is
nonempty and, as usual, its Fenchel conjugate is defined by ¢*(v) := sup [(v,x) — @(x)]. The

x€Rd
subdifferential d@(x) of ¢ at x € dom ¢ is

29(x) ={veR?: @(y) > (v,y —x) + ¢(x) Vy € dom ¢}.

3. FORMULATION OF THE MODEL

The class of evolution problems under consideration is governed by the subdifferential of a

function @ from I x R to [0, +-c0]. Assume that

(H;) The function ¢(-,-) is convex and globally Lipschitz on I x RY.
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(Hy) There exist a non-negative p-Lipschitz function k : RY — R and an absolutely con-
tinuous function a : I — R, with a non-negative derivative a € L%R(I ), such that for any

(t,s,x) €I xIxRY

@ (1,%) < @"(s,x) +k(x)|a(r) —a(s)];

where @*(z,-) is the conjugate function of ¢(z,-).
(H3) The perturbation g : I x RY x Y x Z — R is bounded, continuous, uniformly Lipschitz
continuous with respect to its second variable.

(Hy) The cost function J : I x R? x Y x Z — R is bounded and continuous.

Then, the associated value function V; on I x RY is defined by

Vi(7.2) = sup mf{/ 1] 70t @) 3.2l va2) i},

vex e

where u, ; v(-) is the unique absolutely continuous solution of the problem

e (1) € =01ty (1) + [ [ 800,01000). 3.2 vi(d)

fora.e.r € [1,T]

Uryv(T) =x € dome(r,-)

(see [21, 22] for existence and uniqueness result). The spaces Y and Z are compact metric,
ML(Y) (resp. .#1(Z)) is the compact metrizable space of all probability Radon measures on
Y, (resp. Z) endowed with the vague topology o (¢ (Y), 4 (Y)) (resp. o(€¢(Z)',4(Z))). The
space of Young measures which is the set of all measurable mappings from / to ///i(Y) (resp.
//[i (Z)) is denoted by % (resp. Z°). The space % (resp. Z) is compact metrizable for the
stable convergence. For more details concerning Young measures and stable convergence, see,
e.g. [1,10, 13].

We will prove that the value function above is a viscosity solution to the following Hamilton-

Jacobi-Bellman equation

a_‘f/(”” +H(t,x,VV (1,x)) = 0.
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4. CONNECTION WITH VISCOSITY THEORY

To begin with, let’s introduce the following theorem.
Theorem 4.1. Suppose that the assumptions above are made and dom @(-,-) = I x R?. For any
xo € R and for any (u,v) € # x Z,

(i) the following problem has a unique absolutely continuous solution Xy, 4 v(-)

(1) € =091 0un (1) + [ | [ 01301000), .20 () ()
fora.e.r €1,

Xxo,u,v(0) = xp.

Moreover, there exists a constant M > 0 independent of (i, V) such that
e v () = g v (5)|| < (2 — $)2M forall0< s <t <T.

(ii) If a sequence (#,) in I converges to f., a sequence (V") in 2 converges stably to v>° € &

and x,, ;v 18 the unique absolutely continuous solution of

i n(0) € 09t 5 (0) + [ [ 0 530100(0) 3.2 ()] ()
forae.t €1,

Xxg, 1L, V" (O) = X0,
then,

g0 () = g =) | = 0.

Proof. To prove the existence and uniqueness of a solution to the problem above and the re-
quired inequality in (i), follow the arguments like in Theorem 3.3. [22]. To get the continuous
dependence of the solution on the control, see Theorem 3.4. and Corollary 3.1. [22].

Next, we establish the following lemma using arguments as in [6]. We may find other variants

of this result in [4, 5, 7, 10].

Lemma 4.1. Under the assumptions above. Let 2 = {(t,z) : t € I, z € dom¢(z,-)}, and
(to,x0) € 2. Suppose that A : I x RY x .#L(Y) x .#}(Z) — R is a continuous mapping, A; :

I xRY x .#!(Z) — R is upper semicontinuous such that, for any bounded subset B of R?,
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A2|1X3X///+1(Z) is bounded. Define A := A + A; such that

min  max A(fp,xo, U, V) < —n forsomen > 0.
wEMLY)vel ! (Z)

Let V : I x R? — R be a continuous function such that V reaches a local maximum at (9, xg).

Then, there exist i € . (Y) and a real number p > 0 such that

0P - PN
(1) sup A(t,xx,0,v(t), 1, V) dt < — 5
veZ Jh

where xy, 5,v(-) is the unique absolutely continuous solution of the problem

ity (1) € 005t (0) + [ [ 050010320l v(d2)
fora.e.r € [to, 7],

Xxo,i1,v (f0) = Xo,

corresponding to the controls (fi,V) € .1 (Y) x 2, and such that

2) V(to,x0) > V(to+ P, Xxg,n,v(to +p))

forallve &.

Proof. One has by assumption

min  max A(tp,xo, U, V) < —1 <0,
neMLY)vet! (Z)

1.e.,

min  max [A(fo,x0, L, V) + Aa(to,x0, V)] < —1 <O.
weAL(Y)ve ! (Z)

Since the function A is continuous, so is the mapping

u—  max [Aq(to,xo0, M1, V)+ Ax(to,X0,V)].
ve#l(Z)

Thus, there exists i € .#(Y) such that

max A(tp,xo,[l,V)= min  max A(f,xo,u,V)<—n<O0.
ve.\ (2) ped (v)ve.ut (z)
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Since the function (z,x,v) — Aj(t,x, 1, V) is continuous and the function (¢,x,V) — Ay (t,x,V)
is upper semicontinuous, (f,x,V) — Aj(t,x,fi,V)+ Ax(t,x,V) is upper semicontinuous, so is
the function

(t,x) — max A(t,x,[1,V).
verl(Z)

Then, there exists & > 0 such that

max A(t,x,[1,V) < _h

ve.t\ (2) 2’
whenever 0 <t —ty < & and ||x — xp|| < &. Assume that there exists some constant real number
6 > 0 such that
V(to,x0) > V (to+5,%x9,1,v(to +5))
for all s €]0, 0], for all v € . This fact needs a subtle argument due to P. Raynaud de Fitte

using both the continuity of (¢, V) — xy, z,v and the compactness of 2. That is, as V has a local

maximum at (fo,xp), for § and r > 0 small enough (we can decrease §), one has
V(l‘(),xO) > V(t() —|—s,x)

for any s > 0 such that s < § and for every x € R? such that ||x — xo|| < r. Thanks to the
continuity of (,V) — x, z,v(f), one can find for each v € 2 an open neighborhood V}, of v
in 2 and 6, €]0, 8] such that, for all (s,Vv') € [0, 8y[xVy, ||xy, g,v/(fo +5) — xo[| < r. Since 2
is compact, one finds a finite family v!,--- v" such that 2 = U;levv j. The assertion is then

proved by taking 6 = min{6,, : 1 < j <n}. Recall that
o v (1) — Xy v (8)]] < (¢ — 5)2M foralltg <s<t<T,

where M is a positive real constant independent of (u,v) € % x Z.

Choose 0 < p < min{6,§, (%)2}, then we obtain

Hxxo,ﬁ,v(t) _xxo,ﬂ,v<t0)|’ <Z,

for all ¢ € [tg,t0 + p], and for all v € %, so that the estimate (1) results by integrating ¢

A(trx)Co,[._i,V(t)v.au vl) on [t07t0 +p]

to+p

to+p
/ Aty oo (0,1 Vi) i < / [ max Aty (0), 1, V)] dt
t fo Vel (2)
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—pn
< 5 <0

for all v € 2. The estimate (2) results by the choice of p.
We address now, the dynamic programming theorem.

Theorem 4.2. Let (7,x) € Z (defined above) and let p > 0 be such that T+ p < 7. Then,

Ve = swp ind {711 o) (@n)via) d

vefﬂeq
+VJ(T+P7Mx,u,V(T+p))}7

where

Vi 4 Pt (T4P) :sugpﬁlgg/f//w//uwy 3.9 (dy)n(dz) dr
ye

the map v, g ,(-) denotes the solution on [T+ p, 7] of the evolution inclusion

b (1) € 9l vp o (0)+ [ 1] 80000 Bld) ()

where the controls (B,y) € %" x 2 and the starting from v, g ,(T+p) = txpu v(T+p).
We are going to prove the existence of viscosity subsolutions.
Theorem 4.3. Under the assumptions above, let V; : I x R? — R be the value function defined

by

Ve = sup inf ([ ([ [ S0 0)5 D viaa)) an),

vey WY

where u, ;v (-) is the unique absolutely continuous solution of the problem

ity (1) € 990ty (1) + [ ][ 80,00 0) 3 ) v(d2)

a.e.in [1,T],

Uep,v(T) =x € dome(t,),

Let H(-,-,-) be the Hamiltonian on I x R¢ x R given by

Hoxg) = ot sup (1] sexoaala)]u)

peAL(Y) ve//l

+/Z[/YJ(t»x,y,Z)uz(dy)]Vz(dZ)} +87(8,—do(r,x)),
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the function 0*(-,—d@(t,z)) is the support function of the set-valued map that associates z,

—d@(t,z). Then, V; is a viscosity subsolution of the Hamilton-Jacobi-Bellman equation

‘Z}—‘;(z,x) FH(t,x,VV(1,x)) = 0,

i.e., for any ¢ € €' (I x RY) such that V; — ¢ reaches a local maximum at (fo,xy) € I x R?, one

obtains

0
a—q;(to,xo) + H (t,x0, V¢ (to,x0)) > 0.

Proof. We follow arguments from [4, 5, 6, 7, 10] and originally used in [14, 18].
Assume by contradiction that there exist some ¢ € €' (I x R?) and a point (t9,x0) € Z for
which

aa—z)(t(),)q)) —l—H(t(),X(),V¢)(l‘(),X())) < —n forsomen > 0.

In view of Proposition I.17 in [23], for each ¢ € I, the set-valued mapping that associates z € R?,
d¢(t,z) is upper semicontinuous with convex compact values in R?. As well known, the global
Lipschitz property of ¢(-,-) also entails that the range of d¢@(-,-) is a bounded set. It follows

that the function
(t,2) € I xR = Ay(t,2) := §*(V(1,2), —00(t,z2))

is upper semicontinuous. Thanks to the continuity of V@ (-,-) and the boundedness of the range
of d¢(-,-), for any bounded subset B of R, A;|;xp is bounded. Under our assumptions, it is

clear that the function Ay : I x RY x .41 (Y) x .4} (Z) — R defined by

Al(l‘,x,‘LL,V) = /Z[/YJ(tvxayaz).ul(d)’)]vl(dz)
9000, [ slexn dm(@nlvide) + 52 1)

is continuous, .7 (Y) and .#(Z) being endowed with the vague topology o (. (Y), € (Y))
and o(.#(Z),%¢(Z)) respectively. Hence, applying Lemma 4.1. to A := A; + A, and find
fi € #1(Y)and p > 0 independent of v € 2 such that

G) P sup [ 1] 90500, 2]

veZ Ju
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[ UL 0000 0.0, 00,y D R i)+

to+p a(b to+p .
L7 % i+ [ 6 (V000 50 (1), ~2000 ()i

0 To

where xy o v(-) : [7,T] — R denotes the unique absolutely continuous solution of the problem

—t (1) € 9901, 13 () + [ [ [ 8003008003 ()] (d2)
fora.e.r € [1,T],

xx07ﬁ7v(7) = X0,
the controls (i, v) belong to .# (Y) x 2 and such that
“4) Vi(t0,x0) — ¢ (t0,x0) = Vi(to+ Py Xxg,a,v (00 +pP)) — @ (to + Py Xxe,5,v (00 +P))

for all v € 2. Thanks to Theorem 4.2. of dynamic programming, we know that

Vitoxo) < sup{ [ / / J(t %0 v (£),3,2) B (dY) Ve (d2)] dt

veZ Jh
+V; (19 —I-P,Xxo,ﬁ,v(to +p))}-

We need to an argument from Proposition 6.2 [9]. For any n € N, there is v" € % such that
to+p _ "
Vi) < [T 5k (0. RV @) dr
+Vi(to+p, X qve(to+p)) + =
Hence from (4), it follows that

Vi(to+ P, xx, v (to +P)) — @0+ P, Xy g v (fo+P))
to+p B " 1
< [TV I g @) DRV ()] i+
1o zZ JY n

— 0 (t0,x0) + Vi (to+ P, xxg,avn (fo +P))-

As a result,

/:er[/Z[/Yj(t’xxoﬂﬁ’vn(t)’y’@ﬂ(dy)]vp(d@] dt

1
+0 (10 + P, Xxg, v (to +P)) — O (t0,X0) + .
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Making use of the ¢! regularity of ¢ and the absolute continuity of x,,, (),

O (to + P, Xz, (fo+p)) — 9 (to, Xo0)

< /[O+p[/Z[/Y<V¢(I,XXO,,H,V"(t))>g<f,)€xo.,l:l,\/"(t)ayaz».a(dy)]vf(dz)]dt

fo
to+p

+ O (VO (1,20, a,vn (1)), =@ (t, 20, v (1)))dt

Iy

to+p o
+ / a? (¢ v (1)),
I

0

one has for any n,

) 0< / P LU It 5 0,32V )

to+p

[ 900 (0. 80000 (). 2) R v ()

fo
to+p .
+ 6" (VO (1,x5,5.v7 (1)), =01, Xy v (1)) )t

To

0P 9 1
+/lo =L (e ()i

The space 2 being compact metrizable for the stable topology, assume that (V") stably con-
verges to a Young measure V € 2. This entails that x, 5 y» converges uniformly to xy, g,v

which is the trajectory solution of

0 5(0) € 99t 315 () + [ | [ 800, 505(0).3: ()] (d2)
fora.e.r € [1,T],

-xxo,ﬂ,\_/(T) = X0,

where the controls (f, V) belong to .Z}(Y) x 2, and §

xx LV

® V" stably converges to Oy

X0,V

®
v (see [10]). Consequently,

lim o [/ /J (t, x50, 2, (1), y,2) 1 (dy)] V] (dz)) dt

n—oo

" / /J (1, X, (1), 3,2) ()] V1 (dz)] dt,
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lim “’“’[ / [ (9900 5001.00(0): 800500 (0). 3. 2R )V (e

n—soo

W (9000, 5005.5(0)), 800, 50.5(0),3,2) ) (2l
=

Furthermore,
) to+p
limsup t O (VO (t,xx,5,v(1)), —0Q(t, %, v (t)))dt
n—roo 0
to+p .
< [ 8 (V0 50, = 0001, 0)) el
0
because
lim sup 8* (V.33 .90(1)), =915, 1.(1)
8" (VO (t,%x0,1,9(1), =91, %x,5,%(1)))
and
) to+p aq) B fo+p a(p
tim [ S s )= [ S ()

Passing to the limit in (5), when n — oo,

/’0“’ / /J (75262 y,2)i(dy)|v:(dz)] dt

fo+p

[ 0050 .(0). 800 5305 0). 3 DB ) T )

Iy
to+p

+ 6" (VO (t,20,1,7(1)), =0 (1, %0 .9(1)) )dlt

To

to+p 8¢
+/¢ o ——(t,%x,5,7(1))dt.

0

This is in contradiction with (3).

We check now, the superviscosity property of the value function V; by imposing some extra

conditions on ¢, g, J and the first space of Young measure controls. Assume the following

(C1) The subset of % denoted by .77, is compact for the convergence in probability, in particu-

lar 77 is compact for the stable convergence (see e.g. [10]).

This condition entails that the mapping (U, V) — Xy, u,v iS continuous on % x Z using the

fiber product and the arguments of Theorem 5.1 [10], along with the continuous dependence of

the solution of the problem on the initial position and the control.
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(C2) The functions J and g are bounded, continuous and g is uniformly Lipschitz
with respect to its second variable, the family (J(-, 'u“’V))(u,v)e///i(Y)xz/d(Z) (resp.
(g(-y-,p, v))(u7V)6///i(Y)x<///+'(Z)) is equicontinuous on I x RY.
(C3) The function @ : I x RY — [0, +oo] satisfies (H;)-(Ha), @ is €' on I x R? so that
do(t,x) = {Ve(t,x)}, (t,x) € I x R? (see Proposition .18 in [23]).
Under assumptions (Cj)-(C3), we get a variant of Lemma 4.1. which allows us to prove the
superviscosity property.
Lemma 4.2. Let (tg,x0) € Z and let A: I x RY x .41 (Y) x .#1(Z) — R be a continuous map-
ping, and the family (A(:,-,u,V)), (1,v) € #L(Y) x 4 (Z) be equicontinuous on I x R,

Assume further that

min  max A(tp,xo, U, V) >1n >0 for some n > 0.
pneAL(Y)ve! (Z)

Let V : I x RY — R be a continuous function such that V reaches a local minimum at (9, xo).

Then, there exists a real number p > 0 such that for any pt € 7, one has

fotp pn
(6) sup At xxg,u,v (1), Uy, Vi) dt > —
veZ Jiy

where xy, ;v (+) is the unique absolutely continuous solution of the problem

gt (1) = — V(£ 300 v (1)) + /Z [ /Y gt % (1), 2) e (dy)] Ve (d2)
fora.e.t €1,

xxo,u,v(to) = X0,
the controls (i, v) belong to .7 x 2, and such that
O] V(t0,x0) <V (t0+ P Xz (t0+pP))

forall (u,v) e ' x Z.

Proof. As V has a local minimum at (#,xo), there are & > 0, r > 0 such that

V(t9,x0) < V(t,x)whenever 0 <t —ty < 6 and x € Blxy, r|.
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Thanks to the equicontinuity of the family (A(-,-, i, v))( wV)ed ) (¥)xt(2) there is & such that

& €]0, | independent of (1, v) such that for all 7 € [fy,p + &] and x such that ||x — xo|| < &
Al(to,x0, 14, V) — g < A(t,x,1,v)

for any (u,v) € AL(Y) x ML (Z).
Consider an arbitrary element u in 7. Then, there exists a A-measurable mapping v* : I —

M L(Z) such that

/
A(IO,XO,[,L[,VIIJ) = max A(t()axO?utav)
vl (Z)

for all ¢ € I, since the nonempty compact-valued set-valued

t{ve.#(Z): Ato,xo,ls,v) = max Alto,xo, ty,V')}
vl (Z)

has its graph in £ (I) ® B(.#}(Z)). Recall that
a1 (1) — g u ()] < (1 = 5)2M forallip <s <1 <T,

where M is a positive real constant independent of (u,v) € # x 2. Choose 0 < p <

min{0,¢&, (%)2}, one obtains

| [xg,,v () = Xxg v (0[] <6,

for all 7 € [to,79+ p], and for all v € Z. By integration,

to+p u fo+p n n
| Ay 0 dr = [ (NG00 V) = e

Io Io

otPm  p7M
- [ -

Then, (6) follows from the choice of p. This ends the proof.

We are going to prove the existence of viscosity supersolutions.
Theorem 4.4. Under assumptions (Cy)-(C3) above, let V; : I x RY — R be the value function
defined by

Vy(t,x) := sup inf {/TT[/Z[/YJ(I,Mx,u,v(l),%Z)Iit(d)’)]\’t(dz)] dt},

veZy HEH
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where u, y v(-) is the unique absolutely continuous solution of the inclusion

e (1) = =V p(tstega 1)+ [ ][ 80t (0).3:2) () i)
a.e.in[7,T],

Uep,v(T) =x € dome(r,-).

Let H(,-,-) be the Hamiltonian on / x RY x R given by

Hexg) = it s {(E ][] sryamdn]vi)

neAL(Y) ve#}(Z)

+ [ [ J0xym@)vi(d)} + (E.~Vo(r.2).
Then, V; is a viscosity supersolution of the Hamilton-Jacobi-Bellman equation

)+ H (e YV (1.6)) =0

i.e., for any ¢ € €' (I x R?) such that V; — ¢ reaches a local minimum at (f9,xq) € I x R, one

has

0
a—q;(to,xo) + H (t,x0, V¢ (to,x0)) < 0.

Proof. We use the arguments of Theorem 4.3., with some modifications.
Assume by contradiction that there exist some ¢ € €' (I x R?) and a point (zg,x0) € I x RY

for which

®) %—q:(to,xo) + H(t9,x0,V(t9,x0)) > n for some n > 0.

As Vj — ¢ reaches a local minimum at (7, xp), hence, applying Lemma 4.2. to V; — ¢ and the

integrand A defined on I x R? x .#(Y) x .41 (Z) by
Atxpy) = [[[ Iy m@nivid) + (Vo (.2, ~Vo(r.x)
d
+<V<P(I,X),/Z[/Yg(t,x,y,Z)ut(dy)]Vr(dz»+a—?(ﬂ)
(t,x,10,v) €I xR X AL (Y) x ML (Z) gives p > 0 such that

©) sup min { / g L0500 0). 3.2l vi@z) ds

veg HEH



16 SOUMIA SAIDI

fo+p

700080 0003 ) i) de

T s ) e [0 (0). -l 5 (i)
PN

Z_

)

2
where xy, 4 v(-) is the unique absolutely continuous solution of the problem

{ S (0) = =V 50y () + [ [ [ 8(0.20,000) 3 )] v(d2)
xx07u7v(t0) = X0 € dOI’I’l(P(l‘(), -),

the controls (i, v) belong to .7 x 2 and such that

(10) Vi (to,x0) — ¢ (to,x0) < Vi(to+ P, Xxpuv(to+p)) — O (to+ P, xxguv(to+P))

for all (u,v) € H# x Z. Next, thanks to (10) and Theorem 4.2. of dynamic programming, we

know that
] to+p
sup min { [/ [/ J(t, X, 1,v (1), 3, 2) e (dy)] Vi (dz)] dt
vez heH i ZJY
+Vi(to+ P, X uv(to+p)) }+ @ (to+ Py Xxg v (0 +P))
(1) — ¢ (to,x0) — Vi(to + P, Xxguv(to+p)) <O.

Choose [l € 5 such that

(12) sup min { / " L1 050003l viaz) ds

vey HeH

+Vi(to+ P,Xxo,u,v(to +p))}
to+p

= sup { [/Z[/YJ(t,xxo,ﬁ,v(l),y,Z)ﬂr(dy)]Vz(dZ)] dt

veZ Jih

+Vi(to+ P xxg mv(to+p))}-

We come back to (10) and (12), we get

to+p
sup {71 [ 9005000 3. DB () (@] i+ Vilto + ot vt +P)))

veZ Ji

+ Su§{¢(to+P7xxo,p,v(to +p)) — ¢ (to,x0) = Vi(to+ P, Xxo.n,v(00+p))} <O.
ves
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Then, it follows that

(13) 02 sup ([ L[] e 0003 D) )]

ve¥ Ji
+¢(to+p,xx5,v(to+p)) — 9 (to,x0) }-

Making use of the €’! regularity of ¢ and the fact that Xxo,i,v () is the solution of the dynamic,

we clearly have

(14) O(to+ P, Xxo v (to+p)) — 9 (t0,%0)

fo+p

= L V0 x0 . (0), 800300 0). ) B )l

to+p &q) to+p
+/l E(tvxxo,ﬂ,v(t))dt—i_ <V¢(t7xxo,ﬁ,v<t))7_V(p(t7xx0,l~_l,v<t))>dt'

0 To

In view of (14), we may write (13) as follows

to+p

sup{ [ | / [ / J(t,%, v (1), 3, 2) B (dy)] Vi (dz)] dt

veZ Ji

to+p

UL 0 x v 0)) 80 5 )2 )

to+p to+p a(p
+ (VO (t,x00,1,v(t), =V O(t,2000, v (1)) )t + o, (v (1)dt} < 0.

0 o a

This latter inequality leads to a contradiction with (9).

5. CONCLUSION

The present article consists in finding a solution to an associated Hamilton-Jacobi-Bellman
equation. The first result of the paper is Theorem 4.1. in Section 4, concerning the continuous
dependence of the trajectories with respect to the relaxed control, in suitable topologies. The
latter plays an important role in the development of the paper. It allows us to prove a dynamic
programming principle (Theorem 4.2.), in the finite dimensional setting, that the value function
is a subsolution of an associated Hamilton-Jacobi-Bellman equation (Theorem 4.3.). In order to
show further that this value function is a supersolution, we impose extra conditions on the first
space control, the dynamic and the cost functional (Theorem 4.4.). These additional conditions

lead to a viscosity solution. We will continue the research started here, and investigate such
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equations related to similar evolution problems when the dynamic contains a delay in another

paper.
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